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Preface 


This book is primarily designed to be a self-teaching aid to the entry-level 
professional exterior ballistician, who has searched in vain for courses in exterior 
ballistics among the formal university science and engineering curricula. It is 
intentionally written in an informal style, to gain and hold the reader’s interest and 
attention. The book is specifically aimed at those with an undergraduate back- 
ground in mathematics, physics, or the mechanical and aerospace engineering sci- 
ences, all of which are suitable fields of study for a career in exterior ballistics. 

The layman who is a shooter, hunter, or amateur ballistician will also find this 
book interesting and useful. The historical perspective on exterior ballistics fills 
an existing need, since the more recent developments that have occurred since the 
Second World War are not well documented in any generally available publica- 
tion. The layman who lacks the prerequisite background in mathematics, physics, 
or engineering science will have difficulty in following some of the highly math- 
ematical derivations in this book; however, many of the final results are simple 
enough to be used by anyone who is equipped with a modern scientific hand-held 
calculator. The amateur ballistician with a home computer can take better advan- 
tage of the growing commercial market in exterior ballistic software, some of which 
cannot be used intelligently without a general understanding of the basic prin- 
ciples of exterior ballistics. 

This is a book about modern exterior ballistics. The fundamentals of the clas- 
sical science are presented, but special emphasis is placed on the new technologies 
that emerged during and after the Second World War, and their contributions to the 
modern science. In the mid-twentieth century, the simultaneous advent of con- 
tinuous-flow supersonic wind tunnels, operational spark photography ranges, and 
modern high-speed digital computers revolutionized the science of exterior ballis- 
tics. A major purpose of this book is to illustrate how the modern measurements 
augment the classical results; another is to update the information available in 
older published textbooks. 


Robert L. McCoy 
March 1998 


1 


A Brief History of Exterior Ballistics 


1.1 INTRODUCTION 

Ballistics is the science that deals with the motion of projectiles. 
The word ballistics was derived from the Latin “ballista,” which 
was an ancient machine designed to hurl a javelin. Modern writers 
divide the subject into interior, exterior, and terminal ballistics, which 
describe, respectively, the propulsion, atmospheric flight, and tar- 
get impact action of projectiles. The modern science of exterior 
ballistics has evolved as a specialized branch of the dynamics of 
rigid bodies, moving under the influence of gravitational and aero- 
dynamic forces. Acomprehensive history of exterior ballistics would 
fill several volumes, and only a few highlights can be included in 
this chapter. Some of the terms and concepts mentioned in this 
history may be unfamiliar to the reader. The essential ones are re- 
introduced and defined in succeeding chapters. 


1.2 EARLY BEGINNINGS 

Exterior ballistics existed for centuries as an art before its first be- 
ginnings as a science. Although a number of sixteenth and seven- 
teenth century European investigators contributed to the growing 
body of renaissance knowledge, Isaac Newton of England (1642- 
1727) was probably the greatest of the modern founders of exterior 
ballistics. Newton’s laws of motion established the framework of 
modern classical mechanics, without which ballistics could not have 
advanced from an art to a science. 

Newton was interested in the motion of a projectile in a resist- 
ing medium, and advanced the theory that fluid resistance is pro- 
portional to the fluid density, to the projectile cross-sectional area, 
and to the square of the velocity. He timed the fall of spheres in St. 
Paul’s Cathedral, and confirmed his resistance law for low veloci- 
ties. 

Newton conceived an aerodynamic drag that was particulate 
in nature. He envisioned particles of air colliding with the projec- 
tile, and giving up the normal (perpendicular to the surface) com- 
ponent of their momentum; after impact the particles would con- 
tinue moving parallel to the projectile surface. Newton could not 
have anticipated the shock waves that accompany transonic and 
supersonic flows, thus his particle theory of drag is, in general, an 
oversimplification. However, at very high (hypersonic) velocities, 
where the bow shock lies close to the projectile surface, the behav- 
ior of air becomes similar to the picture conceived by Newton, and 


Newtonian impact theory actually predicts some aspects of hyper- 
sonic flows rather well. 

Benjamin Robins of England (1707-1751) developed the first 
successful ballistic pendulum in 1740, based on an idea proposed 
by the younger Cassini in 1707. Between 1740 and 1742, Robins 
measured the drag of 12-gauge lead musket balls (approximately 
3/4 inch diameter) at velocities in the neighborhood of 1600 feet 
per second, and observed retardations over one hundred times the 
acceleration of gravity. Although most ballisticians of that day did 
not believe his data, modern sphere drag measurements show that 
Robins’ ballistic pendulum gave essentially correct results. Charles 
Hutton (1737-1823), who succeeded Robins at Woolwich, obtained 
drag results for spheres between 1787 and 1791 that showed close 
agreement with Robins’ measurements. 

Rifled gun barrels first appeared in significant numbers around 
the middle of the seventeenth century, but the development of elon- 
gated bullets did not occur until about 1825. In 1851, Captain Minié 
of France invented the “Minié Ball,” an ogival-cylindrical bullet 
with a conical base cavity to provide obturation in a rifled barrel. 
Cast iron artillery shell of elongated form, with pre-engraved rotat- 
ing bands to provide both spin and obturation, began to appear at 
about the same time. The elongated bullets and shell gave signifi- 
cant increases in range, compared with the spherical shot previ- 
ously used. 


1.3 EXTERIOR BALLISTICS IN THE NINETEENTH 
CENTURY 
After about 1850, ballisticians of many countries began experiments 
to improve the accuracy of drag measurements. Francis Bashforth 
of England invented the Bashforth electro-mechanical chronograph, 
based on circuitry developed by Charles Wheatstone, inventor of 
the Wheatstone bridge. From 1865 to 1880, Bashforth measured 
the retardations of English artillery shell in use at that time. A typi- 
cal English projectile used in Bashforth’s very extensive ехреп- 
ments was a short ogival-cylindrical design with about a 1.5 caliber 
radius head. The test velocities ranged from 430 to 2780 feet рег 
second, and were obtained using the same multiple-station concept 
used in modern spark ranges. 

General Mayevski of Russia conducted resistance firings at St. 
Petersburg in 1868 and 1869. His projectiles had essentially the 


了 二 本 


10 


A Brief History of Exterior Ballistics 


RESULTS OF VARIOUS NATIONS 
BECKER AND CRANZ, 1912 


© ENGLISH AND RUSSIAN EXPERIMENTS 


E] DUTCH EXPERIMENTS 


АА GERMAN (KRUPP) EXPERIMENTS 


Figure 1.1 Nineteenth 


MACH NUMBER ТИТИ 
ALL DIMENSIONS IN CAUBERS 
PROJECTILE ТҮРЕ | Figure 1.2 Sketch of 
Profile Type 1. 
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same form as Bashforth’s. Mayevski’s firings covered the velocity 
range from 560 to 1340 feet per second. Colonel Hojel of Holland 
also did some resistance firings in 1883 and 1884, using shell of 
nearly the same form as the English and Russian designs, over a 
velocity range of 490 to 2130 feet per second. 

From 1875 to 1881, the Krupp factory at Meppen Proving 
Ground, Germany, conducted a large number of air resistance fir- 
ings, using three different projectile shapes. One shape was similar 
to that used in the Russian and English experiments, with a 1.49 
caliber radius head; the other shell types had longer ogives. The 
velocities of the Krupp firings varied from 1200 to 3000 feet per 
second. In a report published in 1912, Becker and Cranz (Ref. 1) 
summarized the results obtained by various nations for the 1.49 
caliber radius head artillery shell; their graph, converted to modern 
aeroballistic nomenclature and plotted against Mach number, is il- 
lustrated here as Figure 1.1. 

In 1883, General Mayevski analyzed the Krupp firing data and 
formulated his “zone” laws of air resistance for a projectile about 3 
calibers long, having a flat base and an ogival head with a 2 caliber 
radius. Mayevski's projectile shape is essentially identical to that 
of Projectile Type 1, shown in Figure 1.2. Colonel James M. Ingalls 
of the U. S. Artillery converted Mayevski's results into English units, 
and based his tables (Ref. 2) on them. Ingalls’ Tables were first 
published as Artillery Circular M, in 1900. An abbreviated version 


2 
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of Ingalls’ Tables was published by General Julian S. Hatcher (Ref. 
3), in Hatcher s Notebook, which is well known to American rifle. 
men. Colonel F. Siacci of Italy, who around 1880 proposed the 
“Siacci Method" for flat-fire trajectory calculations, also published 
the results of the Krupp firings in the Rivista di artiglieria e genio 
for March, 1896. 

From 1873 to 1898, the Gávre Commission of the French Na- 
val Artillery conducted numerous air resistance firings at the Gavre 
Proving Ground, utilizing the Boulengé chronograph which had 
been developed in Belgium around 1864. Most of the French test 
projectiles were ogival-cylindrical shapes, with ogival caliber radii 
of 1.64, 1.98, or 3.34 calibers. Test velocities ranged from 390 to 
3800 feet per second. In 1893, the Gávre Commission traced curves 
for the resistance functions corresponding to the test projectile 
shapes. In 1917, Chief Engineer M. Garnier of the Gávre Commis- 
sion published a table of the resistance function for Projectile Type 
1. The Ordnance Department of the U. S. Army prepared a table of 
the logarithm of the Gávre resistance function in 1918 (Ref. 4), and 
a slight modification of this function, with extension to higher ve- 
locities by E. E. Herrmann (Ref. 5) of the U. S. Naval Academy, is 
referred to today as the G, Drag Function. Note that the Ingalls 
Drag Function and the G, Drag Function reflect two different sets 
of test data and analysis for essentially identical projectile shapes. 
Figure 1.3 illustrates the difference between the Ingalls and the G, 
drag curves. 


С, (Gávre) 
— — — — Ingalls 


Figure 1.3 Comparison of the Ingalls 
and Gávre Drag Coefficients. 
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1.4 EARLY TWENTIETH CENTURY DEVELOPMENTS 
During the first decade of the twentieth century, the German firm 
of Krupp investigated the effect of long slender ogives on the drag 
of small caliber projectiles. The tangent ogives of most nineteenth 
century projectile designs were generated using radii of 1.5 to 3 
calibers; Krupp tested long tangent ogive noses with generating 
radii up to 10 calibers. The long, slender ogives were found to 
reduce drag by nearly 50 percent at supersonic speeds. The Ger- 
man army adopted a lighter weight bullet with the new low drag 
“spitzer” shape for their 8mm service rifle cartridge, and ће U. S. 
Army subsequently adopted the 150 grain M1906 spitzer bullet for 
the M1903 Springfield rifle. During the First World War, the Krupp 
firm used the 10 caliber radius ogive design for the 210mm Paris 
Gun (Wilhelmgeschiitze) projectile, which was used to bombard 
Paris from 120 kilometers (75 miles) range. 

Two additional series of resistance firings were conducted by 
the British, early in the twentieth century. The British Ballistic 
Tables of 1909 (Ref. 6) were based on extensive firings carried out 
from 1904 to 1906. The British 1909 tables are essentially identi- 
cal to those of Ingalls. In 1921, F. W. Jones conducted resistance 
firings at Hodsock, England, for a .303 caliber flat-based spitzer 
bullet, using a ballistic pendulum designed by Colonel H. Mellish 
and Lord Cottesloe. The results of Jones’ tests were published as 
the Hodsock Tables (Ref. 7), which are reprinted in the last chapter 
of Major Gerald Burrard’s Notes on Sporting Rifles (Ref. 8). Nei- 
ther the British Tables of 1909 nor the Hodsock Tables have been 
used extensively in the United States. The later British Textbook of 
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Small Arms, 1929 (Ref. 9), contains exterior ballistic tables similar 
to those of Hodsock. 

All the European ballisticians of the late nineteenth century 
made a fundamental error in their analysis of drag test data; ex- 
perimental retardation coefficients should have been combined at 
equal Mach numbers instead of at equal velocities. The distinction 
is not of great importance except at transonic speeds. However, the 
transonic slopes of both the Ingalls and G, drag curves are now 
known to be too low; the error results from statistical dispersion 
introduced by neglect of the influence of the speed of sound. 

By the end of the First World War, ballisticians of many coun- 
tries had recognized the fact that the longer ogives and boattails of 
projectiles then in current use were not accurately represented by 
the Ingalls or G, drag functions. In 1922 and 1923, the Gavre Com- 
mission, under the direction of Chairman J. Dupuis, conducted re- 
sistance firings of five projectile shapes, using 138mm shell fired 
at speeds from 900 to 2900 feet per second. The Type I projectile 
was slightly longer than G,, but nearly identical in shape. Type I- 
BT was similar to Type I, except for a boattailed base, with 5 de- 
gree boattail angle, and a boattail length of 0.67 caliber. The Type 
П and Type Ш shell had longer ogives; Type П had a head length of 
2.32 calibers, and was tested in both flat base and boattailed ver- 
sions. The Type III shell had a 2.78 caliber head, and only a 
boattailed design was tested. The 1922-1923 Gávre Commission 
firing results were published in 1928 and 1929 in the Mémorial de 
l'Artillerie Française, and were extensively used in France until 
about 1950, but were not generally available in the United States. 
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PROJECTILE TYPE 2 


Figure 1.4 Sketch of Projectile Type 2. 
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DRAG COEFFICIENT VERSUS MACH NUMBER 
PROJECTILE SHAPE J3 


——©—— J3 DRAG COEFFICIENT 


61 DRAG COEFFICIENT 


Figure 1.5 Comparison 
of J3 and СІ Drag Co- 
efficients. 
ALL DIMENSIONS IN CALIBERS 
PROJECTILE TYPE 5 Figure 1.6 Sketch of Projectile 


Type 5. 
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PROJECTILE TYPE 6 


Figure 1.7 Sketch of Projectile Type 6. 


From 1922 to 1925, R. H. Kent and Н.Р. Hitchcock (Ref.10) 
of the Ballistics Section, Aberdeen Proving Ground, Maryland, 
conducted resistance firings of a 3.3 inch shell called “Туре J," 
which we now refer to as G, or Projectile Type 2. The G, projectile 
had a long, conical head shape, and a 6 degree boattail; Figure 1.4 
shows the G, projectile shape. The Aberdeen Rotating Drum chro- 
nograph was used, with inductance coils for the start-stop signals. 
Velocities tested varied from 650 to 3190 feet per second. The drag 
data for these tests and thereafter at Aberdeen Proving Ground, were 
properly plotted against Mach number. 

In 1926, Kent and Hitchcock conducted resistance firings of 
the 3 inch shell, Mark IX, with the Mark III time fuze. This projec- 
tile was known as J,, and was almost identical in form to Projectile 
Type 1. Firings of the J, shape were performed as a check on the 
accuracy of the G, drag function. The general form of the J, drag 
coefficient was similar to that of G,, as shown in Figure 1.5. Thus 
the J, drag function was not used after 1927. 

Kent and Hitchcock conducted resistance firings of the 75mm 
high explosive shell, Mark IV with the Mark III PD (point-detonat- 
ing) fuze, between 1927 and 1933. The Mark III PD fuze was a 
long spike-nosed fuze extending about 1.5 calibers ahead of the 
ogive. Ballistic tables were prepared for this shell, which was re- 


ferred to as J,, but the unusual J, projectile shape is of little interest 
today. 


Resistance firings of the 75mm Mark IV shell with the Mark V 
fuze were conducted at the same time as those above, and this pro- 
jectile was referred to as J,; the later designation is G,, or Projectile 
Type 5, which is shown in Figure 1.6. Velocities tested ranged 
from 600 to 2230 feet per second. The G, projectile shape was 
frequently used in U. S. Ordnance as a reference standard drag shape 
as late as 1960. 

The J, (G,), or Projectile Type 6 was tested from 1929 to 1931 
at Aberdeen Proving Ground. The resistance firings were conducted 
using the 3 inch M1915 shell, at velocities from 600 to 3000 feet 
per second. Projectile Type 6 (G,) is shown in Figure 1.7. The С, 
shape was also used as a reference standard drag shape until about 
1960. 

Two later designs included as reference shapes were G, and 
G,, obtained from the External Ballistics Department, Ordnance 
Board of the War Office, England (Ref. 11) in 1940. Projectile 
Type 7 (С.) was referred to as the British Standard Streamline Pro- 
jectile, and Projectile Type 8 (G,) was called the British Streamline 
Projectile with Cylindrical Base. U. S. versions of G, and G, Bal- 
listic Tables were compiled by Kent and Hitchcock in 1943, and 
were extensively used for firing table calculations during the Sec- 


ond World War. The Type 7 and Type 8 projectiles are illustrated in 
Figures 1.8 and 1.9, respectively. 
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PROJECTILE TYPE 7 Figure 1.8 Sketch of Projec- 
tile Type 7. 
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PROJECTILE TYPE 


Figure 1.9 Sketch of Projectile Type 8. 
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The modern exterior ballistician might well ask why reference 
standard drag shapes were required prior to and during the Second 
World War. The answer is that they were a matter of practical ne- 
cessity. The labor involved in manual computation of a single long 
range trajectory was so enormous that only a few such trajectories 
could be done. However, if complete ballistic tables were avail- 
able for several reference standard projectiles, trajectories for a new 
design could be obtained by means of a “form factor" relating the 
new shell to one of the reference standards, and the method of dif- 
ferential corrections. A task requiring several weeks of manual 
computation was thereby reduced to a few days. Modern 
ballisticians with ready access to high speed digital computers can 
hardly appreciate the drudgery involved in the manual computa- 
tion of trajectories. 

Thus far, our historical development has considered only the 
problem of the aerodynamic drag (resistance) acting on projectiles. 
Nineteenth century investigators concentrated their efforts on the 
drag, and generally made the assumption that an elongated projec- 
tile, if given sufficient spin from a rifled barrel, would always fly 
with small yaw. Since the projectile shapes in common use at that 
time were short and relatively blunt, the assumption of stable flight 
was usually justified. The selection of a proper twist of rifling for a 
given projectile was more of an art than a science in the nineteenth 
century; rules of thumb such as Greenhill's Rule (Ref. 9), derived 
in 1879, were commonly used. It is probable that both George 
Greenhill in England and Carl Cranz in Germany understood the 
concept we now refer to as gyroscopic stability. However, the nine- 
teenth century ballisticians had no means for measurement of the 
aerodynamic overturning moment acting on the projectile, which 
is a necessary input to the gyroscopic stability equation. 


1.5 THE FIRST MODERN AERODYNAMIC 
FORCE-MOMENT SYSTEM FOR PROJECTILES 

A number of early European investigators had experimented with 
firing projectiles through several yaw cards as a check on the gyro- 
scopic stability. In the first decade of the twentieth century, a re- 
markable independent effort was made by F. W. Mann of Massa- 
chusetts (Ref. 12), who conducted extensive yaw card tests of vari- 
ous turn-of-the-century military and sporting rifle bullets. Mann 
was a painstaking and careful experimenter, and he made the first 
reasonably accurate measurements of the epicyclic yaw and swerve 
of spin-stabilized projectiles. He investigated the effects of static 
and dynamic unbalance on the flight of rifle bullets, and correctly 
identified the quantities we refer to today as lateral throwoff and 
aerodynamic jump. Although Mann lacked the aeronautical back- 
ground necessary to properly interpret some of his findings, he did 
Pioneer the experimental yaw-card technique that was successfully 
used for the next forty years. 

The nature of the total aerodynamic force and moment system 
which acts on a projectile in flight was first recognized with the 
advent of aircraft. Low speed wind tunnel measurements of the 
drag, lift, and overturning moment acting on airplanes were first 
made in the early years of the twentieth century. Two pioneering 


English aerodynamicists, F. W. Lanchester and G. H. Bryan, stud- 
ied the forces and moments acting on aircraft, and included a pitch 
damping moment, which acted to reduce the pitching angular ve- 
locity. In 1919, R. H. Fowler, E. G. Gallop, С. М. Н. Lock and H. 
W. Richmond conducted an extensive series of yaw-card firings at 
Portsmouth, England, using 3 inch English naval guns and projec- 
tiles. Fowler formulated the first reasonably complete aerodynamic 
force-moment system for spinning projectiles, extending the work 
of Lanchester and Bryan to include Magnus forces and moments, 
and a spin damping moment. An approximate analytical solution 
of the resulting differential equations showed that the yawing mo- 
tion of a spinning shell is epicyclic, with two characteristic fre- 
quencies. The aerodynamic forces and moments acting on the 3 
inch naval shell were inferred by graphically fitting the epicyclic 
solution to the yaw-card measurements, and Fowler's work is thus 
considered to be the first modern free-flight ballistic range experi- 
ment. The four English investigators published their work as a 
paper of the Royal Society of London (Ref. 13) in 1920; the title of 
the paper was The Aerodynamics of a Spinning Shell, and it is now 
considered a classic. 

From about 1925 until the end of the Second World War, Kent 
and Hitchcock conducted numerous yaw card firings at Aberdeen 
Proving Ground, Maryland. The projectiles tested included every- 
thing from small arms bullets to large caliber artillery shell. Kent 
and Hitchcock used Fowler's graphical data reduction methods. 
Many good results were obtained from these yaw-card firings, in 
spite of the crude measurements and the limitations of graphical 
data reduction. 

J. L. Synge of Canada recognized in 1942 that Fowler's aero- 
dynamic force-moment system for spinning projectiles was logi- 
cally incomplete, and in 1943 Nielsen and Synge (Ref. 14) intro- 
duced the complete aerodynamic system in use today. Kent stud- 
ied the gyroscopic and dynamic stability criteria (Ref. 15) implied 
in Fowler's work. J. L. Kelley and E. J. McShane, who worked at 
the U.S. Army Ballistic Research Laboratory (BRL) during the 
Second World War, revised and updated the work of Fowler and 
Synge in a BRL report (Ref. 16) titled On the Motion of a Projectile 
with Small or Slowly Changing Yaw. Kelley and McShane derived 
the complete dynamic stability criteria used today, and established 
the fact that gyroscopic stability is a necessary but not a sufficient 
condition for dynamic stability. In layman's language, this means 
that the yaw can, in certain cases, increase along the trajectory, even 
though the projectile is everywhere gyroscopically stable! The work 
of Kelley and McShane was later incorporated in their classical 
textbook, Exterior Ballistics (Ref. 17), published in 1953. 


1.6 THE BEGINNINGS OF COMPUTATIONAL 
AERODYNAMICS 

The modern science of computational aerodynamics traces its ori- 
gins to the eighteenth century with the work of Johann and Daniel 
Bernoulli and Leonhard Euler. Daniel Bernoulli first derived the 
equation we now refer to as "Bernoulli's equation" in 1738. Euler 
is recognized as the founder of hydromechanics; he was the first to 
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advance the modern concept of fluid pressure, and later formulated 
what we refer to today as the “Euler equations” that describe the 
flow of an inviscid (frictionless) fluid. 

The nineteenth century produced many technical achievements 
in applied fluid mechanics which left scientific knowledge far be- 
hind. In an incompressible, frictionless fluid, there can be no drag, 
or resistance to motion; thus theoretical hydrodynamics appeared 
useless to nineteenth century engineers and ballisticians. The ef- 
fects of viscosity on fluid flow were studied by several nineteenth 
century investigators, including Poiseuille, Stokes, and Osborne 
Reynolds, with whom the Reynolds Number is now identified. By 
the middle of the nineteenth century, Navier and Stokes had inde- 
pendently derived the Navier-Stokes equations, which describe the 
flow of viscous fluids. A few special analytical solutions of the 
Navier-Stokes equations have been found for very simple cases, 
but general solutions of these non-linear partial differential equa- 
tions are possible only by numerical methods, coupled with mod- 
ern large scale supercomputers. 

The foundations of thermodynamics were also laid in the nine- 
teenth century, with the work of Rumford, Joule, Lord Kelvin, 
Clausius, Rankine and others. The theory of shock waves was de- 
veloped at about the same time. Ernst Mach of Germany (for whom 
the Mach Number was later named) made the first spark 
shadowgraphs of a bullet in supersonic flight in 1885. Mach’s 
shadowgraphs provided visual illustrations of shock waves on pro- 
jectiles flying at supersonic speeds. Rankine of Scotland and 
Hugoniot of France had independently derived the equations gov- 
егпіпр changes in flow properties across shock waves in the late 
nineteenth century, and in 1910, Lord Rayleigh and G. I. Taylor of 
England independently used the second law of thermodynamics to 
prove that only compression shocks are physically possible. 

In 1904, L. Prandtl (Ref. 18) advanced his boundary layer 
theory. Prandtl’s concept envisioned a thin layer of fluid near the 
surface, in which all the effects of viscosity are concentrated; out- 
side the boundary layer, the fluid behaves essentially as if it were 
frictionless. Although Prandtl’s boundary layer theory is only an 
approximation, its general validity and usefulness in applied aero- 
dynamics is well established today. 

Max Munk introduced his “airship theory” (Ref. 19) in 1924. 
Munk’s apparent mass method for estimating the aerodynamic char- 
acteristics of airship hulls has gradually grown into the modern 
generalized slender body theory of Ward (Ref. 20), Bryson (Ref. 
21), Sacks (Ref. 22) and others. J. N. Nielsen, in his book Missile 
Aerodynamics (Ref. 23), states his belief that modern slender body 
theory, which includes both finned missiles and rotationally sym- 
metric projectiles, is the backbone of missile aerodynamics. The 
same statement could well be made for the general class of modern 
projectiles commonly encountered in exterior ballistics. 

The development of high-energy smokeless propellants in the 
early years of the twentieth century pushed the velocities of projec- 
tiles up to high supersonic speeds. Again, scientific knowledge 
lagged far behind the progress being made along experimental lines. 
Modern development of axisymmetric supersonic flow theory did 
not begin until about 1930, with the work of von Kármán and Moore 


(Ref. 24), and Taylor and Maccoll (Ref. 25). By 1937, Courant and 
Hilbert (Ref. 26) had outlined a method for solving the differential 
equations for the supersonic flow of air past planar and axisymmetric 
bodies, but the extreme tediousness of the numerical calculations 
discouraged all attempts at solutions, except for elementary shapes, 
The German school of Prandtl, Busemann, Sauer, Tollmien, 
Guderley and others had developed approximate graphical meth- 
ods of solution in the decade immediately before the Second World 
War. The U. S. and British efforts were primarily directed toward 
linearization of the hydrodynamical equations. Linearization per- 
mits closed-form analytical solutions of the approximate equations, 
and are usually restricted to small disturbances and limited Mach 
number regions. However, the analytical solutions provide insight 
into the physical nature of the flow, and are therefore useful, even 
though some accuracy has been sacrificed. 

The advent of high speed electronic digital computers after the 
Second World War shifted the emphasis to numerical solutions of 
the exact hydrodynamical equations. In 1950, Clippinger and Gerber 
(Ref. 27) programmed the ENIAC computer at BRL to solve super- 
sonic flowfields past projectiles by the method of characteristics, 
and computational aerodynamics at last began to catch up with ex- 
perimental results. 


1.7 EXTERIOR BALLISTICS RESEARCH DURING THE 
SECOND WORLD WAR 
The beginning of the Second World War spawned an unprecedented 
growth in science and technology. The science of exterior ballis- 
tics experienced rapid progress as a direct result of three particular 
wartime developments: (1) fully operational supersonic wind tun- 
nels, (2) free-flight spark photography ranges, and (3) high speed 
electronic computers. Supersonic wind tunnels permitted direct 
measurements of the static aerodynamic forces and moments act- 
ing on high speed projectiles; the effects of parametric variations in 
projectile shape were readily investigated with the new wind tun- 
nel facilities. Spark photography ranges permitted the precise, in- 
terference-free measurement of the drag, spin, yaw and swerve of a 
projectile in flight; with the help of the complete ballistic theory 
simultaneously advanced by Kelley and McShane, all significant 
aerodynamic forces and moments acting on the projectile could be 
determined from a set of firings through the spark photography 
range. The high-speed electronic computer was an enormous help 
in the reduction and analysis of both wind tunnel and spark photog- 
raphy range data; in addition, the electronic computer rapidly solved 
both the ordinary differential equations of the projectile’s traj 
tory, and ће partial differential equations of the flowfield around. 
the projectile. MEOS 
German and U. S. research in exterior ballistics during the Se ў 
ond World War were essentially parallel efforts, with ће German ^“: 
development leading the U. S. initially; ће О. S. effort caught up.& 
and surpassed the German technology by the end of the war. Ut?’ 
many had several operational supersonic blowdown wind tunnels, 
and a number of good subsonic tunnels early in the war; the 1,5% 
effort was directed toward closed-return, continuous-flow super 
sonic wind tunnels, which are much more expensive to build, but 
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allow more efficient operation. The Weapons Institute of the 
Hermann Göring Luftwaffe Research Establishment constructed a 
spark photography range at Braunschweig, Germany, which was 
larger in size but less precise in instrumentation than the Aerody- 
namics Range at BRL. The German spark range facility used break- 
wire technology for initiating the spark light sources, and the out- 
dated Boulengé chronograph was used for velocity measurement. 
The director of the range facility, Karl Schussler, described the range 
operation and instrumentation (Ref. 28) in a 1942 technical report. 
Although a number of spark stations were planned, only eight had 
been completed and installed by the end of the war, and the Ger- 
man spark photography range was never fully utilized for its in- 
tended purpose as an aerodynamics research facility. 

The first spark shadowgraph of a projectile in flight was taken 
by E. Mach of Germany in 1885. In 1893, the British physicist V. 
Boys improved on Mach's technique, by means of a pure shadow 
process without lenses or mirrors. The late nineteenth century in- 
vestigators used either the muzzle blast or the recoil of the gun to 
trigger the electric spark discharge, and they could obtain only one 
shadowgraph, near the muzzle, for each shot fired. The British 
built a small research spark photography range in 1924, at their 
National Physical Laboratory. This range was 150 feet long, used 
break-wire triggering, and eventually had nineteen spark photogra- 
phy stations. Around 1938, Kent attempted to construct a spark 
photography range at Aberdeen Proving Ground, in which a suc- 
cession of downrange shadowgraphs could be obtained for each 
shot fired. Kent used the recoil of the gun to initiate a succession of 
electronic trigger pulses, which would discharge the sequence of 
sparks at the proper times. The method did not work, but an impor- 
tant result was obtained from this experiment; the projectile itself 
would have to electronically trigger the spark discharge at each 
station, before a reliable spark photography range could be built. 

The six fundamental requirements for a modern ballistic spark 
photography range were apparent by 1940: (1) a light source one- 
millionth of a second in duration and of sufficient intensity to ex- 


Figure 1.10 Photograph of original BRL Aerodynamics Range, 1944. 


pose a photographic plate, (2) syncronization of the triggering of 


the light source with the passage of the projectile to be photographed, 
(3) no interference with the free flight of the projectile, (4) an array 
of photographic stations arranged along the trajectory in sufficient 
density to provide useful data, (5) a survey technique to locate the 
position of each station along the trajectory to an accuracy of 0.01 
inch (note that the distance survey for very large ranges does not 
have to be quite this accurate), and (6) a chronograph system to 
record the times of the spark discharges to an accuracy of one-mil- 
lionth of a second. 

Colonel H. H. Zornig and Kent assigned the task of the design 
and construction of such a range to A. C. Charters, on his arrival at 
the BRL. Charters' efforts were successful, and the BRL Aerody- 
namics Range was first put into operation in 1943. A number of 
ballistic spark photography ranges are in current use today, in the 
U. S., Canada, and Europe; all of these trace their ancestry to А. C. 
Charters' pioneering efforts during the Second World War. 

Figure 1.10 is a photograph of the original BRL Aerodynamics 
Range (circa 1943), looking uprange toward the gun firing posi- 
tion, and it shows the first six operational spark photography sta- 
tions. By 1958, the range looked as shown in Figure 1.11 (looking 
downrange), with much improved instrumentation, and many more 
spark stations added. The row of cylindrical cans to the left of the 
stations are the spark light sources, and the square frames in front 
of the stations support coils of fine electrical wire, used for electro- 
static triggering. Today, infra-red light screens have replaced the 
electrostatic inductance coils, and even more stations have been 
added. 

Figure 1.12 illustrates the local and master coordinate systems 
used in the BRL Aerodynamics Range. The mirror at each station 
enables both horizontal and vertical shadowgraphs to be obtained 
from a single spark light source. 

Several spark shadowgraphs from the BRL Aerodynamics 
Range, showing the flowfields around typical research projectile 
shapes, are illustrated in Figures 1.13 through 1.22. Figure 1.13 is 
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Figure 1.11 Photograph of BRL Aerodynamics Range, 1958. 
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Figure 1.13 ShadowgraPh 
of 3.8 Caliber Long Con 
at Mach 1.98. 
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Figure 1.14 Shadow graph of 
Sphericall Blunted Cone ut 
Mach 4.2. 


Figure 1.15 Shadowegraph of 
3.12 Caliber Long Соп СА 
inder at Mach 3 43 
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Figure 1.16 Shadowgraph of 
5.12 Caliber Long Cone-CyM- 
inder at Mach 1.02. 


Figure 1.17 Shadow graph of 
7 Caliber ANSR with 2€ ай 
ber Nose at Mach 31% 
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a shadowgraph of a pointed right-circular cone, whose base diam- 
eter is 37mm and whose length is 3.8 calibers, at Mach 1.98. Note 
the conical bow shock attached to the pointed tip of the cone. The 
boundary layer is laminar along the cone surface for about one cali- 
ber, then transition to a turbulent boundary layer occurs (looks like 
tiny bubbles). The thickness of the boundary layer grows with in- 


creasing distance along the projectile. The wake behind the cone 
is a region of turbulent free shear flow, and the pressure in the wake 
is below free stream static pressure, which gives rise to base drag. 

Figure 1.14 shows the flowfield around a spherically blunted 
cone at Mach 4.2. Note the high curvature of the strong bow shock 
wave near the rounded tip of the cone, and the diminishing shock 
curvature far downstream of the tip. A second strong shock wave 
occurs at the neck of the wake, a little over one caliber downstream 
of the base; the wake shock returns the supersonic flow outside the 
wake back to the streamwise direction. 

Figures 1.15 and 1.16 illustrate the flowfields around a 5.12 
caliber long, sharp pointed cone-cylinder projectile at Mach 3.43 
and 1.02, respectively. Note the pronounced differences in shock 
wave patterns as the flow changes from high to very low super- 
sonic speed, 

Figure 1.17 is a shadowgraph of the 7 caliber long Army-Navy 
Spinner Rocket (ANSR) model, at Mach 3.18. This projectile has a 
2 caliber long pointed secant ogive nose, and a 5 caliber long cylin- 
drical afterbody. Note the thick turbulent boundary layer near the 
base of this 20mm diameter model. Figure 1.18, taken at Mach 
1.83, shows the flowfield around a modified 7 caliber ANSR model, 
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Figure 1.18 Shadowgraph 
of 7 Caliber ANSR with 3 
Caliber Nose at Mach 1.83. 


with a 3 caliber long pointed secant ogive nose, and a 4 caliber long 
afterbody. Note the weak shock about halfway back along the cy- 
lindrical afterbody; this shock is caused by a bi-metallic joint in the 
model. Also note the two small pins protruding from the base of 
this model; these roll pins are used to measure the spin of the pro- 
jectile as it travels downrange. 

Figure 1.19 shows the flowfield around a 7/8 inch diameter 
smooth steel sphere, at Mach 1.24. Note the very strong, detached, 
curved bow shock wave in front of the sphere. The boundary layer 
separates just aft of the equatorial plane (the plane perpendicular to 
the flight path, containing the maximum diameter of the sphere), 
and a weak oblique shock wave forms at the boundary layer sepa- 
ration point. Almost the entire rear hemisphere lies in the turbulent 
wake. Note the wake recompression shock about one and one half 
calibers downstream of the sphere trailing edge. 

The flow around a 3 caliber long cylinder (wadcutter) at Mach 
1.04 is shown in Figure 1.20. The bow shock wave stands approxi- 
mately two and one half calibers upstream of the blunt leading edge 
of the projectile, and there is very little shock curvature. As the 
flight velocity decreases toward Mach 1.00, the shock will become 
atrue normal shock wave with no curvature, and will move far out 
in front of the bullet. Note that the sharp leading edge causes the 
boundary layer to separate immediately behind the upstream face 
of the blunt wadcutter projectile. 

Figure 1.21 is a shadowgraph of the 10 caliber long Basic Finner 
model, at Mach 1.62. This projectile consists of a 10 caliber long 
cone-cylinder projectile with four single-wedge, square planform 
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Figure 120 Shadow graph of 
3 Caliber Lone Cylinder 
(Wadeurter) at Mach 104 


Figure 121 Shadow graph of 
10 Calibu Long Basu Finna 
at Mach 1.62 
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fins spaced symmetrically around the aft end of the body, to pro- 
vide static stability. Note the roll pins protruding from the fin trail- 
ing edges (for spin measurement), and the two-dimensional vortex 
sheets shed into the wake, from the trailing edges of the four fins. 

Figure 1.22 is the last shadowgraph in our series; it shows the 
flowfield at Mach 1.60 around a cone-cylinder guided missile model, 
with four wings mounted symmetrically around the mid-body, and 
four tail fins symmetrically spaced around the back end of the cy- 
lindrical afterbody. Both wings and fins are often used on guided 
missiles, to provide movable control surfaces for guidance, as well 
as the large aerodynamic lift required to execute high speed ma- 
neuvers in flight. 

The BRL Aerodynamics Range (Ref. 29) is still in continuous 
operation, and the instrumentation has been progressively improved 
over the years. The technical characteristics and measurement 
capability of the range will be discussed in a later chapter. For 
historical purposes, it is sufficient to state that modern free-flight 
spark photography ranges routinely achieve an order of magnitude 
(ten times) higher precision in drag and stability measurements than 
were possible with solenoid chronographs and yaw-card ranges. 
The spark photography range has thus evolved into one of the most 
powerful tools available to the modern exterior ballistician. 

The BRL Transonic Range was designed in 1944, and primary 
construction was finished in 1947. The instrumention was com- 
pleted, and full scale operation began in the summer of 1950. Pho- 
tographs of the exterior and interior views of the Transonic Range 
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Figure 1.22 Shadowgraph of 
20 mm Missile Model with 
Wings and Fins at Mach 1.6. 


are shown as Figures 1.23 and 1.24, respectively. The design and 
operation of the range is described in BRL Report No. 1044, titled 
The Transonic Free Flight Range, published in 1958. This large 
(22 ft. by 22 ft.) free-flight spark photography range was designed 
to satisfy von Kármán's ratio for 3-inch diameter projectiles. 
(Theodore von Kármán had derived the theoretical result, that for 
no choking at transonic speeds, the ratio of test sectional area to 
projectile cross-sectional area should be 10,000 to one). Although 
the range building is 1000 feet long, only 680 feet are fully instru- 
mented. The same basic data reduction methods are used for both 
of the BRL free-flight spark photography ranges. 

In 1940, Professor Theodore von Kármán of the California In- 
stitute of Technology, who was a scientific advisor to the BRL dur- 
ing the war, recommended the construction of a wind tunnel at 
Aberdeen Proving Ground, Maryland, for Ordnance Department 
ballistic research. Professor von Kármán's proposal was approved, 
and construction of the new wind tunnel was completed in Novem- 
ber 1944. Fitted with both subsonic and supersonic nozzles, the 
latter capable of test section velocities up to Mach 1.7, the first 
BRL wind tunnel was promptly put to work in the acquisition of 
basic aerodynamic design information for bombs, rockets, and other 
fin-stabilized projectiles. 

In 1946, the need for changing test section velocity easily and 
rapidly from one supersonic level to another had become apparent, 
and the BRL began construction of a flexible nozzle tunnel. The 
new wind tunnel was completed late in 1947, and it was the first 
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Figure 1.23 Photograph of BRL Transonic Range exterior view. 


flexible nozzle, continuous flow tunnel in the world to achieve air- 
speeds exceeding Mach 4. A schematic of this wind tunnel is shown 
in Figure 1.25. In 1954, another flexible nozzle wind tunnel was 
constructed, with a speed range from Mach 1.25 to Mach 5. Figure 
1.26 shows the nozzle section of this tunnel with the sidewall re- 
moved, to show the throat plates set for Mach 5, and a model of a 
cone-flare stabilized re-entry vehicle mounted in the test section. 
In 1961, a hypersonic research tunnel was completed at the BRL. 


Figure 1.24 Photograph of BRL Transonic Range, interior view. 


This tunnel used three interchangable fixed nozzles, and operated 
at speeds of Mach 6.0, Mach 7.5, and Mach 9.2. 

The first modern high speed electronic computer, ENIAC (Elec- 
tronic Numerical Integrator and Computer), was built at the BRL 
during the Second World War by the Moore School of Electrical 
Engineering of the University of Pennsylvania, under contract to 
the U. S. Army Chief of Ordnance. The ENIAC (Ref. 30) was the 
outgrowth of the pre-war research of a number of mathematicians 
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and scientists both at the BRL and at several universities. ENIAC 
was completed in 1945, and was a decimal machine utilizing 19,000 
vacuum tubes, 1500 relays, and hundreds of thousands of resistors, 
capacitors and inductors. It weighed over 30 tons, and consumed 
nearly 200 kilowatts of electrical power. Although the ENIAC had 
much less computing power than most modern microcomputers, it 
was an enormous technical achievement in 1945, and it enabled 
ballisticians to solve problems that were previously considered 
impossible. 

Larger and faster electronic computers such as EDVAC, 
ORDVAC and UNIVAC followed the ENIAC, and further expanded 
the horizons of exterior-ballisticians. The first reasonably com- 
plete solutions for the supersonic airflow around a projectile were 
done on the ENIAC, and successive generations of high speed com- 
puters permitted solutions of increasingly more difficult problems. 
Today, supercomputer technology is attacking the most difficult 
problem in computational aerodynamics: the three-dimensional, 
time-dependent, compressible Navier-Stokes equations. 


1.8 POST-WAR PROGRESS IN EXTERIOR BALLISTICS 

The rapid progress in exterior ballistics brought about by the Sec- 
ond World War has continued, and even accelerated during the past 
fifty years, as a result of the cold war threat. Hypersonic, super- 
sonic, and transonic wind tunnels proliferated throughout the United 
States Army, Navy, Air Force, the National Aeronautics and Space 
Administration (NASA), and a number of aircraft companies and 


universities. Several European countries developed advanced mod- 
ern wind tunnel facilities. A number of additional spark Photogra- 
phy ranges were built, and several nations now have operational 
spark ranges. High speed digital computer technology has achieved 
performance beyond the fondest hope of the scientists who deve]. 
oped the ENIAC, and computational aerodynamics has finally 
caught up with modern experimental capability. Exterior ballistics 
has become a mature engineering science; it is often referred to 
today as “‘aeroballistics.” 

The Second World War had made the lack of a systematic aero- 
dynamic database painfully obvious to both projectile and missile 
designers, and the new experimental facilities were quickly em- 
ployed іп a number of basic research programs designed to investi- 
gate the effects of configuration changes on the aerodynamic forces 
and moments in various speed regions. References 31 through 40 
are examples of the experimental investigations conducted in free- 
flight spark photography ranges and supersonic wind tunnels dur- 
ing the two decades after the Second World War. Many additional 
test programs have been conducted over the years, and a rather sub- 
stantial aerodynamic database exists today, although some of it is 
not easy to find unless one knows where to look. 

In 1953-54, C. H. Murphy revised and improved both the 
Kelley-McShane dynamic stability criteria (Ref. 41), and the data 
reduction techniques for free-flight spark photography ranges (Ref. 
42). J. D. Nicolaides introduced the tricyclic theory (Ref.43) in 
1953, which accounted for the effect of small configurational or 
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mass asymmetries on the epicyclic yawing motion of projectiles. 
In 1956, Murphy advanced his quasi-linear theory (Ref. 44) which 
permitted the determination of nonlinear aerodynamic forces and 
moments from free-flight spark photography range tests. Com- 
parison of the nonlinear spark range measurements with those ob- 
tained from large angle of attack testing in wind tunnels showed 
excellent agreement. The quasi-linear technique was augmented in 
1970 by the work of Chapman and Kirk (Ref. 45), who advanced a 
method of nonlinear spark range data reduction based on numerical 
integration of the six-degrees-of-freedom differential equations of 
motion. Good agreement between the two methods has been ob- 
served on a number of experimental programs. Modern exterior 
ballisticians now recognize the fact that the aerodynamic force- 
moment systems acting on all projectiles are to some extent nonlin- 
ear, and current test methodology usually requires the determina- 
tion of both linear and nonlinear aerodynamic coefficients. 

The practical calculation of supersonic flowfields past projec- 
tiles was extended by the work of M. D. Van Dyke (Ref. 46) in 
1951, and that of Syvertson and Dennis (Ref. 47) in 1955. Van 
Dyke's second-order supersonic flow theory and Syvertson and 
Dennis! second-order shock expansion theory are still used today 
in fast design codes for engineering parametric design studies. Van 
Driest's theory of turbulent boundary layers in high speed com- 
pressible flow (Ref. 48), and Chapman's investigation of base pres- 
sure effects (Ref. 49) provided additional tools for the engineer 
working in computational aerodynamics. 

By 1980, the size and speed of digital computers had advanced 
to the stage at which an attack on the Navier-Stokes equations could 
be attempted. References 50 through 52 are modern examples of 
computational aerodynamics using supercomputer technology. Even 
with the largest and fastest computers available today, many hours 
of computer time are required to solve a single flowfield past a 
given configuration. 

Since the beginning of exterior ballistics as a science, 
ballisticians have searched for methods to quickly and accurately 
estimate the drag and stability of projectiles in flight. Many mod- 
ern ballisticians do not have access to wind tunnels, spark photog- 
raphy ranges, or large-scale supercomputer facilities, and must there- 
fore rely on estimation methods for projectile design studies. Prior 
to about 1970 estimation methods in aeroballistics were, for the 
most part, based on handbook techniques. In 1969, R. H. Whyte of 
the General Electric Company developed a computer program called 
“SPINNER,” which used empirical correlation of a large data base 
from twenty-five years of spark photography range firings to pro- 
vide fast and reasonably accurate estimates of the aerodynamic 
characteristics of ordnance projectiles. Whyte's computer code was 
revised and updated іп 1973 (Ref. 53), and again in 1979. The 
SPINNER program is currently incorporated into Whyte’s “Projec- 
tile Design and Analysis System” (PRODAS) code, which contains 
several interior and exterior ballistic computer programs. 

F. G. Moore, of the Naval Surface Weapons Laboratory at 
Dahlgren, Virginia, advanced a different method (Ref. 54) in 1972; 
Moore's approach used an approximate solution of the flowfield 
past the projectile, with semi-empirical corrections for the second- 


order effects neglected in the simplified flowfield solution. In 1974, 
the author developed a computer program called "MCDRAG (Ref. 
55), which was based on the use of aerodynamic similarity laws to 
correlate a large volume of high-quality drag coefficient data, ac- 
cumulated over thirty years of firings in the BRL spark photogra- 
phy ranges. . 

Moore's computer code (AP95) has now evolved into a gen- 
eral predictive method (Ref. 56-58) for either fin or spin stabilized 
projectiles. References 59 and 60 are additional examples of mod- 
ern data-based aeroprediction codes. All of the above computer 
programs are referred to today as "fast design codes," because they 
run quickly even on very small computers, and provide reasonably 
accurate estimates that are useful in projectile design studies. 

The calculation of a projectile's trajectory was the classical 
exterior ballistics problem, and the entire modern science of exte- 
rior ballistics has evolved because of a continuous need to improve 
the accuracy of trajectory calculations. The vacuum trajectory, 
which assumed gravity was the only significant force acting on the 
projectile, was superseded by the Siacci method which, although 
restricted to flat fire, did account for the effect of aerodynamic drag. 
The Siacci method was, in turn, replaced by numerical integration 
of the point-mass differential equations, after the Second World 
War. 

By 1960, the size and speed of digital computers had advanced 
to a level that permitted the first practical modern six-degrees-of- 
freedom (6-DOF) trajectory calculations. The 6-DOF trajectory 
calculation numerically solves six simultaneous second-order dif- 
ferential equations, to yield a complete description of the position, 
velocity, time, and angular (pitching, yawing and spinning) motion 
of the projectile, from the muzzle of the gun to the target. 6-DOF 
trajectory programs have proliferated throughout the exterior bal- 
listics community today, and are routinely used in ordnance engi- 
neering. 

Modern 6-DOF trajectory calculations, based on measured 
physical properties, complete aerodynamic forces and moments, 
and all required initial conditions, have demonstrated excellent 
agreement with the results of numerous instrumented field firings. 
There are, of course, many situations in which the older methods 
are entirely sufficient for all practical purposes. One broad class 
for which this is generally true are the small-yaw, flat-fire trajecto- 
ries typical of ground-launched small arms. However, if the rifle 
or machine gun is to be fired sideways from a high-speed aircraft, 
the consequent large-yaw flight cannot be correctly calculated by 
any method less sophisticated than a complete 6-DOF trajectory 
program. Artillery and mortar fire at very high gun elevation angles 
also require 6-DOF calculations, although simpler methods are suf- 
ficiently accurate for artillery shell fired at lower angles of depar- 
ture. 


1.9 FUTURE DEVELOPMENTS 

Exterior ballistics has made great progress over the three centuries 
of its scientific existence. More progress has been achieved in the 
last fifty years than occurred in all previous centuries, as is true of 
most modern engineering sciences. It is interesting to speculate 
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about the future of exterior ballistics. New technologies such as 
laser holography and the electronic shadowgraph hold the promise 
of automated data collection and reduction for free-flight ballistic 
ranges. Computational aerodynamics is waiting for the next gen- 
eration of supercomputers to permit complete flowfield solutions 
in minutes instead of the many hours now required. The current 
trend in gun-launched munitions is toward ever-increasing muzzle 
velocities, and exterior ballisticians of the future will have to de- 
vise new experimental facilities to test hypervelocity projectiles. 
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Aerodynamic Forces and Moments 
Acting on Projectiles 


2.1 INTRODUCTION 

The modern aerodynamic force-moment system acting on symmet- 
ric projectiles traces its origin to the formulation by Fowler, Gal- 
lop, Lock and Richmond (Ref. 1) in 1920. Nielsen and Synge (Ref. 
2) added the forces and moments required to bring Fowler’s sys- 
tem into logical consistency. Kent (Ref. 3) and Kelley and McShane 
(Ref. 4) refined the ballistic force-moment system and studied the 
two stability criteria predicted by the complete ballistic theory. 
Maple and Synge (Ref. 5) explored the consequences of rotational 
symmetry on the aerodynamic forces and moments acting on spin- 
ning projectiles. 

By the end of the Second World War, the ballistic system for 
spinning shell and the aerodynamic system used in aircraft dynam- 
ics had developed along very different lines. Aerodynamicists in- 
volved with ballistics found the classical ballistic system and no- 
menclature confusing, and ballisticians found aircraft aerodynam- 
ics unfamiliar and incomplete. McShane, Kelley and Reno (Ref. 
6), in their 1953 textbook Exterior Ballistics, summarized the highest 
development of the classical ballistic system. An excellent descrip- 
tion of the aircraft aerodynamic system was given by Perkins and 
Hage (Ref. 7) in 1949. 

Bolz (Ref. 8), Nicolaides (Ref. 9) and Charters (Ref. 10) at- 
tempted to reconcile and unify the ballistic and aerodynamic force- 
moment systems into a single, generalized aeroballistic system. The 
American Society of Mechanical Engineers published a proposed 
standard aeroballistic system (Ref. 11) for the aeronautical sciences 
іп 1954. Іп 1963, Murphy advanced his aeroballistic force-moment 
system (Ref. 12), which differs from that of Reference 11 by a fac- 
tor of two for the aeroballistic coefficients which involve angular 
velocities. Reference 11 is referred to today as the NACA (National 
Advisory Committee for Aeronautics) Aeroballistic System, and 
Reference 12 defines the BRL (Ballistic Research Laboratory) Aer- 
oballistic System. Both systems are currently in common use in the 
aeroballistics community. 

A rational argument can be made for one aeroballistic system 
over the other, in certain specific instances. However, there is no 
significant difference in practice, because the conversion of results 
between the two systems is straightforward. The author is predis- 
posed toward the BRL system through long association with C. H. 
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Murphy, and the BRL Aeroballistic System is therefore adopted 
throughout this book. 

Before we can specify an aeroballistic force-moment system 
that takes full advantage of the Maple-Synge consequences of sym- 
metry, some restrictions must be placed on the projectile geometric 
and inertial properties. The projectile is assumed to be either a body 
of revolution whose spin axis coincides with a principal axis of 
inertia, or a finned missile with three or more identical fins spaced 
symmetrically around the circumference of a body of revolution; 
exterior ballisticians refer to such a missile as possesing “at least 
trigonal symmetry.” In addition to the requirements of configura- 
tional and mass symmetry, the projectile is also restricted to small 
yaw flight along its trajectory. In later chapters, both the symmetry 
and the small yaw restrictions will be somewhat relaxed. 

Classical exterior ballistics uses the terms “yaw” or “yawing 
motion” to describe any angular motion of the projectile axis of 
rotational symmetry relative to the trajectory. In conventional air- 
craft aerodynamics, the terms “pitch” or “angle of attack” refer to 
the aircraft’s nose pointing above or below its flight path; the terms 
“yaw” or “angle of sideslip” refer to the nose pointing to the left or 
right of the flight path. Most modern aeroballisticians often use the 
classical expression “yawing motion” to describe any combined 
pitching and yawing motion, and this book follows the modern prac- 
tice, wherever no ambiguity is present. Occasionally a distinction 
in terminology will be drawn, to clarify a situation in which pos- 
sible confusion could arise. 

The next nine sections of this chapter illustrate all the signifi- 
cant aerodynamic forces and moments acting on symmetric projec- 
tiles. The directions illustrated in the Figures are those considered 
positive under the sign convention of the BRL Aeroballistic Sys- 
tem. Some forces and moments usually act in a direction opposite 
to the illustration; the spin damping moment is one example. Thus 
the spin damping moment coefficient is always negative. Other 
coefficients may be positive or negative, such as the Magnus mo- 
ment coefficient. By referring to the illustrations in the next nine 
sections, with proper regard to the signs of coefficients, the reader 
will always be able to ascertain the correct directions of the aerody- 
namic forces and moments. All equations that define the aerody- 
namic forces and moments are stated in two forms: (a) the vector 
formulation, and (b) the scalar magnitude of each force ог mo- 
ment. 


Aerodynamic Forces and Moments Acting on Projectiles 


2.2 DRAG FORCE 

The aerodynamic drag force opposes the forward velocity of the 
projectile, as illustrated in Figure 2.1. Drag is the classical aerody- 
namic force of exterior ballistics; early investigators referred to it 
as the “air resistance.” A modern vector statement of the drag force 
is given as equation (2.1-a), and the scalar magnitude of the force is 
stated as equation (2.1-b): 


D Force = 1 г” 1 $ 
Vector Drag fore 85 pSC,VV = -5PV'sCj (2.1-a) 


Drag Force = -20У:5С) (2.1-b) 
where p^ air density 
V = the vector velocity 
V = the scalar magnitude of the vector velocity 


i= 


M , which is a unit vector in the direction of the 
V vector velocity 


S = projectile reference area 
C, = drag coefficient 


We note that in fluid dynamics, the quantity 1/20V?^ that 
appears in equations (2.1-a) and (2.1-b) is called the dynamic pres- 
sure. In practice, the reference area, 5, is defined as: 

zd? 
S=- 
4 


where d = the projectile reference diameter 


(2.2) 


The reference diameter of a projectile is usually taken as the 
diameter of the cylindrical section immediately following the end 
of the ogive. It is permissible, however, to use any convenient value 
as the reference diameter, as long as the selected dimension is clearly 
stated and illustrated. 

Note that the drag force is directed opposite to the velocity, 
regardless of the direction in which the projectile is pointing. The 
effect of yawing motion on drag is accounted for by allowing the 
drag coefficient to vary with yaw. If the total yaw angle is Œ,, as 
illustrated in Figure 2.1 (top right), the drag coefficient is usually 
well approximated by: 


Cp = Cp, + Cp, д? (2.3) 


where Ср, = zero-yaw drag coefficient (which usually vari 


ies with Mach number) 


Drag Force 


а” 
c10 
nae! 


Figure 2.1 Drag Force 


Ср, = yaw drag coefficient (which also varies with 
Mach number) 


6 =sina, 

а, = о? + 8°. а good approximation to the 
total yaw angle (see note below) 

а = angle of attack (pitch) 

В =angle of sideslip (yaw) 


Note that a strictly correct definition of the total angle of at- 
tack is given by the equation: 


sina, = [sina cosB) + sin? B 


However, for small total angles of attack (X, < 15 degrees), the 
difference between the exact and the approximate definitions is in- 
significant. 

The drag coefficient varies quadratically with total yaw angle, 
thus drag increases rapidly with large yawing motion. Since low 
drag is generally desirable, the yaw drag effect requires that the 
yawing motion be as small as possible. As will be seen later, Œ varies 
along the trajectory, due to the epicyclic (“rosette”) motion of the 
projectile’s axis about the flight path. Cousequently the drag coef- 
ficient changes during the flight, with Loth velocity and yaw level. 


2.3 SPIN DAMPING MOMENT 

The spin damping moment opposes the spin of the projectile; it 
always reduces the axial spin. Figure 2.2 shows a positive spin damp- 
ing moment, which would cause the magnitude of spin to increase. 
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Figure 2.2 Spin Damping Moment 


Thus the spin damping moment coefficient must always be nega- 
tive. The vector spin damping moment is defined as equation (2.4- 
a), and the scalar magnitude is given by equation (2.4-b): 


Vector Spin Damping Moment = 5 pV’ Sd (24) С 1, X (24-а) 


y) 


Spin Damping Moment = 5 pV^Sd (24) C,  (24-b) 


where Ю = air density 


V = projectile velocity 
S = projectile reference area 
d = projectile reference diameter 


p -axialspin (usually measured in radians per sec- 
ond, positive for right-hand spin) 


C, = spin damping moment coefficient 


X =aunit vector along the projectile's axis of sym- 
metry (see Figure 2.1) 

The quantity (pd/V) has a special significance in exterior bal- 
listics; it is the spin per caliber of travel, or in non-dimensional 
units, the ratio of axial spin to forward velocity. The spin damping 
moment coefficient is always negative, and both the axial spin and 
the forward velocity decrease along the trajectory, for typical spin 
stabilized projectiles. However, the spin damping is much smaller 
than the effect of drag on velocity, and the ratio (pd/V) usually in- 
creases along a flat-fire trajectory for a spin stabilized projectile. 


Note that the NACA aeroballistic system uses (pd/2V) instead of 
(pd/V), which accounts for the factor of two difference in coeffi- 
cients that depend on angular velocity. 


2.4 ROLLING MOMENT FOR CANTED FIN 
PROJECTILES 

If a finned missile has differentially canted fins, a rolling moment 
tending to increase axial spin is present. The positive direction of 
the rolling moment due to canted fins is the same as that shown in 
Figure 2.2 (left), and the rolling moment is given by our usual vec- 
tor and scalar equations: 


Vector Rolling Moment = P „ " 

5 V Sd6,C, 3 des 
Rolling Moment = T 5 

zPY $4дьС,, (2.5-b) 
where ô ғ = fin cant angle 


С, = rolling moment coefficient 


The remaining symbols were previously defined. 

For positive, or right-hand fin cant (looking downrange from 
the gun), the rolling moment coefficient is positive (clockwise); a 
left hand fin cant produces a negative rolling moment, which leads 
to a counterclockwise rolling motion. If the fins are uncanted (par- 
allel to the axis of symmetry), the fin cant angle is zero and there is 
no rolling moment. 

For a finned missile with canted fins, the rolling moment causes 
increasing spin at the same time the spin damping moment tends to 
decrease the spin. The two moments therefore oppose each other, 
and the usual result is that the spin approaches a steady-state value, 
after which it neither increases nor decreases. A slow steady-state 
spin is often advantageous for a finned missile, since the slow spin 
averages the effect of small configurational or mass asymmetries 
over long trajectories. 


2.5 LIFT AND NORMAL FORCES 

Aerodynamic lift is the force perpendicular to the trajectory, tend- 
ing to pull the projectile in the direction its nose is pointed. If the 
nose of the projectile is above its trajectory, as illustrated in Figure 
2.3 (top p. 35), the lift force causes the projectile to climb. The lift 
force is stated in vector and scalar forms: 


Vector Lift Force = 
1 d. 2 = 1 [т MEE (2.6-2) 
zesc, |9 x (% х 7) - 2 56, V [ X (s xi) 


Lift Force = 1 2649) 
^ pV*^SC,, sina, e 
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Lift Force 


Figure 2.3 Lift Force 


where С. = lift force coefficient 

The lift force is proportional to the sine of the total yaw angle, 
and always acts perpendicular to the trajectory, in the plane con- 
taining both the trajectory and the projectile axis of rotational sym- 
metry. The lift force vanishes only if the total yaw angle is zero. 

Aerodynamic lift is the force that produces the drift of spin 
stabilized projectiles at long ranges. Lift also causes such effects as 
aerodynamic jump and epicyclic swerve, which will be addressed 
in later chapters. 

The lift force coefficient often exhibits nonlinear behavior, e.g., 
the coefficient varies with yaw level. The nonlinear lift coefficient 
is usually well described by: 


C, = Сы +C 8° (2.7) 


where С, = linear lift force coefficient 


ao 


С E cubic lift force coefficient 


, and С, їп Equation (2.7) аге referred 
to as linear and cubic coefficients because in ће lift force defini- 
tion (2.6-a) and (2.6-b), the variation of lift force with total yaw 
angle includes a term proportional to (sin а,), and a second term 
proportional to ( sin? a, ). 

Some authors prefer to work in body axes (parallel and per- 
pendicular to the projectile axis of symmetry) rather than wind axes 
(parallel and perpendicular to the trajectory). In a body axis sys- 
tem, the drag and lift forces are replaced by the axial force and the 
normal force. Figure 2.4 illustrates the four forces involved. 


The coefficients C, 


Axial Force = l1 .5 
一 DY SC 
айы. (2.8) 


Figure 2.4 Drag, Lift, Axial and Normal Forces 


Normal Force = 


2 ри? Cy, sina, (2.9) 


where C, = axial force coefficient 


Cy, = normal force coefficient 


The total aerodynamic force acting on the projectile is inde- 
pendent of our decision to resolve the component forces in body 
axes or in wind axes. If F, is the drag force, F is the lift force, 

Fy is the axial force and Fy is the normal force, the four forces 
shown in Figure 2.4 are interrelated by the pair of equations: 


Fp = Fy sina, — F, cosa, (2.10) 


F, = Fy cosa, + Еу sina, (2.11) 

If equations (2.1), (2.6), (2.8) and (2.9) are substituted in (2.10) 
and (2.11), and common factors are cancelled, the following pair of 
equations results: 


C, = Cy, sin’ a, - C, cosa, (2.12) 


Cr = Cy, cosa, + С; (2.13) 
For small yaw, СОЅО, = land sin? с, ((1. Substituting the 


small yaw approximations into (2.12) and (2.13) provides the use- 
ful results: 


C, = С, (2.14) 


Cy, “С, +С, (2.15) 
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Equations (2.14) and (2.15) provide a simple means of conver- 
sion between body axes and wind axes force components, Equa- 
tion (2.15) is particularly useful, since it allows direct comparison 
of wind tunnel results, which measure the normal force, with spark 
photography range results, which infer the lift force from the mea- 
sured center-of-mass swerving motion. 

The normal force coefficient also exhibits nonlinear behavior, 
similar to that observed in the lift force coefficient. A good ap- 
proximation to the nonlinear normal force coefficient is: 


Cy, = Cy, «С, 63 (2.16) 


where Cy, = linear normal force coefficient 
о 


Cy, = cubic normal force coefficient 
2 


The axial force coefficient also varies with yaw level, in a simi- 
lar manner to the drag coefficient, but will not be discussed, since 
the axial force is not used in the remainder of this book. 


2.6 OVERTURNING MOMENT 

The overturning moment is the aerodynamic moment associated 
with the lift or normal force. If the projectile’s nose lies above its 
trajectory, as illustrated in Figure 2.5, a positive overturning mo- 
ment acts to increase the yaw angle. The overturning moment is 
given by the vector and scalar equations: 


Vector Overturning Moment = = 
A pSdCy, V* (i xX (2.19-a) 
Overturning Moment = 1 


> PV Си, sing, (2.19-b) 


where Cy. = overturning moment coefficient 
a 


Overturning Moment 


Figure 2.5 Overturning (Pitching) Moment 


Some authors refer to the overturning moment as the “pitching 
moment” or “static moment,” and the terms are often used inter- 
changeably in the literature. The overturning moment varies with 
the sine of the total yaw angle, and for a positive coefficient, а]. 
ways acts to increase the yaw. Thus a non-spinning projectile with 
positive C,, is usually unstable. 

If sufficiently large fins are added to the tail of a projectile, the 
large tail lift due to the fins overpowers the smaller lift due to the 
nose, and the result is a negative C „ » Which acts to decrease the 
yaw. It is intuitively obvious that such a projectile should be stable 
without spin, and this result will be demonstrated in a later chapter, 

For a projectile with positive C м, axial spin is imparted to 
counteract the destabilizing effect of the overturning moment. In a 
later chapter, the question of how much spin is required will lead to 
the concept of gyroscopic stability. 

The overturning moment coefficient usually exhibits nonlin- 
ear behavior, and the coefficient variation with yaw level is gener- 
ally well described by: 


Cu, = Си, %С,, 8% (2.20) 


where Су = linear overturning moment coefficient 
Cy. = cubic overturning moment coefficient 
a2 
2.7 MAGNUS FORCE 


The Magnus force was first identified by Benjamin Robins in 1742, 
but was named for the German scientist who re-discovered it in 
1852. It is produced by unequal pressures on opposite sides of a 
spinning body. The unequal pressures are the result of viscous in- 
teraction between the fluid and the spinning surface. Anyone who 
has observed the curved flight of a spinning golf ball, tennis ball or 
baseball has seen a demonstration of the Magnus force. We will 
merely note here that Magnus forces acting on spinning projectiles 
are much smaller than those observed for low-velocity spinning 
spheres. 

Figure 2.6 (top p. 37) shows the Magnus force acting in the 
direction considered positive under the sign convention of the BRL 
Aeroballistic System. In practice, the Magnus force nearly always 
acts in the opposite direction to that illustrated in Figure 2.6, thus 
the Magnus force coefficient, Cy. ,is usually a small negative 
quantity. Note that the Magnus force always acts in a direction per 
pendicular to the plane of yaw; aeroballisticians often refer to it a5 
a “side force.” The vector and scalar equations defining the Magnus 
force are: 

Vector Magnus Force = 


1 гәср zoz) (2.2158) 
2057) а, (E) 
Magnus Force = 
;^^s 5) Cy, Sina, C 


where Cy. = Magnus force coefficient 
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Figure 2.6 Magnus Force 


The Magnus force is proportional to the product of the spin 
and the sine of the yaw angle, thus the force vanishes for either zero 
spin or zero yaw. The Magnus force is often nonlinear with yaw 
level, and the variation is described by: 


CA = Съ, T С, 8% (2.22) 


where Cw, = linear Magnus force coefficient 


C М, = cubic Magnus force coefficient 

Atvery low velocities, the Magnus force also displays nonlin- 
ear variation with spin, but such velocities are below the region of 
interest for most practical exterior ballistics problems. 


2.8 MAGNUS MOMENT 

The Magnus moment is illustrated in Figure 2.7 (top right), which 
shows the positive direction in the BRL Aeroballistic System. The 
Magnus moment coefficient can be either positive or negative, de- 
pending on the projectile shape, the center of gravity location, the 
amplitude of yawing motion and the flight Mach number. The 
Magnus moment is defined by the vector and scalar equations: 
Vector Magnus Moment = 


一 2.23- 
spsavis( 2) Cy, (ді х) M. 


Magnus Moment = 1 p d 
2 pvsa{ 45) C, sing, 0223) 


Where C м, Magnus moment coefficient 
13 


Although the Magnus force acting оп a spinning projectile is 
usually small enough to be neglected, the Magnus moment must 
always be considered, because a large value of С, сап have а 
disasterous effect on the dynamic stability. In a later chapter, the 


Magnus Moment 


Figure 2.7 Magnus Moment 


relationship between the Magnus moment coefficient and the dy- 
namic stability will be addressed. 

The Magnus momentis often strongly nonlinear with yaw level, 
and the nonlinear behavior is well represented by: 


Cu, = См + Cu, LX (2.24) 


where Cu, = linear Magnus moment coefficient 
Go 


С Mor cubic Magnus moment coefficient 

In many cases, particularly at transonic and subsonic speeds, a 
simple cubic dependence of the Magnus moment on sina, is 
insufficient to describe the strongly nonlinear behavior observed. 
Higher order terms, such as a quintic in angle of attack are some- 
times required, or a bi-cubic representation may be used, in which 
two different simple cubic approximations are applied over the small 
yaw and the larger yaw regions. The nonlinear Magnus moment is 
the primary cause of limit-cycle yaw behavior, which will also be 
discussed in a later chapter. 


2.9 CENTERS OF PRESSURE OF THE NORMAL FORCE 
AND THE MAGNUS FORCE қ 

The overturning moment may be defined as the product of the nor- 
mal force and a “moment arm,” which is the distance between the 
projectile’s center of gravity and its normal force center of pres- 
sure. The center of pressure is actually a fictitious quantity, which 
is defined as the point at which the observed normal force would 
have to act, in order to produce the observed overturning moment. 
The mathematical relationship between the overturning moment 
coefficient, the normal force coefficient, the center of gravity, and 
the normal force center of pressure is: 


Cy, = Cy, (CG - CP,) (2.25) 
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where CG = distance from projectile nose to center of 


gravity 


СР, = distance from projectile nose to the normal force 
center of pressure 


In a similar manner, the relationship between the Magnus mo- 
ment coefficient, the Magnus force coefficient, the center of grav- 
ity, and the Magnus force center of pressure is: 

С, = Cy, (CG - CP, ) (2.26) 
where CP, = distance from projectile nose to the Magnus force 
center of pressure 


It is important to note that the normal force center of pressure 
and the Magnus force center of pressure are not the same. For spin- 
stabilized projectiles, the normal force CP, is usually located ahead 
(toward the nose) of the center of gravity, whereas the Magnus force 
CP, generally lies aft of the CG. A few examples of the normal and 
Magnus force centers of pressure will be illustrated in later chap- 
ters of this book. 

Most modern aeroballisticians do not use the center of pres- 
sure concept very much today. However, it is still useful as an illus- 
trative tool, to assist in understanding the effect of center of gravity 
changes on the aerodynamic moment coefficients. In addition, sev- 
eral modern fast-design aeroprediction computer codes still print 
out estimated force coefficients and centers of pressure, at various 
Mach numbers and yaw levels, and equations (2.25) and (2.26) are 
still useful in obtaining estimates of the associated moment coeffi- 
cients. 


2.10 PITCH DAMPING FORCE 

Figure 2.8 (top right)shows the positive direction of the pitch damp- 
ing force for a positive pitching angular velocity, q. The pitch damp- 
ing force acts in the plane of transverse angular velocity, which is 
not necessarily the same as the yaw plane. The pitch damping force 
contains two parts; one part proportional to transverse angular ve- 
locity (pitching velocity), and a second part proportional to the rate 
of change of total angle of attack. The vector and scalar expres- 
sions for the pitch damping force are: 

Vector Pitch Damping Force — 


1 (dX 1 (d (di 
> &\ |l sac, v ИА (4 
2 Р5йСм, Уа + 2 0 Cue | dt) (а) | (2.27-a) 


Pitch Damping Force = 


тал зде, ды 


where g = Jg кү? > total transverse angular velocity 


q = pitching angular velocity 


(2.27-b) 


Pitch Damping Force 


Figure 2.8 Pitch Damping Force 


‚ T =yawing (sideslip) angular velocity 


da 
a, = ——- = rate of change of total yaw angle 


Cy - pitch damping force coefficient due to q, 
q 
Cy, = pitch damping force coefficient due to 0, 
dx ; 
—— = гаіе of change of the unit vector . (Note that the 
dt transverse angular velocities q and г are contained 


in the vector Æ ), 
dt 
For flat-fire trajectories, 4, and б, are virtually identical, and 
the pitch damping force is well approximated by the simpler ex- 
pressions: 
Vector Pitch Damping Force = 


1 


了 osd(Cw Cy, М2 


| (228-2) 
dt) 


Pitch Damping Force = 5 prsd( 34) iG, + Си, | (2.28-b) 


The pitch damping force acting on spin-stabilized projectiles 
is generally much smaller than the normal force, and few direct 
measurements of it have ever been made in spark photography 
ranges. The pitch damping force, like the Magnus force, must be 
retained for logical completeness, but it is usually neglected in prac- 
tice. 


2.11 PITCH DAMPING MOMENT А 
The pitch damping moment is illustrated in Figure 2.9 for а pos 
tive pitching angular velocity. The pitch damping moment also con 
tains two parts, one proportional to 4, and one proportional to d, - 
The total pitch damping moment is given by the vector and scalar 
equations: 


了 
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Pitch Damping Moment 


Figure 2.9 Pitch Damping Moment 


Vector Pitch Damping Moment = 


(2.29-a) 
1 рс. уях 2) + psac. (з (з 
2 Р54 бш т a +7 05d Cu, V (5% Ж) Хх 2 
Pitch Damping Moment = 
КЕРЕЙ ЕТ. (6а (2.29-b) 
二 pVY28d (*2}c Seo 
2^ | y | м rN y | Ma 


As we noted in the previous section on the pitch damping force, 
q, and а, are virtually identical in practice, and the simpler 
vector and scalar approximations are generally used: 
Vector Pitch Damping Moment = 


1 sd fe) 
2054 Е ШЕ x^) ^ аз 
Pitch Damping Moment — 
1 44 (2.30-Ь) 


zV sa (c, +Cy, 


where C M, 7 Pitch damping moment coefficient due to q, 


Cy, = pitch damping moment coefficient due to б, 


Although the pitch damping force is generally negligible, the 
pitch damping moment must always be retained because of its in- 
fluence on the dynamic stability. In general, a positive pitch damp- 
Ing moment acts to increase total transverse angular velocity, and is 
therefore destabilizing. For dynamic stability, the pitch damping 
moment coefficient sum, |Су, + C, |, should be negative; fortu- 
nately for ballisticians and projectile designers, it usually is. Posi- 
tive pitch damping moment coefficient sums have been observed 
for a number of projectile shapes at transonic and subsonic speeds, 


and are usually troublesome. (Slender-body theory tells us that 
Cy cannot ever be positive; on the other hand, the same theory 
shows that C м, тау be positive for some center of gravity loca- 
tions. More research is needed to explore the physical cause of ob- 
served positive pitch damping moment coefficient sums at tran- 
sonic and subsonic speeds.) The combined effects of Magnus and 
pitch damping moments on the dynamic stability will be closely 
examined in Chapter 10 of this book. 

There is some evidence that the pitch damping moment can 
vary with yaw level at transonic and subsonic speeds; such behav- 
ior has not been observed at supersonic speeds. In most cases where 
nonlinear pitch damping has been measured, its influence on the 
yawing motion is much smaller than that of the nonlinear Magnus 


moment. 


2.12 NEGLECTED FORCES AND MOMENTS 

Nielsen and Synge (Ref. 2) first showed that the Magnus cross force 
and cross moment must be retained in order to preserve logical 
consistency in our aerodynamic force-moment system for spinning 
symmetric projectiles. However, free-flight spark range tests have 
never been able to measure this force or moment; they produce 
such insignificant effects on the trajectory that even a high preci- 
sion spark range facility cannot detect them. The Magnus cross force 
and cross moment will be defined but not illustrated, since they are 
included only to preserve logical consistency. 


Magnus Cross Force = 1 d d 
二 ws 全 (44) C 2.31 
2P Зуу Ст 439 
Magnus Cross Moment = 
1 pV^sa( P^) [ 2 C (2.32) 
2 viy] а 


where С м, = Magnus cross force coefficient 


С мы = Magnus cross moment coefficient 


Other neglected aerodynamic forces and moments include terms 
proportional to linear and angular accelerations, which are negli- 
gible except at extremely low velocities. Forces and moments due 
to buoyancy are important for dirigibles and torpedos, but are in- 
significant for conventional projectiles, and are therefore neglected. 


2.13 THE EFFECT OF CENTER OF GRAVITY LOCATION 
ON THE AERODYNAMIC FORCES AND MOMENTS 

The effect of a shift in the projectile center of gravity location on 
the aerodynamic force-moment system is determined by applica- 
tion of the laws of mechanics to the total force and moment, If two 
projectiles are identical in size and shape, but the center of gravity 
of the second projectile lies farther aft (toward the tail) than does 
the center of gravity of the first projectile, the laws of mechanics 
state that the total aerodynamic force acting on the two projectiles 
is identical, but the total aerodynamic moment for the second рго- 
jectile must equal the moment for the first projectile plus the prod- 
uct of the total force and the shift in center of gravity. 
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Table 2.1 
The Effect of a Center of Gravity Shift 
on the Aerodynamic Coefficients 


p ^ Cp 
C, =С, 
2, Ж е, 
= C, 
2, = С, 
С, -С,, 
С, -С, + Acgly 
N = Cy 
i = Cu, NSC, 
x = Cy, AcgCy 
ja = CN 


Cy = Cy, +Ace(Cv + Cy, ) * Асу, 


Thealgebraic operations involved in deriving the center of ртау- 
ity transformation equations are both lengthy and tedious, and will 
not be presented here. McShane, Kelley and Reno (Ref. 6) and 
Murphy (Ref. 13) give complete derivations of the transformation 
equations, and the interested reader is referred to these sources. 

Table 2.1 lists the center of gravity transformation equations 
for all significant aerodynamic forces and moments acting on sym- 
metric spinning and finned projectiles. The coefficients with a cir- 
cumflex (^) overscript are the values after a center of gravity shift 
of A сс (measured in calibers); A сс 15 considered positive if the 
shift is toward the tail of the projectile. 


2.14 MODERN AEROBALLISTIC AND OLDER 
BALLISTIC NOMENCLATURES 

McShane, Kelley and Reno (Ref.6) used the older ballistic nomen- 
clature ( Къ, Кү, Ку, etc.) in their textbook “Exterior Ballistics.” 
This text has been used for forty years as a standard, and a consid- 


Table 2.2 
Conversion from Ballistic to BRL Aeroballistic Nomenclature 


Coefficient Conversion Equation 
8 
Drag Coefficient Cp = E 
“ id 8 
Spin Damping Moment Coefficient С, p^ -—К, 
д 
' | 8 
Lift Force Coefficient С, =—К, 
© л 
) 8 
Normal Force Coefficient С, =—K, 
“л 
Overturning Moment Coefficient Cy = 8 К, 
“л 
Magnus Force Coefficient C ле _8 К 
N pa F 
Л 
Magnus Moment Coefficient С Ex 28 К. 
мы” T 
Л 
Pitch Damping Force Coefficient 人 人 ) 2 8 К, 
4 a X 
Pitch Damping Moment Coefficient 8 
Magnus Cross Force Coefficient 8 
Су, 二 
Magnus Cross Moment Coefficient 8 
Cu Ae -— Kyr 


erable amount of aerodynamic data has been published in the older 
nomenclature. Table 2.2 lists the conversion equations between the 
older ballistic and the modern BRL Aeroballistic nomenclatures. 
The other commonly used aeroballistic system is the NACA 
(National Advisory Committee for Aeronautics) aeroballistic sys- 
tem (Ref. 11), which was standardized in 1954 by the American 
Society of Mechanical Engineers. Table 2.3 lists the conversion 
equations relating the BRL and the NACA aeroballistic coefficients. 


2.15 SUMMARY 

In this chapter, all the significant aerodynamic forces and moments 
which act on spinning and non-spinning rotationally symmetric 
projectiles have been defined and illustrated. A brief description of 
the physical nature and the important variables associated with each 
force and moment are presented. Some aerodynamic forces and 
moments are much smaller than others, and our discussion identi- 
fies the particular forces and moments which are usually small 
enough to be neglected. 
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Table 2.3 
Conversion from NACA to BRL Aeroballistic Nomenclature 


Coefficient 

Normal Force Coefficient 

Pitching Moment Coefficient 

Spin Damping Moment Coefficient 
Magnus Force Coefficient 

Magnus Moment Coefficient 

Pitch Damping Force Coefficient 
Pitch Damping Moment Coefficient 
Magnus Cross Force Coefficient 


Magnus Cross Moment Coefficient 


The fact that most aerodynamic forces and moments are non- 
linear has been emphasized in this chapter. The older classical text- 
books on exterior ballistics did not address nonlinear forces and 
moments; full realization of the dependence of aerodynamic forces 
and moments on yaw level did not occur until the decade after the 
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The Vacuum Тта]есїогу 


3.1 INTRODUCTION 
The vacuum trajectory (the case where all the aerodynamic forces 
and moments are zero), was first stated in correct mathematical 
form by Galileo Galilei of Italy (1564-1642). Galileo had studied 
uniform horizontal motion and gravity-accelerated vertical motion, 
and he showed that a combination of these two motions is an accu- 
rate description of the trajectory, for a low velocity projectile. Galileo 
was the first to demonstrate that the vacuum trajectory is a parabola, 
and he could have correctly computed vacuum trajectories if accu- 
rate methods of measuring the muzzle velocity and the gravitational 
acceleration had been available. He understood that air resistance 
was important at higher speeds, and stated that the vacuum trajec- 
tory provided useful results for heavy projectiles shot from bows or 
arbalistas, but not for the higher velocities attained by firearms. 
Although the vacuum trajectory is seldom used in modern ex- 
terior ballistics, it still provides a useful introduction to the subject, 
because it highlights many of the important physical aspects of the 
trajectory problem, yet reduces to simple mathematical solutions. 
In addition to its simplicity, the vacuum trajectory exhibits many of 
the properties of atmospheric trajectories, and thus provides back- 


— 
= 
E 
© 
T 
e 
S 
-— 
о 
‚© 
e 
= 
E 


ground for the higher order approximations which will be presented 
in later chapters. 


3.2 EQUATIONS OF MOTION 
We will adopt a rectangular coordinate system with the origin lo- 
cated at the gun muzzle. The X-axis is chosen tangent to the earth's 
surface at the launch point, and is directed along the line of fire. 
The Y-axis is directed vertically upward, through the launch point. 
Newton's second law of motion for the projectile states that 
the rate of change of momentum must equal the sum of all the ex- 
ternally applied forces. Figure 3.1 illustrates the coordinate sys- 
tem, a typical vacuum trajectory, and the pertinent variables. 
For constant projectile mass, Newton's second law gives the 
general vector differential equation of motion as: 


FAC 
т---ХҒатфатА (3.1) 
dt 
where m= projectile mass 
V — vector velocity 
Figure 3.1 Coordinate system for 


the Vacuum Trajectory. 
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t = time 
= vector acceleration 
vector sum of all the aerodynamic forces 


= vector acceleration due to gravity 
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= vector Coriolis acceleration due to the earth's 
rotation 


The small Coriolis acceleration term appearing in equation (3.1) 
is the price we pay for adopting a convenient earth-fixed coordi- 
nate system, instead of more cumbersome inertial (star-fixed) co- 
ordinates. Coriolis acceleration has a significant effect on long range 
artillery fire, and will be discussed in a later chapter. For the mod- 
est velocities and ranges considered in this chapter, Coriolis effects 
are negligible in comparison with the acceleration due to gravity. 

No aerodynamic forces can exist in a vacuum, and setting 
Y F =0 in equation (3.1) leads to the classical form of the vacuum 
trajectory differential equation: 


(3.2) 


Before we can solve equation (3.2), the vector quantities must 
be resolved into components along the X and Y axes. The vector 
velocity and acceleration are given by: 


VeVI-VJ 


(3.3) 


(3.4) 


where J is a unit vector along the X-axis 
J isaunit vector along the Y-axis 


У. = X-component of velocity 


V, = Y-component of velocity 


„ dV, 

Жы d = X-component of acceleration 

. dV, . А 

У, = У = Ү-сотропепі of acceleration 
dt 


The superscript dot () is a convenient mathematical notation 
for the derivative of a quantity with respect to time. 

We assume that the gravitational acceleration vector, g „isa 
constant, with scalar magnitude g = 32.174 feet per second squared 
(the world-wide sea level average), and is directed vertically down- 
ward, іп ће —J direction. 


(3.5) 


We now substitute equations (3.4) and (3.5) into equation (3.2): 


Vi.V--g в® 


Now, if two vectors are equal, their respective components must 
also be equal. Collecting coefficients of the two unit vectors in equa- 
tion (3.6) yields the pair of scalar differential equations: 


These simple linear differential equations may be directly in- 
tegrated. The first integration gives: 


V, = У, = V, cos@, (3.9) 
У,-У, - gt - V,sinó, - gt (3.10) 


where А = V, cos ф, = X-component of velocity at launch 


V, - V, sin ф, = Y-component of velocity at launch 

2 2 

V, 2 JV. ev, 
ф = 


t= 


scalar magnitude of muzzle velocity 
gun elevation angle above horizontal 


time 


A second integration gives: 


X = fV.dt = V,tcos¢, (3.11) 
Y= f Vdt - V,rsind, - gf" (3.12) 


where X = range at timet 


Y = trajectory height at time t 
Equations (3.11) and (3.12) are the parametric equations of the 
vacuum trajectory, with time as the parameter. The standard form is 


obtained by eliminating time between the two equations. If we solve 
equation (3.11) for time and substitute into equation (3.12): 


(3.13) 


Re LLL 
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(3.14) 


Equation (3.14) is the mathematical equation of a parabola. A 
graph of trajectory height versus range for any non-trivial vacuum 
trajectory will therefore show the characteristic parabolic shape. 


3.3 DISCUSSION OF THE VACUUM TRAJECTORY 
Vacuum trajectories have many interesting properties, and we will 
illustrate several of them in this section. Other properties will be 
mentioned, but the details will be left as exercises for the interested 
reader. 


Range and Elevation on Level Ground 
The range of a projectile fired to level ground impact in a vacuum 


is obtained by setting Y = 0 in equation (3.14) and solving for X: 


(3.15) 


The trivial solution, X = 0, verifies that the trajectory passes 
through the launch point. The non-trivial solution is: 


(3.16) 


where R = range to impact on level ground 


The elevation angle required to hit a target at range R is found 
by solving equation (3.16) for ф, : 


(3.17) 


where a capital letter on the inverse trigonometric function denotes 
the principal value. 


Example 3.1 
An arrow shot from a modern compound bow was 
chronographed at 200 feet per second muzzle velocity. Assuming 
the vacuum trajectory to be a good approximation, what elevation 
angles are required to hit level ground targets at ranges of 50 and 
100 yards? 
For the 50 yards (150 feet) range, equation (3.17) gives: 


д 1 sin 2080) 2546 
up. (200) 


and for the 100 yards (300 feet) range: 


des 1 a (22179000) 


a | -698。 


We observe that for short range trajectories (more Precisely, 
for gR/V2<< 1), doubling the gun elevation angle approximately 
doubles the range. 


Gun Elevation for Maximum Range 

The gun elevation angle giving maximum range is found by differ- 
entiating equation (3.16) with respect to ф, , setting the derivative 
equal to zero, and solving for @, : 


2 
е 210 cos26, =0 
dg, 8 


The solution of equation (3.18) gives соѕ2ф , = 0, so that: 


2), = 90 degrees, or (3.19) 


Equation (3.19) shows that a gun elevation angle of 45 degrees 
always gives maximum range on level ground for any vacuum tra- 
jectory. As an historical note, this result had been verified experi- 
mentally even before Galileo's time. 


(3.18) 


Example 3.2 
What would be the maximum expected range on level ground, 
for the arrow of example 3.1 ? 


At $, = 45°, equation (3.16) gives: 


r- (200) 


(1) = 1243 feet, or 414 yards 
32.174 


Since the vacuum trajectory is always an upper bound for the 
actual atmospheric trajectory, we might reasonably expect that the 
actual maximum range of the arrow at the given velocity is some- 
what less than 400 yards. 


High-Angle Fire 

In section 3.3 we derived the gun elevation angle required to achieve 
a given range on level ground. There are actually two elevation 
angles which satisfy equation (3.16); only the low angle solution 1s 
given by equation (3.17). The high-angle solution (denoted by ф,) 
is: 


(3.20) 


The derivation of this result is left to the interested reader. [Hint 
Use the trigonometric identity, sin О = sin(1 80° – а)1. | 

High-angle, or indirect fire, is commonly encountered in the 
use of mortars, Mortars are often used to attack targets inaccessible 
to direct fire weapons, such as a target on the opposite side of a hill. 
In addition, mortars аге low pressure, low, velocity weapons, à? 


ee 
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the vacuum trajectory is often a good approximation to the actual 
flight of a heavy, low velocity mortar projectile. 


Example 3.3 

An infantry officer in charge of a mortar platoon has been or- 
dered to attack an enemy bunker on the other side of a low ridge. A 
topographic map shows the bunker to be at the same altitude as the 
mortar platoon. The level ground range to the target is 600 meters; 
the top of the ridge is 300 meters from the gun site, and the ridge 
crest is 150 meters above the gun-target altitude. A propellant charge 
is selected that gives a muzzle velocity of 80 meters/second. Can 
the gunner hit his target? 

This problem is more difficult than those in the two preceding 
examples. Not only must the gunner solve the range-elevation prob- 
lem, but the trajectory must clear the ridge line, and then descend 
on the target. 

The first step in the solution is to find the two gun elevation 
angles that give a level ground range of 600 meters. The value of g 
in the metric system is 9.807 meters per second squared, and the 
two elevation angles are found from equations (3.17) and (3.20): 


ó- Ieg ic 


- 33.42? 
2 (80) | 


^ 


ф„ = 90° — 33.42? = 56.58? 


The gunner must now determine if either of these elevations 
will permit the trajectory to clear the ridge line. To answer this ques- 
tion, we must go back to equations (3.10) and (3.12). The summit 
of the vacuum trajectory occurs where the vertical component of 
velocity, V, ‚ 18 zero. If equation (3.10) is set equal to zero, solved 
for t, and the result substituted into equation (3.12): 


2: 85:52 
V2 sin’ ф, 


2g 


(3.21) 


where Y, is the summital height, or maximum ordinate of the 
trajectory. 


Substituting the low-angle solution into equation (3.21): 


Y- 80sin(33.42°) m ыы 


d 2(9.807) 


The low-angle solution will not clear the 150 meter crest of the 
ridge. Substituting the high-angle solution into equation (3.21): 


we 80 sin(56.58°) кк 


Ы 2(9.807) 


, Thus the gunner can hit the bunker by setting the mortar eleva- 
Чоп angle at 56.58 degrees. 


Maximum Ordinate of the Trajectory | | 
A useful alternative form of equation (3.21) is easily obtained in 
terms of the time of flight to impact on level ground. If equation 
(3.12) is set equal to zero and solved for the time of flight to 1m- 


pact, t: 


+ = sing, (3.22) 
I 
8 
Егот equation (3.22) we find: 
1 2 2 
V? sin? ¢, = 4% t (3.23) 
Substituting equation (3.23) into equation (3.21): 
8 2 3.24 
Ү, = gil (3.24) 


Equation (3.24) is frequently used as an upper-bound estimate 
for metrological data collection in artillery firing. For the flat-fire 
trajectories typical of ground launched small arms, equation (3.24) 
usually predicts the maximum ordinate to within one percent error. 

An exercise for the interested reader is to show that the trajec- 
tory summit occurs at X, = R/2. 


Angle of Fall 

The angle between the horizontal and the descending branch of the 
vacuum trajectory, at impact on level ground, is found from the 
slope of the trajectory at impact. Differentiating equation (3.14) 


with respect to X: 
gr = tang 8X 
ах о ү? cos? ф, (3.25) 


2 
X= sin2¢, | 
At impact， 8 , from equation (3.16). Substitut- 
ing this result in equation (3.25), we have: 


sin2¢, 


dY 
-一 | -tanó, = tang, - "2 
| dX 7 % cos’ ф, 


With the help of the trigonometric identity’, equation (3.26) 
reduces to: °sin2¢, = 2sin $, совф, 


tang, = – tan, 


Thus the angle of fall on level ground is always the negative of 
the angle of departure, for any vacuum trajectory. This result can 
be generalized to show that the ascending and descending branches 
of any vacuum trajectory are symmetric about a vertical line pass- 
ing through the summit. This exercise is left to the interested reader. 


(3.26) 


(3.27) 


The Envelope of Vacuum Trajectories 
For a fixed muzzle velocity, every vacuum trajectory will, at some 


point, be tangent to a curve that we define as the envelope of tra- 
jectories. The equation of the envelope is: 


e ———— —— P—PP 2 


45 


Modern Exterior Ballistics 


= 
= 
.90 
2 
тə 
Р 
о 
— 
o 
g 
Е- 


The derivation of equation (3.28) is rather long and tedious, 
and is therefore omitted. Figure 3.2 illustrates the envelope of 
vacuum trajectories for a fixed muzzle velocity. 

The envelope of trajectories is a useful curve, because it de- 
fines the danger space associated with a firing range. Although ac- 
tual projectiles will travel neither as far nor as high as the vacuum 
envelope, the curve of an actual envelope is strikingly similar in 
appearance to that of Figure 3.2. The envelope of trajectories is 
usually required for the design of gunnery training ranges, because 
accidental firing at any elevation angle could occur, and the danger 
to low flying aircraft must be considered, as well as the danger to 
personnel on the ground. 


The Flat-Fire Approximation to the Vacuum Trajectory 
Equation (3.14) may be written in the equivalent form: 


а 2 
;Sec ф, 
о 

The derivative of the trajectory height with respect to eleva- 
tion angle, at a fixed range, is: 
dY X 

= X|1- $2 tang, | sec? 9, 
d$, y? 


o 
If tan? ф„ << 1, then sec? ф„ may be replaced by unity with 
no more than one percent error. The restriction, tan” ф << 1, will 
therefore be taken as the flat-fire approximation to the vacuum tra- 


Y = Xtand, -È 


(3.29) 


(3.30) 


Figure 3.2 Envelope of Vacuum 
Trajectories. 


jectory. Vacuum trajectories for which $,« 5 degrees, i.e., for which 
tang, «0.1, may be treated as flat-fire trajectories. 

If we introduce the flat-fire approximation into equations (3.29) 
and (3.30): 


(3.31) 


(3.32) 


Pan $, << 1, equation (3.32) may 


be further approximated ав: "o 


For short ranges, where 


dY 
аф, 


Equation (3.33) is usually referred to as the “rigid trajectory" 
approximation, because a change in elevation angle produces а 
change in trajectory height that increases in direct proportion 10 
increasing range, and the trajectory appears to rotate "rigidly" about 
the origin. The restriction under which the rigid trajectory approXi- 
mation is formally valid for a vacuum trajectory is: 


3 
„х (3.33) 


(3.34) 


The error in trajectory height due to the flat-fire approxima- 
tion is the difference between equations (3.31) and (3.29). That is, 
the approximation (3.31) is too high by the amount: 


一 一 一 -一 „ананна 
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(3.35) 


The vertical error in the flat-fire approximation to the vacuum 
trajectory increases rapidly with increasing range and elevation 
angle. 


Example 3.4 
What errors would result from using the flat-fire approxima- 
tion in the arrow problem of example 3.1? Use equation (3.35) to 
evaluate the errors. | 


For Ше 50 yards гапре: 
2 
үш (92.174150). (3.469) — 0.03 foot = 0.4 inch 


2(200): 
The error at 50 yards range is negligible. 


For the 100 yards range: 
_ (32.174)(300) 


tan?(6.98°) = 0.54 foot = 6.5 inches 
2(200) (5985) 


Y 


The much larger error in the flat-fire approximation at 100 yards 
range is not surprising, since the elevation angle required to hit the 
100 yard target violates the vacuum trajectory flat-fire restriction. 
One purpose of this example is to illustrate what happens when the 
flat-fire approximation is pushed beyond the limit of its validity. 

The observant reader might correctly point out that there is no 
need for the flat-fire approximation to the vacuum trajectory, since 
the exact solution is simple and straightforward. In later chapters, 
the flat-fire approximation will be used in cases where no exact 
analytical solution is possible, and the flat-fire vacuum trajectory is 
introduced here to provide a background for future development. 


3.4 FIRING UPHILL AND DOWNHILL | 
For uphill or downhill firing, the gun-target line is not horizontal. 
Figure 3.3 illustrates the problem of firing at a target whose altitude 
is higher than that of the gun. The gun-target line is inclined at an 
angle A, relative to the horizontal; in military terminology, A is the 
"angle of site.” The gun elevation angle above the line of site is ф,, 
and the angle ф, is usually referred to as "superelevation.” The 
angle of site is considered positive for uphill firing, and negative 
for a downhill slope. > 

_ Anew coordinate system is introduced, with both the X and 

Y axes rotated through the angle A, so that the X-axis now lies 
along the gun-target line, and the Y -axis remains perpendicular to 
the X-axis. Relative to the Х, Y coordinates, the gravitational 
acceleration vector has components (-g sin A, -g cos A). The new 
differential equations of motion are: 


(3.36) 


(3.37) 


Note that for A = 0, equations (3.36) and (3.37) reduce to equa- 
tions (3.7) and (3.8). Integrating equations (3.36) and (3.37) yields: 


V, = V, cosó, - gtsin А (3.38) 
V, = V sing, - gtcosA (3.39) 
= l 2 ， 

X = Утсозф„- 2 gt sin А (3.40) 
“> . 1 2 

Y=Vtsing, — 2 cos А (3.41) 


Figure 3.3 Uphill Coordinate 
System for the Vacuum Trajec- 
tory 
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Equations (3.40) and (3.41) are the parametric equations of the 
vacuum trajectory for uphill and downhill firing. Note that for A= 
0 these equations reduce to equations (3.11) and (3.12). 

The elimination of time between the parametric equations (3.40) 
and (3.41) is not as simple as it was for the level ground trajectory, 
because both X and Y vary quadratically with time. The equation 
stating the explicit dependence of Х on Y is too cumbersome to be 
of any practical value, and the parametric form is ordinarily used 
instead. However, there are two special cases of the uphill-down- 
hill vacuum trajectory problem that reduce to relatively simple ana- 
lytical forms, and these special cases readily illustrate the interest- 
ing nature of the problem. 

The first special case involves an expression for the depen- 
dence of slant range to impact, R, on the two angles, A and 办 -At 
the impact point, Y = 0, and equation (3.41) gives: 


( V,sin$, — ; gtcos 4 -0 (3.42) 
The non-trivial solution is: 
2V, sing, 
=. (3.43) 
gcosA 


Substituting equation (3.43) into equation (3.40) and simplify- 
ing: 
2 


Х-қ- [sn 26, -2sin'$, ал А есА (3.44) 


With the help of the trigonometric identities: 


2sin ф„ = 1— соѕ2ф, = sin2¢, tang, (3.45) 
equation (3.44) can be written as: 

2 

si 26 [1— tan, tan A]sec A (5.46) 
& 

2 
we 51024, =R | 
But 8 » the level ground range to impact, from 


equation (3.16). Substituting equation (3.16) into equation (3.46): 


R,/R = [1- tang, tan A]sec A 


For a fixed superelevation angle, equation (3.47) states the re- 
lationship between the angle of site, A, and the ratio of slant range 
to level ground range. If R, / К> 1, the slant range to impact along 
the incline exceeds the level ground range, and R; R< 1 means the 
slant range will be less than the level ground range. Equation (3.47) 
illustrates some very interesting properties of vacuum trajectories 
for uphill and downhill firing. 

We first observe that since tan (-A) = -tan A, and sec (-A) = sec 
A,R; R>1 for -90° «A <0. Thus the slant range always exceeds 
the level ground range for downhill firing. For uphill firing where 


(3.47) 


90°> A > 0, with very втаПф, „К/К > 1. However, for larger 
superelevation angles, R,/R can be less than one, and the slag 
range will then be less than the level ground range. There із one 
(and only one) particular value of ф, for which R,/R = 1 at any 
given positive angle of site, and this critical Value is obtained by 
setting R, / R= 1 in equation (3.47) and solving for ф 


ф, = tan "[(1— cos A) cot A] 


where (A = critical superelevation angle for К, / К= 1 


(3.48) 


Some values of the critical superelevation angle at various 
angles of site, calculated by means of equation (3.48), are listed in 
Table 3.1. [Note that equation (3.48) is indeterminate at A= 0, and 
L' Hópital's rule must be used to find $o, at A=0]. 


Table 3.1 


| a5 | 


7.25 


0 [| 6 | 
1633 
ы 60 | өш — | 


For uphill vacuum trajectories, note that if $, <ф, , then 
R,/R>1; if 9, = ф, „then R,/R=1; and iff, >ф, , then 
R,/R< 1. Figures 3.4 and 3.5 are plots of equation (3.47) for up- 
hill and downhill firing, respectively, and illustrate the interesting 
effect of various angles of site on the vacuum trajectory. 

The flat-fire approximation to equation (3.47) provides another 
interesting and useful result. For |апф, tan A| << 1, equation 
(3.47) reduces to the simple form: 


R,/R~=secA,or (R,cosA)R-1] 049 


The second form of equation (3.49) is referred to as the 
rifleman's rule for uphill and downhill firing; if the slant range 10 
the target is К; , the rifle sights should be set for the equivalent 
horizontal range R, cos А „їп order to hit the target. However, the 
flat-fire approximation for uphill and downhill firing is more Te 
strictive than for the level ground case. For moderate angles of site, 
tan A is of order unity, which requires that. 1апф, << 1. Thus the 
flat-fire approximation to the vacuum trajectory, for uphill and down- 
hill firing, is more restrictive than the corresponding condition, 
tan’ ф, << 1, for flat-fire across level ground. 

The second special case of the uphill-downhull problem 15 3^ 
expression for the height of impact, Ӯ, , of the vacuum trajectory. sí 
а slant range equal to the corresponding level ground unpact range 
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UPHILL FIRING 
VACUUM TRAJECTORY 


15° Slope 


лл eL 
30° Slope 


45° gay еы 


20 25 45| Figure 3.4 Ratio of Slant Range 
中 (Degrees) to Ground Range versus 
0 


Superelevation. 


We will solve equation (3.40) for time, substitute the solution into 


equation (3.41), and evaluate У, for X equal to the level ground іп equation (3.50) is the correct solution. After some algebraic ma- 


The root corresponding to the negative sign before the radical 
range. nipulation, equation (3.50) may be written in the alternative form: 
Equation (3.40) is solved for time by means of the quadratic 

formula: 


Ж ЖЕЗ ТУ, — — 

V, совф 2gXsin A = = 

tf2—9——?9|1z |1- 一 一 一 一 3.50 | 1 А 

gsinA | * V? cos? ф, ) ш V, соѕф, [1+ ./1- eee A DEB 
у усов, | 


DOWNHILL FIRING 
VACUUM TRAJECTORY 


-60° Slope 


-45° Slope -— ca 


20 25 2 
Figure 3.5 Ratio of Slant Range 
Фф, (Degrees) to Ground Range versus 
Superelevation. 
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1 2 


X=R= -sin24 ， 
8 


Now, for 


(3.52) 
where - 
y = 41- 4їапф, ѕіп A (3.53) 
Substituting equation (3.52) into equation (3.41): 
2:2 
Е 4 sin’ ф, - 2со$ А (3.54) 
g(1+v) l+v 


A number of intermediate algebraic steps have been omitted in 
the above derivation; these are left as an exercise for the interested 
reader. 

Before we explore the properties of equations (3.53) and (3.54), 
we must first address the restriction implied in the v equation. The 
parameter у can be real only if the quantity 4tang,sinA <1. 
For downhill firing, sin (-A) = -sin A, thus v is always real for any 
А < 0. However, for firing uphill, the parameter v can be real only if 


1 
(ап, < Tigges 4This inequality defines another restriction on ф,; 


the projectile cannot reach an uphill target if the superelevation 
angle exceeds a maximum value, given by: 


(3.55) 


R, < R, and 
No Possible Target Impact 


ф, (Degrees) 


A (Degrees) 


Figure 3.6 Critical Superelevation Angles versus Angle of Site 


The angle Po max is the superelevation angle above which the 
uphill vacuum trajectory can never reach the target. Figure 3.6 illus- 
trates the variation of the two critical superelevation angles, ф, and 
фло with uphill angle of site, А, and shows how the two curves 
bound the various solution regions for vacuum trajectories, 

Several interesting properties of equations (3.53) and (3.54) 
are listed below: 


(a) If A=0, then v = 1, and Y, = 0. The impact height vanishes, as 
it should, for level ground firing. 


(b) 开办 = 办 = (ап | (1— cos4)cot A] v = 2cosA-1, 
andY, = 0. The impact height correctly vanishes for the critical 
superelevation angle, where К, / R = 1. 


(c) For flat-fire ( tan $,, << 1), v «1, and the approximate impact 
height is given by: 


(3.56) 


Now, cos (-A) = cos A, and we observe that for flat-fire, the 
trajectory will always intersect the target above center, and the pro- 
jectile will strike equally high for either uphill or downhill firing. 


Example 3.5 


An air gun fires a heavy projectile at a muzzle velocity of 250 
feet per second. Sight settings have been obtained for ranges be- 
tween 50 yards and 400 yards, on level ground. Determine the im- 
pact locations on targets placed at the same ranges, but along a 30 
degree uphill incline. 

The first step in the solution is to find the gun elevation angles 
required to hit the level ground targets, using equation (3.17). ForA 
= 30 degrees, equation (3.47) is then used to find the ratio of slant 
range to level ground range. Table 3.2 illustrates the calculations. 

The projectile will hit high on the 50, 100 and 200 yard uphill 
targets, and low on the 300 and 400 yard targets. To find how high 
or low the impacts will be, we will use the exact parametric equa- 
tions (3.53) and (3.54). The flat-fire approximation to the impact 
height, from equation (3.56), is also included for comparison. 

At 50 yards range, flat-fire is a valid assumption for the low 
velocity air gun, and the error in equation (3.56) is less than one 
inch in impact height. For the longer ranges, all of which violate 
the flat-fire restriction, the accuracy of equation (3.56) degrades 
rapidly, and at the two longest ranges, it predicts a high impact on 
the target, when in fact, the impact will be low. 
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The Vacuum Trajectory 


Table 3.2 


К; (Yards) 


Example 3.6 3.5 SUMMARY 
A number of interesting properties of vacuum trajectories have been 
Repeat the calculations of example 3.5 for firing downhill along presented in this chapter. Actual atmospheric trajectories display 
a minus 30 degree incline. This exercise is left to the interested тапу of these same properties, but lack the convenience of a simple 
reader. analytical solution. Although there are very few practical applica- 
Enough detail has been included in this section to demonstrate tions of the vacuum trajectory in modern exterior ballistics, the 
that firing uphill and downhill is not a trivial problem, even with mathematical methods introduced in this chapter form the frame- 
the simplifying assumption of a vacuum trajectory. The fact that work on which the higher approximations of later chapters are based. 
actual atmospheric trajectories behave in a remarkably similar fash- 
ion is sufficient reason to understand the behavior of uphill and 
downhill vacuum trajectories. 


Table 3.3 


К, (Yards) [Equation (3.53)] [Equation (3.54)] 
v Y (Inches) 


| 


[Equation (3.56)] 
=Y, (Inches) 
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Notes оп Aerodynamic Drag 


4.1 INTRODUCTION 

The importance of aerodynamic drag to exterior ballistics was first 
realized in the eighteenth century, when Benjamin Robins of En- 
gland invented the ballistic pendulum, and used his invention to 
make the first reasonably accurate velocity measurements. Robins 
chronographed the velocity of twelve-gauge (3/4 inch) lead spheres 
at various ranges, and showed that the aerodynamic drag force act- 
ing on a high velocity spherical projectile was many times larger 
than the force of gravity. 

The modern concept of aerodynamic drag has gradually evolved 
over the past 250 years, and some of the milestones in that evolu- 
tion were noted in Chapter 1. The experimental high water mark 
occurred about fifty years ago, with the advent of modern high speed 
wind tunnels and spark photography ranges. The precise measure- 
ments made possible by modern facilities have significantly ad- 
vanced the current state of knowledge of the aerodynamic forces 
and moments that act on projectiles. This chapter presents some of 
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MACH NUMBER 


the aerodynamic drag results obtained in modern wind tunnels and 
spark photography ranges, and updates the information published 
in the older classical textbooks on exterior ballistics. 


4.2 CLASSICAL DRAG MEASUREMENTS 

A brief history of the aerodynamic drag measurements made dur- 
ing the last third of the nineteenth century was given in section 1.3 
of Chapter 1. Figure 1.1 illustrates some of the earliest results ob- 
tained by various nations for the drag coefficient of a flat-based 
artillery shell with a short tangent ogive nose. Figures 1.2 and 1.3 
show the slightly improved Projectile Type 1 design, and the drag 
results obtained for this shape by General Mayevski from firings 
done at the Krupp factory in Germany (on which Ingalls’ Tables 
were based), and by the French Naval Artillery from firings done at 
the Gavre Proving Ground (on which the later G, Tables were based). 
Both the Ingalls (Ref.1) and the Gávre (Ref. 2) drag functions, and 
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Figure 4.2 Drag Coefficient versus 
MACH NUMBER Mach Number for Projectile Type 5. 


the related exterior ballistic tables based on them, were first pub- The Ingalls and G, drag functions, and their associated exte- 
lished between 1895 and 1900, and have been widely distributed rior ballistic tables, were often used to calculate trajectories for pro- 
and used ever since. Until the end of the First World War, virtually — jectiles that were quite different in shape from Projectile Type 1. 
all nations used either the Ingalls or the С, tables for most exterior Тһе effect of a different projectile shape on the drag was accounted 
ballistic calculations. for by means of a form factor “i,” that adjusted the Ingalls or С, 
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MACH NUMBER Figure 4.3 Drag Coefficient versus 
Mach Number for Projectile Type 6. 
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Figure 4.4 Drag Coefficient versus 
MACH NUMBER Mach Number for Projectile Type 7. 


drag curve so it more or less agreed with the actual projectile drag. During the period between the First and the Second World Wars, 
We will illustrate the technique in Chapter 6 of this book. As а a number of advances were made in the science of aerodynamic 
slightly humorous note, Н. P. Hitchcock (Ref. 3) observed, not en- drag determination. Ballistic instrumentation was significantly im- 
tirely in jest, that the form factor was denoted by “i” because it was proved, projectile design was evolving toward longer, lower drag 
sometimes called the coefficient of ignorance! configurations and the emerging new science of modern supersonic 
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Figure 4.5 Drag Coefficient versus 
Sal Mach Number for Projectile Type 8- 
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aerodynamics was beginning to provide a better theoretical under- 
standing of the nature of drag. Various nations began experimental 
programs to accurately measure the drag of the new improved pro- 
jectile designs (see section 1.4 of Chapter 1). In this section, we 
will highlight the results of investigations conducted by К. Н. Kent 
and Н. Р. Hitchcock at Aberdeen Proving Ground, Maryland. 
Figures 4.1 through 4.5 illustrate the drag results obtained by 
Kent and Hitchcock for the projectile shapes we now refer to as 
Projectile Type 2 (G,), Projectile Type 5 (С,), Projectile Type 6 
(GJ). Projectile Type 7 (G,) and Projectile Type 8 (G,). The dimen- 
sions of these projectiles were given in Figures 1.4 through 1.8 of 


Projectile Type Drag Function 


1 
2 
5 С, Rev 1 
6 


8 G, Rev 1 


After about 1950, the use of reference standard projectile drag 
shapes began to disappear in U.S. Army Ordnance, due to the si- 
multaneous advent of modern supersonic wind tunnels, spark pho- 
tography ranges and high-speed digital computers. The classical G, 
through G, projectile shapes, drag coefficients, and ballistic tables 
now take their place beside the Ingalls and G, functions which served 
exterior ballisticians very well in an even earlier time. 


4.3 THE PHYSICAL NATURE OF DRAG 

A modern definition of the aerodynamic drag force was stated in 

equations (2.1-a) and (2.1-b) of Chapter 2. Note that the quantity 
LA pV'S has the dimensions of a force, and the drag coefficient, 
С, is therefore dimensionless, i.e., independent of the system of 

units chosen. 

The dimensionless drag coefficient, in turn, depends on a num- 
ber of other dimensionless variables. For the general class of pro- 
jectiles typically used in exterior ballistics, these include the Mach 
number, the Reynolds number, the yaw level, and various non-di- 
mensional shape parameters, which collectively specify the projec- 
tile shape. The Mach number, V/a, where a is the speed of sound, is 
the ratio of projectile speed to the speed of sound in air, and is 
therefore a nondimensional speed. The Reynolds number, OV1/ u, 
where H is the viscosity of air and / is the projectile length, is the 
Iatio of inertia forces to viscous forces. [Note: the reference diam- 
eter, d, is sometimes used instead of the length, 7, in defining the 
Reynolds number]. The effect of projectile size on the drag coeffi- 
cient is related to the Reynolds number. In general, the dependence 


Table 4.1 


G, Rev 1 N-I-87 1945 
7 С, Rev 2 N-I-119 1952 


Chapter 1. Projectile Type 2 was referred to as "Type J" in Refer- 
ences 3, 4 and 5. 

Various revisions of the drag coefficients and related ballistic 
tables exist for the G, through G, projectile shapes. Generally, the 
last revisions, which were done during or shortly after the Second 
World War, are the curves presented in this chapter. (One exception 
is the G, drag curve; the second revision, G, Rev 2, is less accurate 
than the first, and therefore G, Rev 1 is used). The following table 
lists the projectile types, the drag function and revision used, the 
BRL File number in which the drag table is found, and the year of 
adoption: 


BRL File Number Year 


N-I-79 1945 


N-I-89 1945 


of the drag on Reynolds number is slight, and both the zero-yaw 
drag coefficient, Cn , and the yaw-drag coefficient Cp „, are usu- 
ally regarded as depending only on Mach number. There are excep- 
tions to this general rule, as we will note later in this chapter. 

The fluid mechanism that transmits the drag force to the pro- 
jectile consists of two parts; surface pressure and surface shear stress. 
The pressure drag acting on the projectile forebody is often cailed 
“wave drag,” and the pressure drag acting on the projectile base is 
simply called “base drag". The viscous contribution to drag arises 
from the surface shear stress, and is usually called "skin friction 
drag". For all practical purposes, the wave drag depends only on 
the Mach number. The base drag depends primarily on Mach num- 
ber, but the Reynolds number effect on base drag is not entirely 
negligible. The skin friction drag shows a significant dependence 
on both Mach number and Reynolds number. The various compo- 
nents of the aerodynamic drag force behave in significantly differ- 
ent ways in different speed regions, which gives rise to some of the 
interesting drag coefficient plots we will discuss later in this chap- 
ter. 


4.4 AIRFLOW REGIMES 

Some effects of projectile shape on the drag coefficient at various 
Mach numbers are illustrated in Figure 4.6 (top p. 56). The lowest 
curve is a plot of the drag coefficient versus Mach number for the 
very low drag 5.56mm BRL- 1 projectile (Ref. 6), which has a three- 
caliber long secant ogive nose, and a one-caliber long conical 
boattail. The middle curve shows the drag coefficient of a short, 
flat-based bullet with an ogive length of 1.3 calibers, and a méplat 
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(nose-tip flat) diameter of 0.35 caliber. This projectile has approxi- 
mately twice the drag coefficient of the BRL-1 shape, at all speeds. 
The upper curve in Figure 4.6 is a plot of the drag coefficient ver- 
sus Mach number for a 9/16 inch diameter smooth steel sphere. 
The sphere drag coefficient is nearly four times that of the very low 
drag BRL-1 shape! 

The three drag coefficient plots shown in Figure 4.6 have some 
common characteristics. At subsonic flight speeds (Mach numbers 
well below 1.0), the drag coefficients are essentially constant. The 
drag coefficient rises sharply near Mach 1.0, then slowly decreases 


ALL DIMENSIONS IN CALIBERS 


(1 CALIBER = 12.95 mm) Caliber 50 Ball M33 Pro 
есше, 


Figure 4.6 Drag Coefficients for 
Three Projectile Shapes. 


at higher supersonic speeds. The sudden rise in C, that occurs at 
flight speeds just below the speed of sound is caused by the forma- 
tion of shock waves in the flowfield around the projectile. 

The nature of subsonic, transonic and supersonic flow is clearly 
illustrated by a series of twelve spark shadowgraphs recently taken 
in the BRL Aerodynamics Range (Ref. 7) for the caliber .50 Ball 
M33 bullet (Ref. 8). The M33 is a typical boattailed small arms 
projectile, whose dimensions are shown in Figure 4.7; the mea- 
sured zero-yaw drag coefficient variation with Mach number is plot- 
ted in Figure 4.8. 


Figure 4.7 Sketch af de 
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CALIBER .50, BALL, M33 


O BRL-MR-3810 


2 Figure 4.8 Zero-Yaw Drag Coeffi- 


cient versus Mach Number for the 
MACH NUMBER Caliber .50 Ball M33 Proyectile. 


Figure 4.9 Shadowgraph of Flowfield at Mach 0.75. 
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Figure 4.9 is a spark shadowgraph of the Ball M33 projectile 
taken at Mach 0.75; the flowfield at this speed is everywhere sub- 
sonic, as is confirmed by the absence of shock waves. The bound- 
ary layer over the ogive is laminar, with transition to turbulence 
(looks like bubbles) just aft of the ogive-cylinder junction. Note the 
increase in turbulent boundary layer thickness caused by the boattail. 
The general character of the boundary layer and the turbulent wake, 
which is a region of low pressure behind the projectile base, are 
common to all the shadowgraphs in this series. The measured drag 
coefficient is 0.118, for Mach numbers below 0.80. 

In Figure 4.10, taken at Mach 0.89, the projectile is at the low 
end of the transonic flow region. The flow over most of the surface 
is subsonic; the expansion caused by the boattail is just sufficient to 
generate a tiny region of locally supersonic flow, which shocks down 
to subsonic speed approximately one-third of the way down the 
boattail. The drag coefficient at Mach 0.89 is 0.126, which is only 
slightly above the subsonic value. 

At Mach 0.92, illustrated in Figure 4.11, the flow over most of 
the ogive is subsonic. Expansion around the ogive onto the cylin- 
drical center section generates a very small region of locally super- 
sonic flow, which shocks down to subsonic speed almost immedi- 
ately. The flow between the ogive-cylinder shock and the start of 
the boattail is subsonic. The expansion around the boattail corner 
causes locally supersonic flow, which shocks down to subsonic 
speed roughly half way down the boattail. The shock waves at Mach 
0.92 are visibly stronger than the very weak boattail shock observed 
in Figure 4.10. The measured drag coefficient at Mach 0.92 has 
increased to 0.139. 

Figure 4.12 shows the flowfield at Mach 0.96. The flow over 
the front half of the ogive is subsonic, after which expansion causes 
locally supersonic flow back onto the cylinder. The flow shocks 
down to subsonic speed just ahead of the cannelure (crimping 
groove). A region of locally subsonic flow exists from the cannelure 
to the start of the boattail. Expansion caused by the boattail corner 
produces locally supersonic flow, which shocks down to subsonic 
speed about two-thirds of the way down the boattail. The shock 
waves are becoming stronger as the flight Mach number is increased. 
Note the increase in the turbulent boundary layer thickness caused 
by the strong boattail shock. The drag coefficient at Mach 0.96 has 
increased to 0.202. 

In Figure 4.13, at Mach 0.98, the presence of Mach waves in- 
dicates that the flow is locally supersonic over much of the bullet 
surface. The flow over the front half of the ogive is subsonic, after 
which it accelerates to form a small supersonic zone, then immedi- 
ately shocks back down to subsonic speed. Local expansion at the 
ogive-cylinder junction again accelerates the flow to supersonic 

speed, and it remains supersonic over the rest of the projectile. Note 
the optical refraction (vertical white lines) behind the projectile, 
caused by the light passing edgewise through the strong three-di- 
mensional, saucer-shaped trailing shock wave. The drag coefficient 
is rising rapidly, and has increased to 0.263 at Mach 0.98. The rapid 
increase in drag coefficient at high transonic speed is the phenom- 
enon often described in the popular literature as the "sound bar- 
rier." 


т-ға 


Figure 4.14, taken at Mach 1.00, shows a rather similar flowfield | 
to that observed at Mach 0.98. Theoretically, a true normal shock 
now stands infinitely far ahead of the nose; in reality the shock is 4 $ 
finite distance ahead, but far out of the field of view of ће! 
shadowgraph. The drag coefficient is still rising very sharply, an 
has increased to 0.323 at Mach 1.00. qus 

Figure 4.15, taken at Mach 1.02, shows a strong, slightly curved B 
bow shock standing about 1.5 calibers ahead of the nose tip. The 
front one-half of the ogive shows locally subsonic flow, with no 
indication of Mach waves; the flow over the aft part of the ргојес-2 
tile is supersonic. Note the oblique shock at the forward-facing step | 
of the cannelure, the trailing shock near the end of the boattail, and 
the downstream wake recompression shock that forms at the neck 
of the wake, where the supersonic flow returns to the streamwise 
direction. The trailing shock and the wake recompression shock 
eventually coalesce, as Figure 4.15 shows. The drag coefficient ai 
Mach 1.02 has increased to 0.344. y 

Figure 4.16, taken at Mach 1.06, illustrates the rapidly decreas- 
ing bow shock standoff, and the increasing shock curvature near 
the nose tip, as the Mach number increases at low supersonic speed. 
The flow over the front one-third of the ogive is locally subsonic, 
as indicated by the absence of Mach waves, and the shock wave 
patterns are very similar to those observed at Mach 1.02. The mea- 
sured drag coefficient at Mach 1.06 is 0.357. ан 

In Figure 4.17, at Mach 1.24, the bow shock has moved closer | 
to the nose tip, the shock curvature near the tip is greater, and ex-| 
cept for a very small region around the blunt nose tip, the flowfield 
around the projectile is everywhere supersonic. The drag coeffi-j 
cient at Mach 1.24 is 0.365, which is nearly its maximum value. *# 

At Mach 1.53, illustrated in Figure 4.18, the bow shock stand- 
off at the nose tip has virtually disappeared. The initially high cur 
vature of the shock near the blunt projectile nose tip is quickly at- 
tenuated, and the bow shock becomes essentially an oblique shock 
wave at large distances from the projectile. The flowfield at this 
speed and all higher speeds is everywhere supersonic. The drag | 
coefficient at Mach 1.53 is 0.342. к. 

Figures 4.19 and 4.20, taken at Mach 1.99 and Mach 2.66, re-1 
spectively, illustrate the flowfield around the caliber .50 Ball M33j 
projectile at high supersonic speeds. The shock waves are swept 
farther back with increasing flight Mach number, in accordance | 
with supersonic oblique shock wave theory. The measured drag 
coefficient at Mach 1.99 has decreased to 0.311; at Mach 2.66 the 
drag coefficient has dropped to 0.282. LEER 

The hypersonic flow regime is not illustrated in our] 
shadowgraph series. At hypersonic speeds, the shock waves аге simi- 
lar in appearance to those of Figure 4.20, but are swept even farthet 
back. One characteristic of hypersonic flow is that the bow shoc 
wave lies essentially adjacent to the projectile surface. The thin i 
region between the shock and the surface is referred to as the "shock : 
layer," and the very high temperature, pressure and density of air in 
the shock layer is another characteristic of hypersonic flow. There : 
is no exact dividing point between supersonic and hypersonic speed. 3 
As a rough rule of thumb, a flight Mach number of 5 is usually 
taken as the beginning of the hypersonic flow regime. 
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Figure 411 Shadow graph of Flow field at Mach 0 92. 


60 


Notes on \ето4дупапис Di ае 


二 


Sr 


Е, 
‘Sure 4.12 Shadowgraph of Flow field at Mach 0.96 


61 


Modan Exterior Ballistics 


еш d 11 Лабом етар of blow реа Mach 0 08 


62 


Notes on Aerodynamic Drag 


63 


Modan Faterio? Ballistics 


Foe d d^. hades raph of field at Mach 102 


64 


Notes on Aerodynamic Drag 


Figure 4.16 Shadowgraph of Flowfield at Mach 1.06. 
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Figure 4 18 Shadow graph of E [ow ficld at Mach 1 33 
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Figure 4 19 Shadowgraph of Flowfield at Mach 1.99. 
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Mach Number = 1.8 


€ BRL МК 1664 


2.0 2.5 
Nose Length (Calibers) 


No attempt is made in this chapter to discuss the basic fluid 
dynamic and thermodynamic processes involved in the formation 
of boundary layers and shock waves. This book is about exterior 
ballistics, and space does not permit even a cursory review of the 
modern science of aerodynamics. References 9 through 12 are rec- 
ommended to the reader who is interested in a more complete un- 
derstanding of compressible flow, shock waves, and boundary layer 
theory. 


4.5 THE EFFECT OF PROJECTILE SHAPE ON DRAG 
Figure 4.6 illustrated the fact that short, blunt projectiles are higher 
drag shapes than are longer, more streamlined configurations. In 
this section, we will take a closer look at several of the more impor- 
tant projectile shape parameters, and their effect on the drag coeffi- 
cient in various speed regions. 

The first shape parameter effect we will investigate is the ef- 
fect of projectile nose length on the drag. Figure 4.21 illustrates the 
effect of varying the nose length of a secant-ogive projectile (Ref. 
13) at Mach 1.8, and shows that short nose lengths dramatically 
increase the drag at this speed. Theoretical and experimental re- 
sults confirm that the shape of the curve in Figure 4.21 is also typi- 
cal for other projectile nose shapes, at both lower and higher super- 
sonic speeds. 

АП ogival nose shapes are generated by circular arcs, and the 
radius of the arc, denoted by R, has a distinct effect on the drag. 
[Note that the symbol R was used to denote the range in Chapter 3. 
There should be no confusion, however, because the symbol R in 
this chapter always means the radius of an ogive]. The nose shape 
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Figure 4.21 Zero-Yaw Drag Coeffi- 
cient versus Nose Length. 


(headshape) parameter used to quantify the drag effect is R,/R, 
where К; is the radius of a tangent ogive nose whose length is the 
same as the actual nose. For any tangent ogive nose, R = Ку , thus 
the headshape parameter А, / К = 1 for all tangent ogive noses. А 
conical nose may be considered as an ogive with an infinite gener- 
ating radius, thus R,/R = 0 for any conical (spire-pointed) nose 
shape. Every secant ogive is generated by an arc whose radius lies 
somewhere between these two extremes; therefore, 0< Ry / К< 1 
for апу secant оріуе поѕе. 

Figure 4.22 shows ће effect on the drag coefficient of varying 
the nose shape (Ref. 14) at Mach 2.44, and illustrates the fact that à 
secant ogive design has less drag at high supersonic speed than 
either the conical or tangent ogive shapes. The lowest drag circular 
arc ogive at supersonic speed (ie.， А/К = 0.5 ), is a secant 
ogive design whose generating radius is twice that of the corre- 
sponding tangent ogive radius for the same nose length. Тһе Upper 
curve of Figure 4.23 shows a similar result at low supersonic speed. 
However, the lower curve of Figure 4.23 shows that the tangent 
ogive, which gives the highest drag at supersonic speeds, is lower 
in drag than either the conical or the secant ogive shapes at Mach 
0.80. (The reader is cautioned not to draw the erroneous conclusion 
that the low-drag nose shapes indicated in Figures 4.22 and 4.23 
are absolute least-drag shapes; they are merely the lowest drag mem- 
bers of the family of circular-arc ogival noses). b 

A projectile nose may be blunted in two distinct ways: (1) d 
truncating a sharp pointed nose, or (2) by opening up the nose © 
tour, while holding the nose length constant. The first appron 
(truncation) always increases the drag, although the effectof sm 
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Figure 4.22 Zero-Yaw Drag Coefficient versus Headshape Parameter. 


Figure 4.23 Zero-Yaw Drag Coefficient versus Headshape Parameter. 
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Figure 4.24 The effect of Nose Bluntness on the Drag Coefficient. 


bluntness [méplat (nose-tip flat) diameter less than 0.1 caliber] is 
insignificant. 

Figure 4.24 illustrates the effect on drag of blunting the projec- 
tile nose (Ref. 15) by opening up the nose contour. For a fixed nose 
length at supersonic speeds, opening up the nose contour to a small 
méplat gives lower drag than the sharp pointed nose! This fact is 
indeed fortunate for the projectile designer who strives for low drag 
designs, since sharp pointed ogives are utterly impractical for ei- 
ther ordnance or sporting use. 

The méplat diameter that gives lowest drag varies with the flight 
Mach number, the nose length, and the nose shape. In general, a 
méplat diameter of 0.10 to 0.15 caliber is a good design choice 
over a wide range of flight speeds. For a fixed nose length at super- 
sonic speeds, an inscribed hemispherical tip, instead of a méplat, 
gives a slight further reduction in drag. 

Figure 4.25 shows the effect of boattailing on the drag coeffi- 
cient at high supersonic speeds (Ref. 16). For a seven-degree boattail 
angle, lengthening the boattail systematically reduces the drag at 
supersonic speeds. Unfortunately, very long boattails usually cause 
flight dynamic instability, which will be discussed in a later chap- 
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0.5 1.0 Figure 4.25 The effect of Boattail 
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MACH NUMBER = 1.7 


BOATTAIL LENGTH = 0.69 CALIBER Mach Number = 1.8 


6 BRL R 1295 
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Boattail Angle (Degrees) 


Boattail Lengths: 
4 6 8 
Boattail Angle (Degrees) : 215 сев 
Масһ Number = 2.2 А = 1,00 Caliber 
Figure 4.26 The effect of Boattail Angle on the Drag Coefficient. 


(REF. 18) 


ter. Practical boattails generally lie between one-half and one cali- 
ber in length at supersonic speeds. 

The effect on drag of varying the boattail angle, with the boattail 
length held constant, is shown in the next two figures. Figure 4.26, 
at Mach 1.7, shows that a boattail angle of approximately seven 
degrees gives the lowest drag at moderate supersonic speeds (Ref. 
17). Figure 4.27, from a 1983 paper presented by B. Kneubühl of 
Switzerland (Ref. 18), shows a very similar result for some experi- 1 6 8 
mental .25 caliber small arms bullets at two supersonic Mach num- Boattail Angle (Degrees) 
bers. 


Figure 4.27 The effect of Boattail Angle on the Drag Coefficient, 
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The curves of Figures 4.26 and 4.27 are relatively flat for 
boattail angles between five and nine degrees. The popular nine- 
degree boattail, which has been used for many good projectile de- 
signs, gives about two percent higher total drag than does an opti- 
mum seven-degree boattail angle. However, boattail angles steeper 
than ten degrees usually cause boundary layer separation, which 
destroys the boattail effectiveness as a drag-reducing device. 


4.6 THE EFFECT OF A BURNING TRACER ON DRAG 

Tracers are often used with ordnance projectiles to provide a visual 
trajectory indicator to the gunner. The pyrotechnic tracer mixture, 
which is pressed into a cavity in the projectile base, is ignited in the 
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Figure 4.28 The effect ofa Burn- 
ing Tracer on the Drag Coeffi- 
cient. 


barrel of the gun by the burning propellant, and the in-flight burn- 
ing time of the tracer is controlled by the amount and the burning 
rate of the pyrotechnic mixture. 

In flight, the burning tracer injects hot gas into the turbulent 
wake behind the projectile, which raises the base pressure and 
thereby lowers the drag. Since the trajectory of the tracer round is 
usually required to ballistically match the flight of a companion 
high explosive or armor piercing projectile, the exterior ballistician 
must know, at least approximately, how much the burning tracer 
reduces the drag. 

Some typical effects of burning tracers on the drag of small 
caliber projectiles are illustrated in Figures 4.28 and 4.29. The tracer- 
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Figure 4.29 The effect ofa Burn- 
ing Tracer on the Drag Coeffi- 
cient. 
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Figure 4.30 The effect of 
Rectangular, Single-Wedge 
Fins on the Drag Coeffi- 
cient. 


drag effect is determined by firing one group of test rounds with 
burned-out or inert tracers, and another group of rounds with burn- 
ing tracers, in a modern facility such as the BRL Aerodynamics 
Range. Figure 4.28 shows that the burning tracer reduces the drag 
of the caliber .50 APIT M20 projectile (Ref. 8) by approximately 
seven percent at supersonic speeds. The tracer effect on the drag 
coefficient of an anti-aircraft 20mm projectile is shown in Figure 
4.29; this higher burning rate tracer reduces the drag by about twelve 
percent at supersonic speeds. 

The concept of a very high burning rate tracer has evolved into 
the modern base-burn projectile design, in which a high energy fuel 


Mach Number 


is used instead of a pyrotechnic mixture. Drag reductions approach- 
ing thirty percent have recently been achieved with optimized base- 
burn configurations. It is probable that long-range artillery will be 
the primary future application of base-burn technology. 


4.7 THE EFFECT OF FINS ON THE DRAG 

Fin-stabilized projectiles are frequently employed in modern ord- 
nance design. Mortars, flechettes, long-rod kinetic energy 
penetrators and rocket-powered missiles are typical examples of 
projectiles that are not suitable for spin stabilization. This section 
illustrates the experimental drag coefficients obtained for several 
typical finned ordnance designs. 
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Figure 4.31 The Drag Coeff- 
cient ofa Flechette with 
nar and Turbulent Bo 
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Figure 4.30 shows the total drag coefficient and the body-alone 
contribution for the 20mm Basic Finner model (Ref. 19). The Ba- 
sic Finner is a ten-caliber long cone-cylinder projectile, with four 
square planform, single-wedge, 0.08 caliber thickness fins. Approxi- 
mately forty percent of the total Basic Finner drag is due to the fins. 

The drag coefficient of a ten-grain steel flechette (Ref. 6) is 
illustrated in Figure 4.31. The flechette has a cone-cylinder body 
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Figure 4.32 The Drag Co- 
efficient of a Typical Fin- 
Stabilized Ordnance Projec- 
tile. 


whose diameter is 1.79mm (0.0705 inch); the total length is 23.5 
calibers. Four flat-plate fins with an average fin thickness of 0.10 
caliber, and a three-caliber total span, are used to stabilize the 
flechette. 

In section 4.3 we noted that the Reynolds number effect on 
drag is usually small enough to be neglected; however, the flechette 
of Figure 4.31 is an exception to that general rule. At flight speeds 
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Figure 4.33 The effect of Swept Tri- 
angular, Flat-Plate Fins on the Drag 
Coefficient. 
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between subsonic and high supersonic, the flechette Reynolds num- 
bers, based on projectile length, range from one million at low speed 
to about four million at high speed. Boundary layer theory (Ref. 
12) tells us that for such transition Reynolds numbers, the flow 
may be either laminar or turbulent. 

Figure 4.31 indicates that slightly over half of the flechette 
rounds fired at supersonic speeds exhibit laminar boundary layers; 
the remainder show turbulent boundary layer flow. The type of flow 
present on any given flechette depends on small round-to-round 
differences in surface roughness, and on the average yaw level of 
the flight, with increasing yaw and roughness leading to a higher 
probability of turbulence. At supersonic speeds, the flechettes with 
turbulent boundary layers show about fifteen percent higher drag 
than those with laminar boundary layer flow, which is in generally 
good agreement with the predictions (Ref. 12) of boundary layer 
theory. 

The drag coefficient of a typical fin-stabilized ordnance pro- 
jectile (Ref. 20) is illustrated in Figure 4.32. The reference diam- 
eter is 105mm (4.134 inches), and six shrouded fins, each of which 
are 0.04 caliber thick, are symmetrically spaced about the afterbody. 
This projectile shape is characteristic of fin-stabilized mortars, rifle 
grenades, and shaped-charge munitions for anti-tank use. The ta- 
pered afterbody and the thin, one-caliber span tail fins help reduce 
the drag below that of the other finned projectile shapes illustrated 
in this chapter. 

Figure 4.33 shows the drag coefficient and the body-alone 
curve, for a typical finned, long-rod kinetic energy penetrator. The 
penetrator has a cone-cylinder body, whose diameter is 8.3mm; the 
total body length is slightly over sixteen calibers. Four triangular 
planform, flat-plate fins are symmetrically spaced around the pro- 
jectile afterbody. The fin chord is 4.3 calibers, the total span is 2.5 


calibers, and each fin is 0.11 caliber thick. The fins account for 
about twenty percent of the total drag at supersonic speeds, and 
about thirty percent at transonic and subsonic speeds. Note the highly 
swept fin leading edges. The effect of leading edge sweepback in 
reducing the supersonic drag of wings and fins was first recognized 
by the German scientist Adolph Busemann in 1935, and Practically 
all modern supersonic finned projectiles use highly swept fins, such 
as those shown in Figure 4.33. 


4.8 THE DRAG OF SMOOTH SPHERES 

In section (4.3) we noted that the effect of Reynolds number on 
aerodynamic drag is usually insignificant in comparison with the 
Mach number effect. The drag of smooth spheres is another no- 
table exception to this general rule, and some of the interesting drag 
properties of spherical projectiles are illustrated in this section. 

The drag of smooth spheres has been measured in several mod- 
ern facilities, and some of the results are shown in Figure 4.34. The 
solid curve is based on firings of 9/16" diameter steel spheres (Ref. 
21). The drag of a 0.10" diameter sphere is everywhere lower than 
that of a 9/16" sphere. However, the drag of the 1.50" diameter 
sphere does not follow any expected trend. The large sphere shows 
the highest drag at transonic and low supersonic speeds, but its sub- 
sonic drag behavior appears to be anomalous. These anomalous 
subsonic effects are even more dramatic for 2-inch and 4-inch di- 
ameter spheres at atmospheric pressure (Ref. 21a). The explana- 
tion of the apparent anomaly lies in the effect of Reynolds number 
on the drag of spheres. 

Figure 4.35 is a plot of the drag coefficient for a smooth sphere 
against the common logarithm of the Reynolds number, at three 
flight Mach numbers. At typical projectile flight speeds, Reynolds 
numbers of order 105to 10%аге observed, and the logarithm is gen- 
erally used to avoid working with such very large numbers. 
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Figure 4.34 Drag Coefficient а 
Mach Number for Smooth Spheres. 
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The bottom curve in Figure 4.35, at Mach 0.4, shows a sudden 
drop in drag at a Reynolds number of about 250,000 (log, Re=5.4), 
which is the critical Reynolds number for smooth spheres. The sud- 
den decrease in drag at the critical Reynolds number is due to bound- 
ary layer transition; the boundary layer changes from laminar to 
turbulent flow as the speed increases through the critical Reynolds 
number. Note that there is no evidence of a critical Reynolds num- 
ber at either Mach 0.9 or Mach 1.2; we will return to this fact pres- 
ently. 

Figure 4.36 illustrates the subsonic effect of a laminar versus a 
turbulent boundary layer on the separation point for a smooth sphere. 
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Figure 4.35 Sphere Drag Coefficient 
versus Reynolds Number. 


The laminar boundary layer separates just ahead of the point at 
which the maximum diameter of the sphere occurs. A turbulent 
boundary layer has much higher kinetic energy than does a laminar 
boundary layer, and the turbulent boundary layer is thus better able 
to withstand the large adverse pressure gradient along the rearward 
surface of the sphere. The result, as shown in Figure 4.36, is that a 
turbulent boundary layer remains attached to the sphere surface well 
aft of the point of maximum diameter, and thereby significantly 
reduces the base drag. The drag coefficient at Mach 0.4 drops from 
approximately 0.5 to 0.1, with transition from a laminar to a turbu- 
lent boundary layer. 
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Figure 4.36 Illustration of Laminar and Turbulent Flow Around Spheres. 
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We will now re-examine the subsonic drag characteristics of 
the three sphere sizes shown in Figure 4.34. For the 0.10” diameter 
sphere, the Reynolds number at Mach 0.4 is approximately 25,000 
at sea-level standard atmospheric conditions, thus log, Re=5.6 for 
the 1.50” diameter sphere at Mach 0.4, which is above the critical 
value, and the boundary layer on the large sphere is therefore tur- 
bulent. In fact, the boundary layer on the 1.50” diameter sphere is 
turbulent for all flight speeds above Mach 0.2, which explains the 
subsonic drag behavior observed in Figure 4.34. At all flight Mach 
numbers between Mach 0.2 and Mach 0.8, the drag of the 1.50" 
diameter sphere is well below that of the 9/16” sphere. 

Figure 4.35 explains why the smaller spheres show no evi- 
dence of a critical Reynolds number. The 9/16” sphere does not 
reach the critical Reynolds number until its flight speed approaches 
Mach 0.9, and the 0.10” diameter sphere is at high supersonic speed 
before its Reynolds number reaches the critical value. Figure 4.35 
shows no critical Reynolds number behavior at Mach 0.9 and above. 
At transonic and supersonic speeds, boundary layer separation is 
dominated by the shock wave system rather than by Reynolds num- 
ber. At flight speeds above Mach 0.8, the shock waves force bound- 
ary layer separation to occur at or before the point of maximum 
sphere diameter, regardless of whether the boundary layer is lami- 
nar or turbulent. 

The addition of surface roughness to a smooth sphere causes 
subsonic boundary layer transition to occur at lower Reynolds num- 
bers; very rough spheres show critical Reynolds numbers around 
100,000 (ор, Re=5.0). However, surface roughness causes slight 
drag increases at all speeds. At subsonic speeds, large surface rough- 
ness increases the drag approximately ten percent above the value 
for a smooth sphere. At supersonic speeds, very rough spheres show 
approximately five percent more drag than do smooth spheres. 


4.9 THE EFFECT OF YAW ON DRAG 

The dependence of aerodynamic drag on yaw level was stated in 
equation (2.3) of Chapter 2. This equation tells us that if the mea- 
sured total drag coefficient is plotted against the squared sine of the 
total yaw angle, the experimental data points should lie along a 
straight line whose intercept is the zero-yaw drag coefficient, С x 
and whose slope is the yaw-drag coefficient, C, . The quadratic 
dependence of drag on yaw level was first recognized early in the 
twentieth century, but accurate measurements of the yaw-drag ef- 
fect were not possible before the advent of modern free-flight spark 
photography ranges and wind tunnels. 

Modern wind tunnels measure the drag force at various dis- 
crete yaw angles, and the data reduction for C; and С, js straight- 
forward. The method used in spark photography ranges is some- 
what more complicated. For each round fired in the range, both the 
total drag and the epicyclic pitching and yawing motion are deter- 
mined. Thus the firing of a single round yields a value of the total 
drag coefficient, and a corresponding average yaw level for that 
flight. The determination of both Cn and C, , from spark range 
testing involves firing several rounds (Ref. 22) at the same test Mach 
number, but at different average yaw levels. Several experimental 


techniques used to induce various yaw levels will be discussed in а 
later chapter. 

The relative simplicity of the wind tunnel method for determi. 
nation of C p, and С, „1s offset by the need for a model support 
system іп the wind tunriel test section, and the fact that the Presence 
of the support system affects the flowfield and therefore the drag, 
Free-flight ranges are thus preferred over wind tunnels for Precise 
drag measurements, despite the more complicated experimental pro- 
cedures required. (The superiority of free-flight ranges over wind 
tunnels is not universal; the determination of the lift force and Pitch- 
ing moment in wind tunnels is usually very good, because the 
flowfield interference caused by the model support system has an 
insignificant effect on the static transverse forces and moments), 

The next nine figures in this chapter illustrate the yaw-drag 
results obtained for three different test projectiles from spark pho- 
tography range firings, and show how the free-flight total drag 
measurements are used to separate the drag into its zero-yaw and 
yaw-drag components. 

Figure 4.37 is a plot of the total drag coefficient against the 
squared sine of the average yaw angle, for the 7-Caliber Army- 


© M=13 
в М-1.8 
А М=2.5 


BRL R 876 


Figure 4.37 Drag Coefficient versus Average Squared Yaw for the а 
Navy Spinner Rocket Shape. 
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Figure 4.38 Yaw-Drag Coef- 
Mach Number ficient versus Mach Number. 
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Navy Spinner Rocket shape (Ref. 23) at three supersonic Mach 
numbers. The model is seven calibers long, and it has a two-caliber 
long, pointed, secant ogive nose. The straight lines shown in Figure 
4.37 are linear regression lines determined from least-squares fit- 
ting of the observed data points, and the values of Cp obtained as 
the slopes of the lines are indicated. Although there is Some scatter 
of the data points about the regression line, a straight line obvi- 
ously fits the data very well, and confirms the quadratic depen- 
dence of drag on yaw level. 

Figure 4.37 presents only a representative sample of the data 
available for the 7-Caliber Army-Navy Spinner Rocket shape. Simi- 
lar correlations were done for other test Mach numbers (Ref. 24), 
and Figure 4.38 shows a smooth curve connecting all the values of 
Cp 5 obtained. Тһе curve of Figure 4.38 is then used to correct the 
range values of total drag coefficient to С p,Values, for each round 
fired in the test program. The result is shown in Figure 4.39, which 
is a plot of С, against Mach number for the Army-Navy Spinner 
Rocket. Note that the variation of Cj, with Mach number is sig- 
nificantly different from the Mach number dependence observed 
for C, . Other than the fact that both curves show rapid change in 
the vicinity of Mach 1.0, there is little similarity between the be- 
havior of the zero-yaw drag and the yaw-drag coefficients. 

Figures 4.40 through 4.42 illustrate the results of a similar analy- 
sis for a cone-cylinder projectile (Ref. 25), whose nose length is 
approximately three calibers, and whose overall length is slightly 
over five calibers. The behavior of the yaw-drag coefficient for the 
cone-cylinder projectile is rather different from that observed for 
the Army-Navy Spinner Rocket, although the two curves are obvi- 
ously of the same order of magnitude. 

Figure 4.43 illustrates a representative sample of the yaw-drag 
analysis for the caliber .50 Armor Piercing Incendiary (APD M8 
projectile (Ref. 8). The API М8 is essentially identical in exterior 
contour to the Ball M33 projectile, whose dimensions were shown 
in Figure 4.7. The API М8 bullet was fired at various yaw levels, 
but the Ball M33 was tested only at small yaw. Since the two con- 
figurations are virtually identical, the yaw-drag coefficient shown 
in Figure 4.44 was used to correct the data for both round types to 
zero-yaw values. Figures 4.45 and 4.8 (see section 4.4) show the 
variation of С with Mach number for the API М8 and Ball M33, 
respectively. The two bullets are intended to be ballistically matched, 
and comparison of these two figures shows that a ballistic match 
has indeed been achieved. 


4.10 MINIMUM DRAG PROJECTILE SHAPES 
The effect of projectile shape on the drag coefficient at various 
speeds was discussed at length in section 4.5 of this chapter. Par- 
ticular values of certain projectile shape parameters were noted that 
give low aerodynamic drag in various flight speed regions. It is 
intuitively obvious that a proper combination of optimum values of 
all the significant shape parameters might lead to a minimum drag 
projectile shape. 

А number of theoretical studies have considered the problem 
of ogive shapes for minimum supersonic wave drag. One of the 
earliest attempts to find a theoretical minimum drag nose shape 
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Figure 4.40 Drag Coefficient versus Average Squared Yaw for a 20 mm 
Cone-Cylinder Projectile. 


was made by von Каптап (Ref. 26), who derived an integral equa- 
tion for the wave drag of slender bodies of revolution at moderate 
supersonic speeds. The work of von Kármán was later extended by 
Sears (Ref. 27), Haack (Ref. 28) and others, and the theoretical 
optimum nose shape for slender ogives at moderate supersonic Mach 
numbers is referred to today as the Sears-Haack shape. | 

Eggers, Resnikoff and Dennis (Ref. 29) obtained theoretical 
hypersonic optimum nose shapes from Newtonian theory. The theo- 
retical least-drag hypersonic nose shape is described by a very com- 
plicated equation, which differs only slightly from a simple 3 
power-law shape. The Sears-Haack and the 3/4 power-law nose 
shapes are illustrated in Figure 4.46, for nose lengths of two and 
three calibers. ， 

In 1958, Perkins, Jorgensen and Sommer (Ref. 30) measured 
the forebody drag (wave drag plus viscous skin friction) of various 
three-caliber long nose shapes in the Ames Laboratory superson y 
wind tunnels. The nose shapes tested included the Sears-Haac 
contour, a family of power-law noses, and cones with oes 
amounts of spherical tip bluntness, Figures 4.47 and 4.48 illustra! 
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Figure 4.42 Zero Yaw Drag Coefficient versus Mach Number. 
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some of the wind tunnel results for the four lowest drag nose shapes 
tested. 

Figure 4.48 shows the measured foredrag coefficients (total 
drag coefficient minus the base drag coefficient) for the four nose 
shapes of Figure 4.47. The lowest drag nose at high supersonic 
speeds is the 3/4 power-law shape, which is often referred to as the 
“hypersonic optimum” shape. The lowest drag nose at low super- 
sonic speeds is the more blunt paraboloid (1/2 power-law shape), 
which gives the highest drag of the four designs at Mach numbers 
greater than 2.4. Contrary to theoretical predictions, the wind tun- 
nel test results indicate that the Sears-Haack nose is not the lowest 
drag shape at any supersonic speed! The reader is again cautioned 
not to draw the incorrect conclusion that the low drag nose shapes 
of Figure 4.48 are absolute least-drag shapes; they are merely the 


Figure 4.43 Drag Coefficient 
versus Average Squared Yaw for 
the Caliber .50 API М8 Projec- 


tile. 


lowest drag designs included in the Ames Laboratory wind tunnel 
tests. 

None of the previously mentioned theoretical studies consid- 
ered either the skin friction or the base drag; even the wind tunnel 
test results presented in Reference 30 neglected the base drag е. 
fect. More recently Hager, De Jarnette and Moore (Ref. 31), Meso 
(Ref. 32), and Moga (Ref. 33), of the Naval Surface Weapons Cen- 
ter (NSWC) at Dahlgren, Virginia, addressed the problem of find- 
ing minimum supersonic drag shapes with all the drag components 
included in the optimization, The method used in Reference 33 = 
cluded a numerical iteration scheme to determine the body С00 " 
nates that minimize total drag, based on modified second-oroe 
shock-expansion theory (Ref. 34) for the ogive and boattail pi 
drag, the Van Driest theory (Ref, 35) for turbulent skin friction drag. 
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Figure 4.44 Yaw-Drag Co- 
efficient versus Mach 
Number. 


M8 


О BRL MR 3810 


MACH NUMBER 


Figure 4.45 Zero Yaw Drag 
Coefficient versus Mach 
Number for the Caliber .50 
API M8 Projectile. 
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and Moore's (Ref. 36) semi-empirical base drag model. The opti- 
mum shape was observed to vary with both total projectile length 
and the flight Mach number. An illustration of the NSWC least- 
drag shapes for 4, 5 and 6-caliber long projectiles at high super- 
sonic speeds is shown in Figure 4.49. 

All the NSWC minimum-drag designs consist of a low drag 
nose shape that differs only slightly from the hypersonic optimum 
(3/4 power-law) profile, followed immediately by a boattail that 
terminates in a base diameter of approximately 0.70 caliber. Such a 
projectile design, with no cylindrical centerbody section, has been 
successfully launched from a rifled gun barrel by means of front 
bore-riding nubs, located well forward on the ogive section. Mod- 
егп sabot technology, in which the sub-caliber projectile is encased 
in a discarding sabot and fired from a larger caliber gun, is another 
alternative. An estimate of the zero-yaw drag coefficient versus 
Mach number for the 5-caliber long NSWC model is shown in Fig- 
ure 4.50. If such a design could be made to fly with small yaw, it 
would indeed be an extremely low drag configuration. Unfortu- 
nately, the long boattails selected by the NSWC drag optimization 
process usually cause severe dynamic instability, particularly at low 
supersonic and transonic speeds. 

The optimum secant ogive nose shape R,/R = 0.5 , witha 
small méplat or inscribed hemispherical nose tip, gives slightly more 
drag than the optimum nose shapes illustrated in Figure 4.49. For 
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Figure 4.46 Theoretical Nose Shapes for Minimum Wave Drag. 


all practical purposes, there is no significant difference, and both 
the secant ogive and the 3/4 power-law shapes may be considered 
to be practical minimum drag nose shapes at supersonic Speeds, 

Figure 4.48 suggests that the paraboloid is a very low drag 
nose shape at low supersonic speeds, and possibly at transonic speeds 
as well. Figure 4.23 showed that the tangent ogive is a low drag 
nose shape at subsonic speeds. It is not possible to specify an abso- 
lute least-drag nose shape at the lower speeds, without conducting 
a low-speed version of the NSWC study; to the author's know]. 
edge, no such study has been done. The next generation of high- 
speed computing equipment may have the capability to solve such 
computational fluid dynamics problems in a reasonable length of 
time at an affordable cost. 

Boattailing is an efficient technique for reducing drag, espe- 
cially at subsonic speeds. The optimum boattail angle at supersonic 
speeds is about seven degrees, and the boattail should be as long as 
possible, consistent with the requirement for dynamically stable 
flight. Dynamic stability considerations usually limit the boattail 
length to about a one-caliber maximum at supersonic speeds. 

A boattail angle around ten degrees appears to be the largest 
practical angle for an attached turbulent boundary layer at subsonic 
speeds, provided the boattail is not much over one-half caliber in 
length. The ten-degree boattail angle should be reduced for very 
small caliber bullets, whose boundary layers are predominantly lami- 
nar. The effect of boattailing on the dynamic stability at transonic 
and subsonic speeds is generally negative, and long or steep boattails 
are usually very difficult to stabilize at these lower speeds. 


4.11 SUMMARY 

The physical nature and the behavior of the aerodynamic drag force 
are highlighted in this chapter. Some emphasis has been placed on 
the nature of compressible flow and shock waves. The effect of 
projectile shape on the drag is illustrated for a number of typical 
configurations. 

The information presented in this chapter will prove helpful to 
both the reader who is interested in the general nature and behavior 
of aerodynamic drag, and to the professional ballistician who must 
understand the effects of configuration design changes on the drag 
of projectiles. In addition, a basic understanding of the nature of 
aerodynamic drag provides a good background for the study of point- 
mass trajectories in the next four chapters. 
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Figure 4.47 Theoretical Nose Shapes for Minimum Wave Drag. 
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Figure 4.48 Wind Tunnel Foredrag Coefficient versus Mach Number. 
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The Flat-Fire Point Mass Trajectory 


5.1 INTRODUCTION 

The first known analytical solution of the differential equations 
describing a point-mass trajectory was obtained in 1711, by Johann 
Bernoulli (1667-1748) of Switzerland. Bernoulli's solution assumed 
constant air density and constant drag coefficient, thus it was valid 
only for low velocity, flat-fire trajectories. About forty years later 
another Swiss mathematician, Leonhard Euler (1707-1783), devel- 
oped the mean-value, short-arc method for solving systems of ordi- 
nary differential equations, and used his method to solve elemen- 
tary point-mass trajectories. Euler's method is applicable to trajec- 
tories with variable drag coefficients and variable air densities and 
temperatures and thus represents, in principle, the first general so- 
lution of the point-mass trajectory problem. 

Both the Bernoulli and the Euler methods required the use of 
quadratures (the approximation of definite integrals by the sum of 
smali squares); such methods would be described today as “labor- 
intensive.” Although Euler's method was successfully used from 
about 1750 until the latter part of the nineteenth century, the ex- 
treme tediousness of the manual arithmetic computations eventu- 


ally forced exterior ballisticians to develop simpler approximate 
methods for practical trajectory calculation. 

One of the most useful approximate methods was devised 
around 1880 by Е Siacci of Italy. Siacci's method (Ref. 1), which is 
described in the next chapter, reduces any flat-fire trajectory to eas- 
ily tabulated quadratures, given in terms of the “pseudo-velocity,” 
which is the product of the horizontal component of velocity and 
the secant of the angle of departure. Although the Siacci method 
was abandoned as impractical for artillery fire by the end of the 
First World War, its use in direct-fire weapons such as small arms 
and tank gunnery persisted in U. S. Army Ordnance until the middle 
of the twentieth century. The Siacci method is still in almost uni- 
versal use throughout the U. S. sporting arms and ammunition in- 
dustry, and for the short-range, flat-fire trajectories of typical sport- 
ing projectiles, its accuracy is sufficient for most practical purposes. 

In this chapter, the differential equations of the point-mass tra- 
jectory are derived, then simplified using the flat-fire approxima- 
tion. Several special analytical solutions of flat-fire trajectories are 
obtained, for cases of practical interest. 


， 
Figure 5.1 Coordinate д) : 
tem for the Point-Mass Tra 


Jectory. 
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5.2 EQUATIONS OF MOTION (5.2) 
We will adopt a right-handed rectangular coordinate system, simi- 
lar to the coordinates chosen for the vacuum trajectory in Chapter 
3. The X-axis is tangent to the earth's surface at the launch point, ін 
and is directed from the gun toward the target. The Y-axis is di- where Е, = vector aerodynamic drag force 
rected vertically upward, through the launch point. The Z-axis lies 
in the plane tangent to the earth's surface at the launch point, and is p = ай density 
directed to the right when looking downrange. Figure 5.1 illustrates 
the coordinate system, a typical point-mass trajectory, and the per- S = projectile reference area 
tinent variables. 

Newton's second law of motion for a projectile with constant С = dimensionless drag coefficient 
mass was stated as equation (3.1) of Chapter 3. If the very small m 
Coriolis acceleration due to the earth's rotation is neglected, equa- ү = vector velocity 
tion (3.1) reduces to: 

V = scalar magnitude of velocity (speed) 
(5.1) Substituting the vector drag force for Y F in equation (5.1), 


and dividing both sides by the projectile mass, yields the vector 
differential equation of motion of the point-mass trajectory: 


where m = projectile mass 
_ (5.3) 
V = vector velocity 
t =time The vector quantities are now resolved into components along 
аў the coordinate axes. The vector velocity and acceleration are given 
— = vector acceleration by: 
dt x _ А = 
YF = vector sum of all the aerodynamic forces V =V +V,J +VK (5.4) 
8  - vector acceleration due to gravity T = VI 十 VJ 十 VK (5.5) 
t 
The reader will recall from Chapter 2 that the only significant 
aerodynamic forces acting on symmetric projectiles are the drag where 7 isa unit vector along the X-axis 


force, the lift force, and the Magnus force. If the total yaw angle is 


everywhere small along the trajectory, equations (2.6) and (2.21) 7 is aunit vector along the Y-axis 
tell us that the lift and Magnus forces are also very small, and may 
therefore be neglected in comparison with the drag force stated in К isa unit vector along the Z-axis 
equation (2.1). The fundamental assumption of the point-mass tra- 
jectory approximation (і.е., aerodynamic drag and gravity are the V. = X-component of velocity 
only significant forces acting on the projectile), is thus equivalent 
to the assumption that the total yaw is everywhere small along the V, = Y-component of velocity 
trajectory. 

| The term “particle trajectory” is often found in classical exte- V, =Z-component of velocity 
rior ballistic literature; its meaning is synonymous with our term 
“point-mass trajectory.” Either term implies a non-spinning, non- у, = X-component of acceleration 
lifting projectile, whose mass is concentrated at a mathematical point А 
in space. Such а projectile could experience по aerodynamic force V, = Y-component of acceleration 


other than drag. Exterior ballisticians of the nineteenth and early 
twentieth centuries therefore referred to any trajectory produced Vi = Z-component of acceleration 
solely by the forces of aerodynamic drag and gravity as a “point- 1 
mass" or "particle" trajectory. The gravitational acceleration vector, 2, ha 

The magnitude of the aerodynamic drag force is 2 РУС p. magnitude 32.174 feet per second squared | 807 ee 
and the direction of the force is – У, so the drag opposes the vector ond squared) at sea level, and is directed vertically downward. i 
velocity. The vector form of the drag force is therefore given by: the —J direction. d у? 


SR eR зы ы 
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j--gJ (5.6) 
pSCp 
The quantity 2 appears so often in this chapter, it is 


convenient to define a special symbol: 
& _ PSCy рл Cy 
^ 2m 8С 


(5.7) 


where C = т/ d? ,the ballistic coefficient of the projectile. 

[Note that the quantity C. is not dimensionless; it has the units 
of (1/length). In later chapters we will introduce another dimen- 
sionless quantity C7, defined as C; = C; , for use with distance 
measured in nondimensional units (calibers)]. 

Substitution of equations (5.4) through (5.7) into equation (5.3), 
and collection of coefficients of the three unit vectors yields the 
three scalar differential equations: 


V, = -Ĉ VV, (5.8) 
V, = -CSWV, - g (5.9) 
V, =-CW, (5.10) 


The scalar magnitude of velocity, or speed, is found from the 
vector dot product of V with itself: 


2 v.v 2 2 2 
у= VeV =V? у? + у: (5.11) 
Taking the square root of both sides of equation (5.11): 
ly? 2 2 
V= V; +V +V, (5.12) 


Equations (5.8), (5.9) and (5.10), together with equation (5.12), 
are an exact statement of Newton's second law of motion for a pro- 
jectile acted on only by the forces of aerodynamic drag and gravity. 

Note that equations (5.8) through (5.10) all contain the scalar 

magnitude of velocity, V, and the three differential equations are 
therefore non-linearly coupled to each other through equation (5.12). 
This nonlinear coupling is the cause of the analytical intractability 
of the point-mass differential equations. In Chapter 3, we observed 
that a simple, analytical solution for the vacuum trajectory was eas- 
ily obtained; however, no such analytical solution exists for the 
point-mass trajectory. Thus two options are available for point-mass 
trajectories: (1) the equations can be linearized (approximated) in 
such a manner as to permit an analytical solution, or (2) the full 
nonlinear equations can be solved numerically. Classical exterior 
ballistics of the nineteenth and early twentieth centuries was domi- 
nated by the first option, due to the labor-intensive nature of manu- 
ally-computed numerical solutions. In modern practice, whenever 
maximum accuracy is desired, the full nonlinear point-mass differ- 
ential equations are readily solved numerically on a high-speed digi- 
tal computer, and now even with “personal computers.” 


One of the most useful linearized forms of the point-mass tra- 
jectory equations is the flat-fire approximation, which we will con- 
sider in the remaining sections of this chapter. Modern methods 
using numerical integration are described in Chapter 8. 


5.3 THE FLAT-FIRE APPROXIMATION 

A flat-fire trajectory is defined as a trajectory that is restricted to lie 
everywhere close to the X-axis. It is intuitively obvious that the 
velocity components V, and V, are much smaller than the compo- 
nent ү. for any flat-fire trajectory. If there is no crosswind, V. ma 
be dropped with no loss in generality, and equation (5.12) reduces 


to: 
V [02+ 02 =V,J1+(V,/V,) 


The right-hand side of equation (5.13) is now expanded in a 
binomial series: 


(5.13) 


1 1 
У-у ум А em 


Equation (5.14) shows that V and Y differ by less than 1/2 of 
one percent if the following inequality is satisfied: 


lV, /V,| «10: 


(5.15) 


Inequality (5.15) tells us that since У, /V, = tan@ , a strict 
mathematical definition of flat-fire requires both the angle of de- 
parture and the angle of fall of the trajectory to be less than 5.7 
degrees above the horizontal. (In practice, angles as large as fifteen 
degrees can be tolerated without incurring serious trajectory errors). 

Substituting the flat-fire approximation V = V, into equations 
(5.8) and (5.9) yields the differential equations of motion for a flat- 
fire trajectory: 


Ep (5.16) 
х VCD'x 
y дж (5.17) 
V 一 -СьУ,У, -8 


Тһе independent variable in equations (5.16) and (5.17) is time. 
However, downrange distance, X, is frequently a more convenient 
independent variable than is the time. Equations (5.16) and (5.17) 
are readily transformed into new equations with distance X as the 
independent variable: 

t 


X= f У аз, » by definition. (5.18) 
0 
y .4W _™ KX .,4V. yy (5.19) 
= d ах а gk ** 
dV, dV, ах dV. 20 
= РА = < ө камен А zm V V' (S. 
" dt dX dt А ах ху 
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Substituting equations (5.19) and (5.20) into equations (5.16) 
and (5.17): 


^ 


ұлша (5.21) 
, At 8 
V = -CD5V = v (5.22) 


Equations (5.21) and (5.22) are the flat-fire differential equa- 
tions of motion, with downrange distance as the independent vari- 
able. An exact analytical solution of equations (5.21) and (5.22) 
exists, and it is given by: 


x 
al Сый (5.23) 
X е 
„Језа х Је 
У =е ° Vie ) = e° ds, (5.24) 
fé (5.25) 
V x Cpds, 。 
这 = oa E 0 
7 tang = tang, 18), ds, 
X 2 2 Xs af Еа 
Y=Y,+Xtang,-2— |= ffe? ^ asas 
n 
1 7 Гоа 
t =— Íe’ d. : 
v.d 5; (5.27) 
where ф = angle of fall (inclination) of the trajectory 


办 = gun elevation angle above horizontal 
Y = trajectory height at range X 
Y, = initial trajectory height 
t = time of flight to range X 
S, » S, , and s, are dummy variables of integration 
Equations (5.23) through (5.27) are called “quadrature solu- 


tions." If the variation of aerodynamic drag is known at all points 
along the trajectory, the definite integrals, or quadratures can be 


evaluated. However, the disadvantage of quadrature solutions is 
obvious; unless the variation in С, is restricted to elementary func- 
tions, the evaluation of the definite integrals does not result ina 
closed form analytical solution, and thus requires numerical inte- 
gration methods. The exact quadrature solution of the flat-fire equa- 
tions is therefore of little practical value in exterior ballistics. In the 
next sections of this chapter, we will look at some special analyti- 
cal forms of drag coefficient variation with Mach number that have 
been found to be useful in the calculation of flat-fire trajectories, 
precisely because they give closed form, analytical solutions. 


5.4 SPECIAL ANALYTICAL SOLUTIONS OF THE 
FLAT-FIRE EQUATIONS 

In this section we will consider three special forms of drag coeffi- 
cient variation with Mach number that have proved to be both simple 
and useful in flat-fire trajectory analysis. The three special forms 
are: (1) constant drag coefficient, (2) drag coefficient inversely pro- 
portional to Mach number, and (3) drag coefficient inversely pro- 
portional to the square root of Mach number. All of these are use- 
ful, but in different flight speed regions, as we shall see presently. 

The difference in height between the lowest and highest points 
of a flat-fire trajectory is so small that both air density and air tem- 
perature may be assumed to be constant everywhere along the flight 
path. The speed of sound in air is also constant, since it depends 
only on the temperature. 

The differential equations for which we will need solutions are 
equations (5.16), (5.17) and (5.21) of the previous section. The so- 
lution of (5.21) was given as equation (5.23), and the required solu- 
tions of equations (5.16) and (5.17) are: 


V, = Ža (5.28) 
1+У, Саз, 
0 
(У, \ ds 
V,=|—21V, -gV f— (5.29) 
y x х ы 
Ex Ет? 
Inverting equation (5.23) gives: 
dt 1 [>к 
一 一 = е 
dX V (8.30) 
Integrating equation (5.30) yields: 
1 x f C pds, 
і--- [ её аз, (5.31) 
хо 0 


The inclination along the trajectory is given by the ratio of V 
了 


to V. , from equations (5.28) and (5.29): 


V ds 
tan = КЕД = t -— LL R 
ф an, ef ; (5.32) 


x 


1 PEN 
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Finally, the height at any point along the trajectory is found 
from the integral of equation (5.29): 


t t 
rx xang еи [s 
0 0 


x 


(5.33) 


The quadrature solutions given by equations (5.28) through 
(5.33) are now evaluated for the three special forms of drag coeffi- 
cient variation with Mach number. These equations retain both X 
and t as independent variables, because it will simplify the notation 
later in this chapter. 


5.5 CONSTANT DRAG COEFFICIENT (SQUARE LAW OF 
AIR RESISTANCE) 


Let Cj = Ку ,aconstant value (5.34) 
Then С = Pe. AL k, (5.35) 
2m 2m 


Substituting these definitions into equations (5.23), (5.27), 
(5.29), (5.32) and (5.33) gives: 


V, 
人 (5.36) 
z 1+ V, kt 
t 1 
V, =V, tang, - 2 (147 V, kt) (5.37) 
V 
tang = — = tan, - val + АА) (5.38) 
х Ls 2 
In|1- V, kt 
Y =Y, + Xtan6, -lef Е 0и | „А ) (5.39) 
b vk (vas) 
The time of flight is obtained from equation (5.31): 
1 kX 
aru (65-1 (5.40) 


Equation (5.36) is now used to eliminate k, from equations 
(5.37) through (5.40). The final results are summarized below for 
any flat-fire trajectory with constant drag coefficient: 


V, = У, еч" (5.41) 


k= РЕС, ‚ where Cp is constant (5.42) 
m 


V. f 
jee ics -1|/ In - шы 
VON ve 
gt |1 V. 
tan ф = ќапф, - ——|—|14 —- 
nó Po A E 2 (5.44) 


rd AV ues Dy 
ate) ley Aseo 


The flat-fire trajectory with constant drag coefficient is often а 
useful approximation in modern exterior ballistics. Most subsonic 
projectiles have nearly constant drag coefficients, as we observed 
in Chapter 4. Constant drag coefficients are also characteristic of 
projectiles flying at hypersonic speeds. Over a short distance, the 
variation in drag coefficient is usually small for any projectile at 
any flight speed, and a constant drag coefficient is often an ad- 
equate approximation in free-flight ballistic range work. 


Example 5.1 

The standard military load for the Caliber .45 М1911ЛІ pistol 
is the Ball M1911 round, which contains a 230 grain round nose 
full metal jacketed bullet loaded to a muzzle velocity of approxi- 
mately 860 feet per second. The projectile reference diameter is 
0.452", the ICAO sea-level standard air density is approximately 
0.0765 pounds per cubic foot, and the average measured value (Ref. 
2) of the M1911 drag coefficient at subsonic speeds is 0.205. Use 
equations (5.41) through (5.43) to construct a ballistic table of strik- 
ing velocity and time of flight out to 200 yards range, in 25 yard 
intervals. 

The reference area, S, and the projectile mass, m, are: 


2 

$_ а (452 

4 4\ 12 / 
230 


= + =0.03286 pound 
77 000 pM 


= 0.001114 f? 


(.0765)(.001114) 


205) = 0.0002658 ft^ 
2(.03286) (205) 


Теп А= 


The downrange striking velocity апа time of 位 ght аге: 


V, = 860 е 002658 Х (5.46) 


(5.47) 
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Substituting the appropriate values of X in equation (5.46), and 
both X and V, in equation (5.47) yields the values listed in Table 


5.1: 


V. (ft./sec.) 
860 
843 
826 


810 
794 
779 
763 
748 
733 


Example 5.2 

The top of the front sight blade on the M1911A1 pistol is 0.56" 
above the bore centerline. We will take g = 32.174 feet per second 
squared, and Y = -0.56" = -0.0467 foot, relative to line-of-sight 
coordinates. Use equation (5.45) and the results of Table 5.1 to find 
the gun elevation angle required to zero the pistol at 50 yards range. 
Given a 50 yard zero, where will the bullet strike at the other ranges? 

Since the pistol is to be zeroed at 50 yards, Y= 0 when X = 150 
feet. The time of flight to 50 yards is 0.178 second, and V, = 826 
feet per second. We substitute the appropriate values in equation 
(5.45) and solve for Q, : 


0 = -.0467 +1501апф, – 5 (32.174)(.178) > + 24.294 — 23.807 


150 tan, = 0.5496, or tang, = 0.003664 


The required elevation angle for a 50 yard zero is: 
ф = tan "(0.003664) =12.6 minutes 


The trajectory height at the other ranges is now obtained from 
equation (5.45), and the results are listed in Table 5.2: 


Table 5.2 


Table 5.2 shows that if the caliber .45 pistol is zeroed at 50 
yards range with military ball ammunition, the bullet will strike 
about 1.2 inches above point of aim at 25 yards, and about one foot 
low at 100 yards. The gravity drop of the low velocity projectile 
increases rapidly for ranges beyond 100 yards. 


5.6 DRAG COEFFICIENT INVERSELY PROPORTIONAL 
TO MACH NUMBER (LINEAR LAW OF AIR RESISTANCE) 


Let Cn = K,/M ,where M is Mach number, and К, is a 


constant. (5.48) 
^ PS ps К, 

Then С, = — C, = -——— (5.49) 
9 2m ? 2m M 

For flat-fire, M = V,/a ,wherea-speedofsound (5.50) 

We define k, = p> К,а (5.51) 

2т 
ты Сыры. S (5.52) 
2m V, V, 


Substituting these definitions into equations (5.16), (5.17) and 
(5.21): 


V, = -k,V, (5.53) 

V, = -k,V, -g (5.54) 
dV, 

Vi =— =-k 5.55 

* dX М SoA 


Integrating equations (5.53) through (5.55), and eliminating k, 
between the solution equations yields the results summarized be- 
low. The details are left as an exercise for the interested reader. 


V, = V, -kX, (5.56) 
where the definition of k, is given by equation (5.51). 
V 
= Хі, Хо 1 一 V. (5.57) 
Ye. ox V. 
stans ce 
tang = tan, A | 7 -1) /in{t-v, /V,)| (5.58) 


|А 


Y =Y, + Хїапф„ -5 әу nl V ) 1 - iE | | 9% (Б 


жашыды ИЕН НЕКЕ ККЕ нк Se 
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The flat-fire trajectory with drag coefficient inversely propor- 
tional to Mach number is often useful at very high supersonic speeds. 
Celmins (Ref. 3) has recently noted the utility of this approxima- 
tion in the reduction of free-flight range data for modern high ve- 
locity kinetic energy penetrator projectiles. Celmins observed that 
if the entire useful flight of the projectile lies above Mach 2.5, equa- 
tion (5.48) is an accurate description of the variation of the drag 
coefficient with Mach number. Thus equations (5.56) through (5.59), 
with the definitions of equations (5.48) and (5.51), give a good ap- 
proximation to the flat-fire trajectories of many projectiles that fly 
at high supersonic speeds. 


5.7 DRAG COEFFICIENT INVERSELY PROPORTIONAL 
TO THE SQUARE ROOT OF MACH NUMBER (3/2 POWER 
LAW OF AIR RESISTANCE) 


Let С, = К, /VM , where M = Mach number, and K, is a 
constant. (5.60) 


Th C, = С = — 5.61 
Е 27 т? 2m4M се 
We define k, = PS ka (5.62) 
2m 
» pS a k 
=—K, | 一 = 5.63 
? 2m Чу, V, PS 


If these definitions are substituted into equations (5.16), (5.17) 
and (5.21): 


Caliber .30 Ball M2 


1.5 2.0 
Mach Number 
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Integrating equations (5.64) through (5.66), and eliminatin 
among the solution equations, gives the results summarized һе) 


2 
v -|y en]. 


where equation (5.62) is the definition of k,. 


gt 1f, 


tan ф = tang, E 


(5.64) 
(5.65) 
(5.66) 


gk, 
Ow; 


(5.67) 


Equation (5.70) was derived by McShane, Kelley and Reno 
(Ref. 4) in their classical textbook “Exterior Ballistics.” The au- 
thors noted the usefulness of this approximation in computing the 
gravity drop of flat-fire trajectories. A. J. Pejsa's recent book “Mod- 


SPARK RANGE C 1, (BRL R 1630) 


Cp, - 0.491 //M 


Figure 5.2 Zero- 
Coefficient versu 
Number, 


Yaw Drag 


s Mach 
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ern Practical Ballistics” (Ref. 5) also takes advantage of the fact 
that the drag coefficients of many modern small arms projectiles 
are accurately described by equation (5.60) over most of the super- 
sonic flight regime. 


Example 5.3 

The service rifle cartridge used by U. S. infantry forces in the 
Second World War was the caliber .30 Ball M2, which fired a 150 
grain flat-based spitzer bullet at a muzzle velocity of approximately 
2800 feet per second. Over the Mach number range 1.2 to 3, Figure 
5.2 shows that for K = 0.491, equation (5.60) agrees closely with 
the spark range measured drag coefficient curve for the .30 Ball 
M2 bullet. Using Army Standard Metro values of 0.0751 pounds 
per cubic foot for air density and 1120 feet per second for the speed 
of sound in air, calculate a table of striking velocity, time of flight, 
gun elevation angle, and terminal angle of fall out to 600 yards 
range, in 100 yard intervals. 

The reference area, S, and the projectile mass, m, are: 


2 
S= д ДЕ z(29 = 0.0005174 fi? 
150 
m= 7000 = 0.02143 pound 
Then k = se aori 120 = 0.0149( ft — sec) ^ 


The downrange striking velocity and time of flight are found 
from equations (5.67) and (5.68). Equation (5.70) with Y, -0is 
then solved for tan ф, when Y= 0, and finally, equation (5.69) is 
used to determine the angles of fall at the various ranges. The re- 
sults are summarized in Table 5.3: 


The approximate values given in Table 5.3 for the caliber .30 
Ball M2 projectile agree very closely with those obtained by mod- 
ern numerical integration methods, at ranges out to 600 yards. At 
longer ranges, where the velocity drops to transonic and subsonic 
speeds, the agreement is less satisfactory, as would be expected 
from Figure 5.2. However, Examples 5.1 through 5.3 demonstrate 
the practical utility of the various approximations in the calculation 
of flat-fire trajectories over moderate ranges. 


5.8 COMPARISON OF FLAT-FIRE TRAJECTORY 
APPROXIMATIONS 

The time of flight, angle of fall, and trajectory height equations of 
the previous three sections may be written in the general form: 


t= X T (5.71) 
V. 

tanó - tan, - £p (5.72) 

Y =Y, + Хїапф, - Zero (5.73) 


The function T in equation (5.71) is the ratio of actual time of 
flight to the time of flight in a vacuum. Likewise, the function P in 
equation (5.72) is the ratio of the actual angle of inclination to the 
vacuum angle of inclination. The function Q in equation (5.73) is 
the ratio of of the actual trajectory drop to the drop that would be 
observed for a flat-fire vacuum trajectory. The functions T, P, and 
Q are obtained by inspection of equations (5.43) through (5.45), 
(5.57) through (5.59), and (5.68) through (5.70), for the three spe- 
cial analytical forms of drag coefficient variation with Mach num- 
ber. The results are summarized in Tables 5.4 through 5.6: 


Table 5.4 


i 


Xo 
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Table 5.5 
Drag Coefficient Variation 


Cp = K,/M 


C, = K,/\M [Le 4. %, + (и, уу) 


The functions Т, Р, апа О for the three different drag coeffi- 
cient variations appear to be totally unrelated to each other, How- 
ever, if we evaluate the functions for various values of |А V а 
somewhat surprising (and useful) result is obtained; for ККЕ 
of V, /V,, > 0.5, the functions T, P, and О are practically indepen. 
dent of the particular form we choose for the drag coefficient varia. 
tion with Mach number. Tables 5.7 through 5.9 illustrate the ге. 


sults: 


Table 5.6 


Drag Coefficient Variation 


Constant С, 


Tables 5.7 and 5.8 show that the differences between the high- 
est and lowest values of the time of flight and angle of fall func- 
tions are less than 4 percent, for all V, / V,, > 0.5. The trajectory 
height (or gravity drop) function shows even less difference be- 
tween the highest and lowest values; for У, / V 0.5, the largest 
difference in Q is less than 0.5 percent. The time of flight, angle of 
fall, and gravity drop for flat-fire trajectories are thus observed to 
be relatively insensitive to the variation of drag coefficient with 
Mach number, out to the range at which the velocity has decayed to 
one-half the muzzle velocity. Furthermore, the last column in Tables 
5.7 through 5.9 is nearly the average of the second and third, and 
we see that a drag coefficient which varies inversely as the square 
root of the Mach number is an excellent choice for all-around use 
in flat-fire trajectory approximations. 


96 


5.9 SUMMARY 


The exact differential equations of motion for a point-mass trajec- 
tory are derived in this chapter. The exact equations are then linear- 
ized by means of the flat-fire assumption, and several of the classi- 
cal flat-fire approximations are derived. A particularly useful result 
is obtained for the special case in which the drag coefficient varies 
inversely as the square root of the Mach number. 

A useful rule of thumb for practical application of the flat-fire 
equations is suggested by Tables 5.7 through 5.9. For ranges be- 
yond the point at which the striking velocity has decayed to one 
half the muzzle velocity, the flat-fire results become increasingly 
more sensitive to the variation of the drag coefficient with Mach 
number. Thus the flat-fire equations should only be used out to the 
range at which the remaining velocity is at least one-half the muzzle 


velocity V, = V. 人 2.- 
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Table 5.7 


T 
[C= constant] 


Table 5.8 
了 
[С „= constant] 


Table 5.9 
Q Q 
[C= constant] іс, = К, / M] 
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The Siacci Method for Flat-Fire Trajectories 


6.1 INTRODUCTION 

In section 5.1 of the previous chapter, we observed that one of the 
most useful approximate methods for flat-fire trajectory calcula- 
tion was introduced in 1880 (and in improved form in 1886) by 
Col. Francesco Siacci of Italy (Ref. 1a, Ref. 1b). The Siacci method 
is designed for trajectories with angles of departure less than fif- 
teen degrees, and it reduces any flat-fire trajectory to easily tabu- 
lated quadratures giving distance, time, inclination (flight path angle) 
and altitude (height) in terms of a “pseudo-velocity,” which will be 
defined in the next section. 

In America, the most widely known set of ballistic tables based 
on Siacci's method are the Ingalls' Tables (Ref. 2a, Ref. 2b), first 
published in 1900 as "Artillery Circular M," by Col. James M. 
Ingalls of the U. S. Artillery. Ingalls' Tables used the Mayevski- 
Zaboudski drag function (Ref. 2c), which was based on firings done 
by the German firm of Krupp at Meppen Proving Ground, Ger- 
many, from about 1875 to 1881. 

The Siacci method is no longer used in U. S. Army Ordnance, 
as modern numerical integration has now replaced all the classical 
approximate methods. However, Siacci's method is still in wide- 
spread use throughout the U. S. sporting arms and ammunition in- 
dustry, and for the short ranges common to sporting projectile tra- 
jectories, its accuracy is sufficient for nearly all practical purposes. 


6.2 SIACCI ASSUMPTIONS AND APPROXIMATIONS 

The three fundamental assumptions made in the Siacci method are: 
(1) the difference in height of the lowest and highest points of the 
trajectory is small enough that the air density may be assumed to be 
constant along the trajectory, (2) the air temperature along the tra- 
jectory is also constant, and differs insignificantly from the stan- 
dard air temperature, and (3) the value of the velocity, V, is very 
well approximated by V, весф, along the entire trajectory, where 
У is the horizontal component of velocity and $,, is the angle of 
departure in the vertical plane. 

The first of the above assumptions is straightforward; the sec- 
ond is a little more subtle. The drag coefficient depends on Mach 
number, not on velocity. However, if the air temperature remains 
everywhere close to the standard value, the drag dependence on 
Mach number may be replaced with a dependence on velocity, with- 
out incurring significant error. 


The author's friend and colleague, W. C. Davis, Jr., of the Tioga 
Engineering Company, has recently pointed out that modern Siacci 
calculations make a temperature (speed of sound) correction to the 
velocities before entering the tables. Thus the independent variable 
used is actually equivalent to the Mach number, and the second 
assumption made above is no longer required. 

Siacci's quantity V, sec $, is called the “pseudo-velocity,” and 
is defined as the product of the horizontal component of velocity 
and the secant of the angle of departure. 

V 2V.secó,, or V, = Усоѕф, (6.1) 

The expression V, = V cos$ is exact everywhere along the 
trajectory, and we observe that the third Siacci assumption is equiva- 
lent to the flat-fire condition, i.e., the change in cos along the 
flight path is everywhere very small. 


6.3 DERIVATION OF THE SIACCI FUNCTIONS 

Equations (5.8) and (5.9) from the previous chapter are an exact 
statement of Newton's second law of motion for a planar trajectory 
acted on by the forces of aerodynamic drag and gravity: 


d ү дж 
= 2 Суу (5.8) 
dt 
ау, a, 
Vp- АДЫ: (5.9) 
Substituting the second equation of (6.1) into equation (5.8): 
V cosó, = - C, V? соѕф,, (6.2) 
о, 4У 2-y? (63) 
й Я 
The reference area, 5, is defined іп the usual way: 
三 л d? (6.4) 
4 
Then, е prd 2C D pac D (6.5) 
8m 8C 
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where C= m (in American practice, C has the units 
a Ib/in?) (6.6) 
aC,V 
іа GV) = Т» (6.7) 
Ar G( ү 
Then, Co = ру (6.8) 


Substituting equation (6.8) into equation (6.3) апа inverting: 


а -С 


= (6.9) 
dV VG(V) 


Equation (6.9) is the differential equation of the Siacci time of 
flight function. The space, or distance equation is now readily ob- 
tained: 


dX dX. dt _ „Шш _ү {=< (6.10) 


ау а ау ‘dv VG(V) 
dX -Ссовф (6.11) 
dV GUV) 


Equation (6.11) is the differential equation of the Siacci space 
function. The inclination equation is now derived: 


dY V V, 
tang =—— =2 = 6.12 
ang dX V, y 5°°% oe 
И AT ф, = - C; Vsecó (6.13) 


БАЛА 
y» sec ф, (6.15) 
Substituting equations (6.13) апа (6.14) into equation (6.15) 


and simplifying: 


5 


oo В - sec ó, (6.16) 
(tang) _ d(tang) , dX (6.17) 
ау dX ау 


We now substitute equations (6.11) and (6.16) into (6.17), and 
the differential equation of the Siacci inclination function is: 


d(tan ф) Е gCsecó, 


(6.18) 
dV ҮСУ) 


The differential equation for the Siacci altitude function is now 
readily obtained, with the help of equations (6.11) and (6.12): 


dY dY dX _-Ccosġ,tanġ 
G(V) 


Ж. (619) 
ау ах ау 


The utility of the Siacci method is based on the use of numeri- 
cal quadrature to tabulate four primary functions, which are the 
solutions of equations (6.9), (6.11), (6.18), and (6.19). А value V, , 
greater than the largest expected value of muzzle velocity, is se- 
lected. The definitions of the four tabulated Siacci functions are: 


Vmax 
T(V) = f zu. [the units of Т(У) are 
y VG(V) sec-in?/Ib] (6.20) 
V, 
mm dV 
SV) = f 一 一 一 [the units of S(V) are 
Í G(V) ft-in?/Ib] (6.21) 
у, 
^ 2gdV . 
ЦУ) = [| 一 一 一 一 [the units of I(V) are 
І V*G(V) inzlb] (6.22) 
Ух 
А(У) = f душу [the units of A(V) are 
у GV) ft_inylb?] (6.23) 


The above integrals are the four primary Siacci functions, for 
the drag function G(V). 

The function S(V) is the downrange distance travelled, or space 
function, T(V) is the time of flight function, I(V) is the trajectory 
inclination function, and A(V) is the altitude, or trajectory height 
function. The solutions of equations (6.9), (6.11), (6.18) and (6.19) 
are now obtained, and the results are expressed in terms of the four 
tabulated primary Siacci functions. 

Integrating equation (6.9) and substituting equation (6.20) 
yields: 

^ ау 
і--С [ ТЕ) Т(у) - T(;)] 


A similar integration of equation (6.11), with the definition of 
equation (6.21) gives: 


(6.24) 


V 
Х= Соз, г = Ccos¢,| S(V) 一 SC )] (6.25) 
% 


Integrating (6.18) апа substituting equation (6.22): 


: gdV 

tang = tang, +C 一 二 一 一 
$ = tan, H І GW) (6.26) 
tang = tang, - 5 seco [reo -Kv)| 627 


Finally, we integrate equation (6.19) with the help of equation 
(6.25), and substitute equations (6.22) and (6.23): 


1 i 
Y= Храп ф, + 2009), -2<149- А(У,)] (6.28) 
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Dividing both sides of equation (6.28) by equation (6.25) and 
rearranging terms: 


AQ) - AQ) _ 
SQ) = SQ) к) ш 


The four equations (6.24), (6.25), (6.27) апа (6.29) тау now 
be used with а set of tables for the primary Siacci functions, to 
calculate flat-fire trajectories for any projectile whose aerodynamic 
drag is well approximated by the drag function G(V). 

These equations (in a rearranged order) are collected below 
for easy reference: 


Ү/Х = ќапф, - + Csecd, 


Х-Ссовф,|%У)- S(V,)] (6.30) 
t= C{T(V)-TV,)] (6.31) 


= -1 AV) - AV.) _ 6.32) 
Y - Y, +Xtang, а [S 00] ( 


tang = tang, — = Csec $,| 1(V) - KV,)] (6.33) 


Note the alternative form of equation (6.29), in which both 
sides are multiplied by the range, X. The initial height, Y, , has been 
added to generalize the trajectory altitude function, and the result is 
equation (6.32). 

The derivation given above for the primary Siacci functions fol- 
lows that of McShane, Kelley, and Reno (Ref. 3); it also gives essen- 
tially the same results as the Kent-Hitchcock method (Ref. 4). A more 
general derivation, provided by D. G. Miller, of Livermore, Califor- 
nia in a private communication to the author (also see Ref. 5a, b, c), 
gives the results expressed below as equations (6.34)-(6.37): 


X- Als”) -s(v.)] (6.34) 

ы ET [т(у)- (v;)] (6.35) 
Y = Y, + Хіапф, - йок st) sti) - (ы) (6.36) 
tang = tan, - жой FA) (6.37) 


Col. Ingalls described the factor 8 as an “integrating factor” 
that was intended to compensate for the errors introduced by sev- 
eral approximations made in Siacci's method. Various choices may 
be made for the factor, 2. If we choose В = sec @,, we get the same 
results as given in equations (6.30-6.33). Col. Ingalls chose to use 

В = sech, , Which turns out to be an excellent all-around value, 
as we will demonstrate in a later chapter. For short ranges and very 
flat-fire trajectories, where ф„ < 5 degrees cos ġ, ~ 1, весф, ~ 1, 


and f =1. The following approximations with f = 1 are therefore 
generally used in calculating short range trajectories for sporting 
use: 


x = ds(v)- s(v.)] 
:-((т(у)-т(у,)| 


Y - Y, +Xtang, - 2 CX 


(6.38) 


(6.39) 


(6.40) 


tan ф = tang, – zd) = 1(V,)| 


The definitions of symbols in the above equations are collected 
below for the reader's convenience: 


(6.41) 


X = downrange distance, or range (feet) 
t = time of flight (seconds) 
Y = trajectory height, or altitude (feet) 
Ү = initial trajectory height (feet) 
ф = trajectory inclination angle 
ф, = angle of departure (gun elevation angle) 
V = velocity at range X (feet per second) 
V, = muzzle velocity (feet per second) 
С = ballistic coefficient (pounds per square inch) 
S(V) = Siacci space function (ft-in?/Ib) 
T(V) = Siacci time of flight function (sec-in?/Ib) 
(У) = Siacci inclination function (in?/lb) 
A(V) = Siacci altitude (height) function (ft-in'/Ib^) 


f = dimensionless Siacci correction factor (genet 
ally, a function of cos $,) 


6.4 THE COMPUTATION OF SIACCI BALLISTIC TABLES 
The four primary Siacci functions, as defined by the integrals 0 
equations (6.20) through (6.23), are tabulated at the end of this chap- 
ter, for the Ingalls and G, drag functions illustrated in Chapter 1, 
and the С, G,, Gy, G, and G, drag functions shown in Chap? | 
Siacci tables are also included for “G,,” (G-SPhere), which 8 
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drag function shown in Chapter 4 for a 9/16-inch diameter smooth 
steel sphere. 

All the above ballistic tables were computed using a standard 
numerical integration method (Simpson's Rule) on a modern mi- 
cro-computer, and are tabulated for velocities from 4500 feet per 
second (fps) down to 100 fps, in 10 fps intervals. In order to main- 
tain consistency with classical published tables, the Army Standard 
Metro sea-level atmospheric and gravity values were used: 


р„= 0.075126 pound per cubic foot 
à = 1120.27 feet per second (speed of sound in air at 59°F) 
g 732.16 feet per second per second 


The present ballistic tables agree to within the numerical round- 
off error with Ingalls' Tables (Ref. 2), (Ref. 6), and with those on 
file for G2 through G8 (Ref. 7), (Ref. 8), at the Ballistic Research 
Laboratory. Most of the tables included in this chapter have not 
previously been published in any forum available to the general 
public. The reader who is interested in Siacci methods is encour- 
aged to take advantage of the flexibility offered by available ballis- 
tic tables for a variety of aerodynamic drag functions. 


6.5 THE PRACTICAL USE OF THE BALLISTIC TABLES 


The generalized ballistic coefficient for use with the tables of this 
chapter is given by: 


(6.42) 


where C, = ballistic coefficient, relative to drag function “j” 


i = form factor, relative to drag function “j” 
j =ING, 1, 2, 5, 6, 7, 8 or SP for the present tables 
m - projectile mass (pounds) 
d = projectile reference diameter (inches) 
p = local air density (pounds per cubic foot) 
р„= standard sea-level air density (0.075126 Ib/ft ) 
The air density correction is useful for calculating trajectories 
at various altitudes above sea level, and will be described later. If 


P = ро, the ballistic coefficient for sea-level standard air density 
reduces to the classical form: 


m 
C, = —~ (6.43) 
j i, 4? 


The form factor of апу given projectile relative to опе of the 
standard shapes is simply the average ratio of the actual projectile 
drag coefficient to that of the standard shape, over a suitable Mach 
number range: 


(6.44) 


The practical application of equation (6.44) requires a table of 
the drag coefficients versus Mach number for all eight of the refer- 
ence standard drag functions used in this chapter. Table 6.1 (p 112) 
at the end of this chapter lists the required values. 


Example 6.1 
The variation of the zero-yaw drag coefficient with Mach num- 
ber for the caliber .30 Ball M2 bullet (Ref. 9) is illustrated in Figure 
6.1. Selected values from the Ball M2 drag curve are listed in Table 
6.2: 


Table 6.2 
Drag Coefficient Table for the Caliber .30 Ball M2 Projectile 


0 ; 


5 373 
351 
331 
305 
271 


The reference diameter of the caliber .30 Ball M2 bullet is 
0.308" and its nominal weight is 150 grains. Use the results of Tables 
6.1 and 6.2 to determine the best drag function and sea-level ballis- 
tic coefficient, from Mach 3.0 down to Mach 1.4. Try the Ingalls, 
G, G, and G, drag curves, which are for flat-based projectile shapes. 

The form factors of the caliber .30 Ball M2 bullet, relative to 
the four drag functions, are computed by means of equation (6.44), 
and are listed in Table 6.3 for selected supersonic Mach numbers: 


Table 6.3 
Form Factors for the Caliber .30 Ball M2 Projectile 


1.4 ‚644 


Std. Dev. 
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The average form factors and the standard deviations are ob- 
tained with the help of a modern scientific hand-held calculator. It 
is evident that the G, drag function is the best of the four consid- 
ered for the caliber .30 Ball M2 projectile at supersonic speeds; the 
standard deviation in i, is the smallest of the four form factors. 

The fact that the G8 drag function gives the best approxima- 
tion for the caliber .30 Ball M2 bullet is somewhat surprising, be- 
cause the Ball M2 shape is very close to that of Projectile Type 6. 
The G, drag function is often superior to G, for flat-based tangent 
ogive rifle bullets, as we will note in a later section of this chapter. 

The ballistic coefficient to be used with the G, ballistic tables 
is found from equation (6.43) and the average value of i, from Table 
6.3: 

150 


(1.073)(7000)(:308): 


Example 6.2 
Use the results of Example 6.1 and the С, ballistic tables at the 
end of this chapter to calculate the trajectory of the caliber .30 Ball 
M2 bullet out to 600 yards range, if the muzzle velocity is 2800 
feet per second and the angle of departure is 19 minutes. Tabulate 
the results in 100 yard intervals. 
From the G, tables we find: 


= 0.2101b/in? 


S(V, ) = 10006.1 ft-in"/Ib 

T(V, ) = 2.804 sec.-in"/Ib 

K(V,) = 0.05149 in"/Ib 

A(V, ) = 217.19 ft-in*/Ib? 

tan ф, = tan (19 minutes) = 0.005527 
Equation (6.38) is first solved for S(V): 


S(V) = S(V, ) + X/C = 10006.1 + X/(0.210) (6.45) 


= 0.210 [T(V) - 2.804] (6.46) 


\ 


А(/)-2179 _ 0.05 149| | (6.47) 


Ү=Х [0.005227 ~ 0.105| 一 一 一 一 -一 一 
| Боас 
The trajectory computation proceeds as follows: 
| Values of S(V) are computed from equation (6.45), and recorded 
in the third column of Table 6.4. Since our Siacci values are tabu- 
lated every ten feet per second, the corresponding values of veloc- 
ity, V, must be obtained from the G, table by linear interpolation. 
The interpolation process is illustrated below, for the 100 yard val- 
ues of V, Т(У) and A(V). The usual units of S(V), T(V), ҚУ) and A(V) 
apply, and for the sake of brevity, will not be carried along through- 
out the calculations. 


S(V) = 11434.7 lies between 11388.0 (V = 2580 fps), and 
11451.5 (V = 2570 fps). The method of linear interpolation gives: 


V = 2580 + [(2570-2580)/(11451.5 - 11388.0)] (11434.7-11388.0) 
V = 2572.6 fps 


The values of T(V) and A(V) for V = 2572.6 fps are now found 
by two additional linear interpolations. 


У = 2572.6 fps lies between V = 2580 fps and V = 2570 fps. 
T(V) 23.318 + [(3.343 - 3.318)/(2570 - 2580)] (2572.6 - 2580) 
T(V) = 3.337, for V = 2572.6 fps 

A(V) = 296.61 + [(300.68 - 296.61)/(2570 - 2580)] (2572.6 - 2580) 
A(V) = 299.62, for V = 2572.6 fps 
Similar linear interpolations are used to compute the remain- 


ing values of V, Т(У) and A(V), for ranges from 200 to 600 yards. 
The complete results are shown in Table 6.4, below: 


Table 6.4 
Caliber .30 Ball M2 - G8 Ballistic Tables 


Range (Yds.) | X(Feet У(#рѕ 


10006.1 
11434.7 
12863.2 
14291.8 
15720.4 
17149.0 
18577.5 


217.19 
299.62 
401.90 
528.12 
683.18 
873.77 
1108.73 


The values of T(V) апа А(У) from Table 6.4 are now substi- 
tuted into equations (6.46) and (6.47) to give the results shown in 
Table 6.5: 


Table 6.5 
Caliber .30 Ball M2 - G8 Ballistic Tables 
Range Cand Y (ие) 
0 0 0 
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The results of modern numerical integration for the same case 
are shown in Table 6.6: 


Table 6.6 
Caliber .30 Ball M2 - Numerical Integration 
Range (Yards) V (fps) Y (Inches) 


The largest difference in velocity is 10 feet per second; the 
times of flight agree to within 0.001 second, and the largest differ- 
ence in trajectory height is 0.1 inch. In general, the Siacci method 
agrees very well with the results of modern numerical methods. 

The next example illustrates the determination of the ballistic 
coefficient and the form factor from a known velocity-distance table. 


Example 6.3 
A table of striking velocity versus range for the 7.62mm Ball 
M80 bullet, fired at a muzzle velocity of 2810 feet per second, is 
given in Table 6.7. The reference diameter is 0.308" and the nomi- 


nal bullet weight is 147 grains. A plot of the Ball M80 Zero-yaw 
drag coefficient versus Mach number, from spark photography range 
firings (Ref. 9), is illustrated in Figure 6.2. Army Standard Metro, 
and the drag coefficient shown in Figure 6.2, were used to calculate 
Table 6.7. The 7.62mm Ball M80 bullet is very similar in shape to 
Projectile Type 7. Use the G, ballistic tables to determine the ballis. 
tic coefficient, С„ and the form factor, i, for the Ball M80 bullet. 


Table 6.7 
7.62mm Ball M80 - Numerical Integration 


Range (Yards) Striking Velocity (fps) 


The velocities in Table 6.7 are recorded to the nearest five feet 


per second. The values of S(V) in the G, ballistic table are easily 
obtained for five feet per second intervals, by averaging the tabu- 
lated values. For example, S(V) at V = 1765 fps is the average of 
the tabulated S(V) values at V = 1760 fps and V = 1770 fps. 


7.62MM BALL M80 


MACH NUMBER 


© BRL MR 1833 


Figure 6.2 Zero-Yaw Drag Coeff 
cient versus Mach Number. 
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The ballistic coefficient is obtained by solving equation (6.38) 
for С: 


С = X/[S(V) - S(V)] (6.44) 


The work is shown in Table 6.8: 


Table 6.8 
7.62mm Ball M80 - G7 Ballistic Tables 
0 0 --- 


10002.2 
11450.9 
12967.9 
14493.6 
16029.1 
17603.3 
19169.0 


100 


The average value of C, for the Ball M80 bullet from the muzzle 
to 600 yards range is 0.200 pounds per square inch, with a standard 
deviation of 0.004. The sectional density is: 


m/d? = 147/[(7000) (.308)?] = 0.221 pounds per square inch 
Solving equation (6.43) for the form factor: 


(6.49) 


For the 7.62mm Ball M80 bullet: 
i, = 0.221/0.200 = 1.105 


Example 6.4 
А .270 Winchester rifle is used for hunting in the mountains, at 
high altitudes above sea level. The ammunition used contains a flat- 
based 130 grain spitzer bullet, which chronographs at 3040 feet per 


8528.0 


100 10074.4 
200 11620.8 
13167.2 
14713.6 


16260.0 


Table 6.9 
.270 Winchester - 130 Grain Bullet - Sea Level - G8 Ballistic Tables 
R (Yards) X (Feet) S(V) V (fps) A(V) Y (Feet) Y(Inches) 
0 0 ; 


second muzzle velocity, and the form factor of the bullet relative to 
Projectile Type 8 is known to be 1.25. The line of sight through the 
scope is 1.8" above the bore centerline, and the rifle-ammunition 
combination is sighted to strike 3 inches above the point of aim at 
100 yards. Use the G, ballistic tables to determine the sea-level 
trajectory in 100 yard increments out to 500 yards range. How much 
would the trajectory differ at 9000 feet altitude above sea level? 
(The air density at 9000 feet altitude is 75% of the value at sea 


level). 
At sea level, the ballistic coefficient is: 
С, = 130/[(1 .25)(7000)(.277)2 ] = 0.194 Ib/in? 


Initial values of S(V,), (У,), and A(V,) are found from the G, 
ballistic tables for V, = 3040 fps: 


S(V,) = 8528.0 
I(V,) = 0.04032 
A(V,) = 149.57 
Equation (6.34) is now solved for S(V): 


S(V) = S(V,) + X/C = 8528.0 + X/(0.194) (6.50) 

The first five columns of Table 6.9 are now constructed. First, 
values of S(V) are determined from equation (6.50), and entered in 
the third column of the table. Corresponding values of downrange 
velocity, V, and А(У) are then obtained by the same linear interpo- 
lation methods illustrated for the construction of Table 6.4. The 
first five columns of data in Table 6.9 are now complete; we will 
return and fill in the values of Y presently. 

The next task is to find the required angle of departure such 
that the bullet strikes 3" above the point of aim at 100 yards range. 
The values of Y, and Y at 100 yards are: 


Y, =-1.8" = -0.15 foot 


Y = 3.0" =0.25 foot, at X = 300 feet 
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Note that the value of Y, is negative, because the X-axis is 
taken as the line of sight, and the trajectory starts below the line of 
sight. 

Equation (6.40) is now solved for tan : 


AMAKI и 
S(V) - S(V,) 


о 


tang, = (Y - ү)/х «zc 


Substituting the appropriate values into equation (6.51): 


0.40 А 0.097| 220.74 – 149.57 


tang, = 一 一 A _ 0.04032 
10074.4 – 8528.0 


300 


tan ф, = 0.001333 + 0.000553 = 0.001886 


Thus, ф,- tan” (0.00 1 886) = 6.5 minutes 
Equation (6.40) is now used to finish the computation of Table 
6.9: 


A(V) - 149.57 
S(V) -8528.0 


The value of Y in equation (6.52) is in feet. Substituting the 
appropriate values into equation (6.52), and converting the results 
into inches gives the last two columns of Table 6.9. 

For the second part of example 6.4, the above computations 
are repeated for an air density corresponding to 9000 feet altitude 
above sea level. We will assume the hunter re-sights his rifle at the 
high altitude, so the shot group again prints 3 inches high at 100 
yards range. The assumption is also made that the air temperature 
and the muzzle velocity are unchanged by the increase in altitude 
(this is probably not true, in general). 

At 9000 feet altitude above sea level, the ratio of standard to 
local air density, ( Pol p) E NAM 1.333 - From equation (6.42) 
we find: 75 


Y = -0.15 + 0.001886X – 0.097X — 0.04032 | (6.52) 


C, = (194) (1.333) = 0.259 Ib./in’, at 9000 feet altitude 


The trajectory calculations for the high altitude case are done 
in the same manner as those for sea level, and the results are listed 
in Table 6.10. The details are left to the reader, who is encouraged 
to work through this problem and verify the results. 


A comparison of the results listed in Tables 6.9 and 6.10 Shows 
that 9000 feet altitude affects the vertical strike of the bullet by 57 
inches at 500 yards range; at 400 yards the difference in trajectory 
height is only 2.5 inches. Such small trajectory differences are in- 
significant, for any practical purpose. 

An even more simple flat-fire trajectory approximation cop. 
sists of the Siacci method for calculation of the velocity and time of 
flight values, followed by the application of equations (5.69) апа 
(5.70) from the previous chapter to determine the inclination and 
altitude values along the flight path. Such hybrid trajectory compu- 
tation methods were very popular in U.S. Army Ordnance until the 
middle of the twentieth century, and are often used today by the 
U.S. sporting arms and ammunition industry. 


6.6 FORM FACTORS OF TYPICAL SMALL ARMS 
PROJECTILES 
The previous section covered the practical use of Siacci ballistic 
tables for the calculation of flat-fire small arms trajectories over 
moderate ranges. Examples of the determination of form factors 
and ballistic coefficients from known drag coefficients and veloc- 
ity-distance tables were presented, as illustrations of the general 
method. 

Table 6.11 at the end of this chapter (p 113) lists the form fac- 
tors and ballistic coefficients of a number of past and present mili- 
tary small arms bullets, and a few sporting and match bullets. The 
results given in Table 6.11 are all based on modern spark photogra- 
phy range firing data. The G, and Ingalls drag functions give the 
best results for blunt projectiles with short nose lengths. For mod- 
em rifle bullets with longer ogives, the G, and G, drag functions 
give the best overall approximations for boattailed and flat-based 
bullets, respectively. 


6.7 THE EFFECT OF PROJECTILE SHAPE ON THE 
FORM FACTOR 
In 1939, H. P. Hitchcock wrote a BRL Report (Ref. 10) entitled "A 
Study of Form Factors of Spinning Projectiles," in which the ef- 
fects of variations in projectile nose length and boattail dimensions 
on the form factors of projectiles were analyzed. Hitchcock's data 
included form factors for projectiles ranging in size from caliber 
.30 small arms bullets up to the enormous 16-inch gun projectiles. 
Reference 10 was revised in 1942, and again in 1951 and 1952, 
in three additional reports (Ref. 11), (Ref. 12), and (Ref. 13), by the 


Table 6.10 
.270 Winchester - 130 Grain Bullet - 9000 Feet Altitude - G8 Ballistic Tables 


5(У) 


хк» [зо [чө 


8528.0 
9686.3 
10844.6 
12002.9 
13161.2 
14319.5 


100 


300 
400 
500 


V (fps) 


A(V) Y (Feet) 
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same author. A set of empirical rules were obtained for estimating 
form factors of projectiles relative to the G,, G,, С, and С, projec- 
tile shapes. Hitchcock found that the caliber of the projectile ap- 
peared to have no appreciable effect on the form factor (i.e., 
Reynolds number effects were negligible), and that any observed 
differences in the form factors for large and small calibers were 
due more to minor shape variations than to size. 

Form factors are very useful in small arms ballistics. It is not 
cost-effective to conduct spark range or wind tunnel tests on all of 
the many hundreds (perhaps thousands!) of small arms bullet de- 
signs in existence. Furthermore, many of these designs are generi- 
cally similar to each other, and the use of reference standard drag 
shapes with an appropriate set of form factors, is a sufficiently good 
drag approximation for most practical purposes. 

For this chapter, a modern study of the form factors of small 
arms bullets at supersonic speeds was done. The method used for 
the study was a blending of high quality experimental drag data 
from spark photography range firings (Ref. 9), and modern theo- 
retical techniques (Ref. 14), (Ref. 15), for estimating the drag of 
projectiles. The theoretical methods were first run for many of the 
projectile shapes in Reference 9, and small correction factors were 
obtained, to bring the theoretical results into very close agreement 
with the experimental data. The corrected theoretical techniques 
were then used to generate a series of six form factor curves for 
modern rifle bullets. 

Four baseline projectile shapes were selected for the study: (1) 
four-caliber long flat-based designs, with tangent ogive noses, (2) 
the same as (1), but with secant ogive noses, (3) 4.5-caliber long 


boattailed designs, with a 9-degree, 0.5 caliber long boattail, and 
tangent ogive noses, and (4) the same as (3), but with secant ogive 
noses. Nose lengths for all models were varied between 1.0 and 3.0 
calibers, and méplat diameters were varied between zero (sharp- 
pointed) and 0.4 calibers. The very blunt méplats (4, > 0.25 cali- 
ber) show non-systematic drag behavior, and are not accurately rep- 
resented by a form factor approach. Very blunt noses (such as most 
pistol bullets) are thus excluded from the present study. The form 
factors for all méplats up to 0.25 caliber diameter differed by only 
a few percent, and average values of the form factors for all the 
smaller méplat diameters are therefore adopted. 

The form factors from the present study are plotted against the 
projectile nose length, in calibers, in Figures 6.3 through 6.8. Fig- 
ure 6.3 illustrates the variation of the form factor relative to G, (or 
Ingalls) with projectile nose length, for flat-based projectiles with 
tangent ogive and secant ogive nose shapes. The effect of nose length 
on form factor is much more significant than the effect of nose 
shape. Figure 6.4 shows the form factor relative to G, versus nose 
length, for flat-based bullets with tangent ogive noses. Figure 6.5 
gives the form factor variation relative to the G, projectile shape, 
for flat-based designs with both tangent ogive and secant ogive 
noses. 

Figures 6.6 through 6.8 are similar plots for boattailed small 
arms bullets. Figure 6.6 shows the variation of the form factor rela- 
tive to G, (or Ingalls) with projectile nose length, for boattailed 
configurations whose nose shapes are tangent ogives or secant 
ogives. Projectile Type 1 is a flat-based design, and the Ingalls or 
G, ballistic tables are often not the best choice for boattailed bul- 


TANGENT OGIVES 


一 一 一 一 一 SECANT OGIVES 


ЕНЕҢ 


1.8 2.0 2.2 


Figure 6.3 Form Factor versus 
Nose Length for Ingalls and G, 
Drag Functions. 
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Figure 6.4 Form Factor versus 


Nose Length for С, Drag Func- 
NOSE LENGTH (CALIBERS) tions. 
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0 : s 2 : Figure 6.5 Form Factor versus 
Nose Length for G, Drag Func- 
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BOATTAILED PROJECTILES 


TANGENT OGIVES 
SECANT OGIVES 


2.2 р К 4 i Figure 6.6 Form Factor versus 
Nose Length for Ingalls and G, 
NOSE LENGTH (CALIBERS) Drag Functions. 


Figure 6.7 Form Factor versus 


NOSE LENGTH (CALIBERS) Т Length for С, Drag Func- 
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TANGENT OGIVES 
SECANT OGIVES 


Figure 6.8 Form Factor versus 
Nose Length for G, Drag Func- 
tions. 


0.2 0.3 


Figure 6.9 Form Factor versus 
Sphere Diameter for GSP Drag 


SPHERE DIAMETER (INCHES) 
Function. 
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lets. However, these tables have been in service for nearly a cen- 
tury, and their use for small arms projectiles in general is tradi- 
tional among many riflemen. The use of a form factor from Figure 
6.6 will provide a reasonably good ballistic coefficient for use with 
Ingalls or G, tables and boattailed small arms bullets. 

Figure 6.7 shows the form factor relative to G, versus nose 
length, for boattailed bullets with tangent ogive noses. Figure 6.8 
illustrates the variation of the form factor relative to G, with nose 
length, for boattailed bullets with tangent ogive and secant ogive 
nose shapes. Since most boattailed projectiles have nose lengths 
greater than 1.5 calibers, the use of G, or G, ballistic tables, with 
form factors from Figures 6.7 or 6.8, are generally preferred over 
Figure 6.6 and the older Ingalls or G, tables. 

An additional form factor curve, plotted as Figure 6.9, is used 
with the G ballistic tables for spherical, or round ball trajectories. 
Figure 6.9 shows the variation of the form factor with the diameter 
of the spherical projectile, for diameters between 0.05 inch and 0.70 
inch. The behavior of aerodynamic drag for larger spheres is non- 
systematic (see Chapter 4), and cannot be accurately represented 
by a simple form factor approach. The curve of Figure 6.9 is valid 
for all velocities under 2000 feet per second, and is thus useful for 
the calculation of flat-fire trajectories, for both fine shot and black 
powder muzzle loading rifles firing round ball projectiles. 


6.8 RULES FOR THE USE OF THE FORM FACTOR 
CHARTS 

Some general rules are recommended for the use of Figures 6.3 
through 6.8 in estimating the form factors of modern rifle bullets at 
supersonic velocities. These rules are approximate, and are intended 
to be used only as guidelines. 

For flat-based bullets, with nose lengths between 1.0 and 1.7 
calibers, use Figure 6.3 to estimate a form factor for the G, or Ingalls 
ballistic tables. The top (solid) curve is for tangent ogives, and the 
lower (dashed) curve is for secant ogive nose shapes. (If a conical, 
or spire-point nose shape is encountered, always select the tangent 
ogive curve). 

For flat-based bullets with either tangent or secant ogive nose 
shapes, and nose lengths greater than 1.7 calibers, use Figure 6.5 to 
estimate a form factor for the G, ballistic tables. The top (solid) 
curve is for tangent ogives, and the bottom (dashed) curve is for 
secant ogive noses. An alternate choice for tangent ogives is to use 
Figure 6.4 and the G, ballistic tables; practical experience with 
modern rifle bullets indicates that G, is usually a better choice for 
both tangent and secant ogive nose shapes. 

For the infrequent case of a boattailed bullet with nose length 
less than 1.7 calibers, use Figure 6.6 to estimate a form factor for 
the G, or Ingalls ballistic tables. The top (solid) curve is for tangent 
ogives, and the bottom (dashed) curve is for secant ogive shapes. 


For boattailed bullets with either tangent or secant ogive nose 
shapes, and nose lengths greater than 1.7 calibers, use Figure 6.8 to 
estimate a form factor for the G, ballistic tables. The top (solid) 
curve is for tangent ogives, and the bottom (dashed) curve is for 
secant ogive shapes. Figure 6.7 and the G, ballistic tables may be 
used for boattailed bullets with tangent ogive noses, but G, is usu- 
ally a better choice for both tangent and secant ogive nose shapes. 


Example 6.5 

The caliber .30 Ball M2 projectile is а flat-based tangent ogive 
design, with a nominal nose length of 2.37 calibers. Use the upper 
curve of Figure 6.5 to estimate a form factor relative to G,. 

From Figure 6.5, i, = 1.07, for L, = 2.37 calibers. Table 6.11 
lists i, = 1.076 for the same bullet, based on modern spark photog- 
raphy range drag measurements (Ref. 9). The two results are virtu- 
ally identical for the caliber .30 Ball M2 bullet. 


Example 6.6 

The caliber .50 Ball M33 bullet is a boattailed tangent ogive 
design, with a nominal nose length (see Figure 4.7 of Chapter 4) of 
2.56 calibers. Use the top (solid) curve of Figure 6.8 to estimate a 
form factor relative to С. 

From Figure 6.8, i, = 1.04, for L, = 2.56 calibers. Table 6.11 
lists i, 1.050 for the caliber .50 Ball M33 projectile (Ref. 16). The 
two results disagree by one percent, which is an insignificant dif- 
ference. 


6.9 ADDITIONAL NOTES ON FORM FACTORS 

The U.S. Standard Atmosphere of 1962 (Ref. 17), which is based 
on the International Civil Aviation Organization (ICAO) atmosphere 
of 1954 (Ref. 18), has become the world-wide standard atmosphere, 
for both aviation and ballistics use. Prior to about 1960, practically 
all U.S. ballistic calculations and firing tables were based on the 
older Army Standard Metro atmosphere. For the flat-fire trajecto- 
ries considered in this chapter, the only significant difference be- 
tween the two atmospheres is a 1.8 percent difference in sea-level 
standard air density. The ICAO value is 0.076474 pounds per cubic 
foot, and the Army Standard Metro value, as stated in section 6.4, 
is 0.075126 pounds per cubic foot. 

The ballistic tables of this chapter may be used to compute 
flat-fire trajectories for the ICAO atmosphere. If the form factor 
based on Army Standard Metro is known, multiply the form factor 
by 1.018, and use the corrected value to calculate a ballistic coeffi- 
cient for the ICAO atmosphere. 

No definite rules appear possible for estimating form factors at 
transonic or subsonic speeds. A suitable estimate can often be made 
by comparison of the projectile shape with that of a similarly shaped 
design, whose form factor is known. 
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.991 


= 
А .392 1.008 
А .378 1.009 
.352 
1.001 


.329 


112 


= 
.642 
.585 


Reference 
Diameter 
(Inches) 


.224 
.224 
224 
224 
221 
‚224 


264 


277 
.277 
.277 
277 


.308 
.308 
.308 
.308 
.308 
.308 


.355 
.355 


.452 


.510 
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Form Factors and Ballistic Coefficients of Small Arms Projectiles 


Projectile 


.22 Long Rifle Match 
.22 Long Rifle Match 
5.56mm M193 
5.56mm M855 

5.45 X 39mm Soviet 
5.56mm BRL-1 


6.5mm Norma BT Match 


Sierra 90 Gr. HP 
Sierra 110 Gr. SP 
Sierra 130 Gr. SP 
Barnes 180 Gr. RN 


,30 Ball M2 

7.62mm М80 
7.62mm M118 Match 
7.62mm M852 HPBT 
7.62mm M852 HPBT 
Sierra 190 Gr. HPBT 


9mm Ball 124 Gr. RN 
9mm Ball 124 Gr. FN 


.45 Ball M1911 


.50 Ball M33 


Notes: HP = Hollow Point 


Table 6.11 
Nominal Velocity 
Weight Interval 
(Grains) (fps) 

40 1090-1000 
40 1090-940 
55 3270-1280 
62 3110-1470 
53.5 2950-1520 
66 3200-1340 
139 3070-2200 
90 3360-1400 
110 3200-1600 
130 3050-1700 
180 2550-1350 
150 2800-1550 
147 2810-1580 
174 2600-1620 
168 2650-1560 
168 2600-1600 
190 2490-1570 
124 1360-1060 
124 1360-1050 
230 860-800 
650 2950-1540 


SP = Spitzer Soft Point 


RN z Round Nose 


EN = Flat Nose 


HPBT - Hollow Point Boattail 
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Form 
Factor 
1 


‚765 
776 
1.308 
1.172 
‚929 
858 


922 


812 
1.242 
1.192 
1.124 


1.076 
1.105 
1.096 
1.177 

595 
1.135 


1.044 
1.102 


.866 


1.050 


Ballistic 
Coefficient 
C (Ib/im) 


.149 
.147 
.120 
.151 
.168 
.219 


.309 


.207 
.165 
.203 
.298 


210 
.200 
.239 
.215 
425 
.252 


.135 
.128 


.186 


.340 


Drag 
Function 


S(V) 
0.0 


24.1 
48.2 
72.4 
96.6 


120.8 


145.0 
169.3 
193.6 
217.9 


242.3 


266.7 
291.1 
315.6 
340.1 


364.6 


389.1 
413.7 
438.3 
463.0 


487.7 
512.4 
537.1 
561.9 
586.7 
611.5 


636.4 
661.3 


А(У) 
0.00 


0.00 
0.00 
0.01 
0.01 


0.02 


0.03 
0.05 
0.06 
0.08 


0.09 


0.11 
0.14 
0.16 
0.19 


0.22 


0.25 
0.28 
0.31 
0.35 


0.39 
0.43 
0.47 
0.52 
0.57 
0.62 


0.67 
0.72 
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у) 
0.00000 


0.00008 
0.00015 
0.00023 
0.00031 


0.00039 


0.00047 
0.00055 
0.00063 
0.00071 


0.00079 


0.00087 
0.00095 
0.00103 
0.00111 


0.00120 


0.00128 
0.00137 
0.00145 
0.00154 


0.00162 
0.00171 
0.00179 
0.00188 
0.00197 
0.00206 


0.00215 
0.00224 


Ingalls Drag Function 
Quantity Units 
V ft/sec 
S(V) ft-in?/lb 
A(V) ft-in*/Ib? 
KV) in?/lb 
T(V) sec-in?/lb 
TV) V S(V) 
0.000 4220 686.2 
4210 7112 
0.005 
0.011 4200 736.2 
0.016 
0.022 4190 761.2 
4180 786.3 
0.027 4170 811.4 
4160 836.5 
0.032 
0.038 4150 861.6 
0.043 
0.049 4140 886.8 
4130 912.1 
0.054 4120 937.3 
4110 962.6 
0.060 
0.066 4100 988.0 
0.071 
0.077 4090 1013.3 
4080 1038.7 
0.082 4070 1064.2 
4060 1089.6 
0.088 
0.094 4050 1115.1 
0.099 
0.105 4040 1140.7 
4030 1166.2 
0.111 4020 1191.8 
4010 1217.5 
0.117 
0.122 4000 1243.1 
0.128 
0.134 3990 1268.9 
3980 1294.6 
0.140 3970 1320.4 
3960 1346.2 
0.146 
0.152 3950 1372.1 


A(V) 
0.78 
0.84 


0.90 


0.97 
1.03 
1.10 
1.17 


1.24 


1.32 
1.40 
1.48 
1.56 


1.65 


1.74 
1.83 
1.92 
2.02 


2.12 


2.22, 
2.33 
2.43 
2.54 


2.66 


2.77 
2.89 
3.01 
3.14 


3.26 


у) 
0.00233 
0.00242 


0.00251 


0.00260 
0.00269 
0.00278 
0.00288 


0.00297 


0.00306 
0.00316 
0.00325 
0.00335 


0.00345 


0.00354 
0.00364 
0.00374 
0.00384 


0.00394 


0.00404 
0.00414 
0.00424 
0.00434 


0.00445 
0.00455 
0.00466 
0.00476 
0.00487 


0.00497 


T(V) 
0.157 
0.163 


0.169 


0.175 
0.181 
0.187 
0.193 


0.199 


0.205 
0.212 
0.218 
0.224 


0.230 
0.236 
0.242 
0.249 
0.255 
0.261 
0.268 
0.274 
0.280 
0.287 
0.293 
0.299 


0.312 
0.319 


ү 
3940 
3930 
3920 
3910 


3900 


3890 
3880 
3870 
3860 


3850 


3840 
3830 
3820 
3810 


3800 


3790 
3780 
3770 
3760 


3750 


3740 
3730 
3720 
3710 


3700 


3690 
3680 
3670 
3660 


3650 


3640 
3630 
3620 
3610 


3600 
3590 
3580 
3570 
3560 
3550 
3540 
3530 
3520 
3510 
3500 


3490 


S(V) 
1397.9 
1423.9 
1449.8 
1475.8 


1501.9 


1527.9 
1554.0 
1580.2 
1606.4 


1632.6 


1658.9 
1685.2 
1711.5 
1737.9 


1764.3 


1790.7 
1817.2 
1843.7 
1870.3 


1896.9 


1923.5 
1950.2 
1976.9 
2003.7 


2030.5 


2057.3 
2084.2 
2111.1 
2138.1 


2165.1 


2192.1 
2219.2 
2246.3 
2273.5 


2300.7 
2327.9 
23552 
2382.6 
2409.9 
2437.4 
2464.8 
2492,3 
2519.9 
2547.4 
2575.1 


2602.7 
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у) 
0.00508 
0.00519 
0.00530 
0.00540 


0.00551 


0.00563 
0.00574 
0.00585 
0.00596 


0.00607 


0.00619 
0.00630 
0.00642 
0.00654 


0.00665 


0.00677 
0.00689 
0.00701 
0.00713 


0.00725 


0.00737 
0.00750 
0.00762 
0.00775 


0.00787 


0.00800 
0.00813 
0.00825 
0.00838 


0.00851 


0.00864 
0.00878 
0.00891 
0.00904 


0.00918 
0.00931 
0.00945 
0.00959 
0.00972 
0.00986 
0.01000 
0.01015 
0.01029 
0.01043 
0.01058 


0.01072 


T(V) 
0.332 
0.339 
0.345 
0.352 


0.359 


0.365 
0.372 
0.379 
0.385 


0.392 


0.399 
0.406 
0.413 
0.420 


0.427 


0.434 
0.441 
0.448 
0.455 


0.462 


0.469 
0.476 
0.483 
0.490 


0.498 


0.505 
0.512 
0.520 
0.527 


0.534 


0.542 
0.549 
0.557 
0.564 


0.572 
0.579 
0.587 
0.595 
0.602 
0.610 
0.618 
0.625 
0.633 
0.641 
0.649 


0.657 
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У 
3480 
3470 
3460 


3450 


3440 
3430 
3420 
3410 


3400 


3390 
3380 
3370 
3360 


3350 


3340 
3330 
3320 
3310 
3300 


3290 
3280 
3270 
3260 


3250 


3240 
3230 
3220 
3210 


3200 


3190 
3180 
3170 
3160 


3150 


3140 
3130 
3120 
3110 


3100 


3090 
3080 
3070 
3060 


3050 
3040 


3030 
3020 


S(V) 
2630.5 
2658.2 
2686.0 


2713.9 


2741.8 
2769.7 
2797.7 
2825.7 


2853.8 


2881.9 
2910.1 
2938.3 
2966.5 


2994.8 


3023.2 
3051.6 
3080.0 
3108.5 
3137.1 


3165.6 
3194.3 
3222.9 
32517 


3280.5 


3309.3 
3338.2 
3367.1 
3396.1 


3425.1 


3454.1 
3483.3 
3512.4 
3541.7 


3570.9 


3600.3 
3629.7 
3659.1 
3688.6 


3718.1 


3747.7 
3777.3 
3807.0 
3836.8 


3866.6 
3896.4 


3926.3 
3956.3 


A(V) 
13.07 
13.38 
13.69 


14.00 


14.32 
14.64 
14.97 
15.30 


15.64 


15.98 
16.33 
16.68 
17.03 


17.40 


17.76 
18.14 
18.52 
18.90 
19.29 


19.68 
20.08 
20.49 
20.90 


21.31 


21.74 
22.16 
22.60 
23.04 


23.49 


23.94 
24.40 
24.86 
25.33 


25.81 


26.29 
26.78 
27.28 
27.78 


28.29 


28.81 
29.33 
29.86 
30.40 


30.94 
31.50 


32.05 
32.62 


у) 
0.01087 
0.01102 
0.01117 


0.01132 


0.01147 
0.01162 
0.01177 
0.01193 


0.01208 


0.01224 
0.01240 
0.01256 
0.01272 


0.01288 


0.01304 
0.01321 
0.01337 
0.01354 
0.01371 


0.01388 
0.01405 
0.01422 
0.01439 


0.01457 


0.01474 
0.01492 
0.01510 
0.01528 


0.01546 


0.01565 
0.01583 
0.01602 
0.01620 


0.01639 


0.01658 
0.01678 
0.01697 
0.01717 


0.01736 


0.01756 
0.01776 
0.01796 
0.01817 


0.01837 
0.01858 


0.01879 
0.01900 


Modern Exterior Ballistics 


V S(V) A(V) у) T(V) V S(V) A(V) XV) T(V) 
3010 3986.3 33.19 0.01921 1.084 2550 5431.9 69.26 0.03136 1.606 
3000 4016.4 33.77 0.01943 1.094 2540 5465.0 70.30 0.03169 1.619 

2530 5498.2 71.36 0.03202 1.632 
2990 4046.5 34.36 0.01964 1.104 2520 5531.5 72.43 0.03235 1.645 
2980 4076.7 34,96 0.01986 1.114 2510 5564.9 73.52 0.03269 1.658 
2970 4106.9 35.56 0.02008 1.124 
2960 4137.2 36.17 0.02030 1.134 2500 5598.3 74.62. 0.03304 1.672 
2950 4167.5 36.79 0.02052 1.145 2490 5631.9 75.73 0.03338 1.685 
2480 5665.6 76.86 0.03373 1.699 
2940 4198.0 37.42 0.02075 1.155 2470 5699.3 78.01 0.03409 1712 
2930 4228.4 38.06 0.02098 1.165 2460 5733.2 79.17 0.03445 1.726 
2920 4258.9 38.70 0.02121 1.176 
2910 4289.5 39.35 0.02144 1.186 2450 5767.1 80.34 0.03481 1.740 
2900 4320.1 40.01 0.02167 1.197 2440 5801.1 81.53 0.03517 1.754 
2430 5835.3 82.74 0.03554 1.768 
2890 4350.8 40.68 0.02191 1.207 2420 5869.5 83.96 0.03592 1.782 
2880 4381.6 41.36 0.02214 1.218 2410 5903.9 85.20 0.03630 1.796 
2870 4412.4 42.04 0.02238 1.229 
2860 4443.3 42.74 0.02263 1.240 2400 5938.3 86.46 0.03668 1.810 
2850 4474.2 43.44 0.02287 1.250 2390 5972.8 87.73 0.03707 1.825 
2380 6007.5 89.02 0.03746 1.839 
2840 4505.2 44.16 0.02312 1.261 2370 6042.2 90.33 0.03786 1.854 
2830 4536.2 44.88 0.02337 1272 2360 6077.1 91.66 0.03826 1.869 
2820 4567.4 45.61 0.02362 1.283 
2810 4598.5 46.35 0.02387 1.294 2350 6112.0 93.00 0.03866 1.884 
2800 4629.8 47.10 0.02412 1.306 2340 6147.1 94.36 0.03907 1.899 
2330 6182.2 95.74 0.03949 1.914 
2790 4661.0 47.86 0.02438 1.317 2320 6217.5 97.14 0.03991 1.929 
2780 4692.4 48.63 0.02464 1.328 2310 6252.8 98.56 0.04033 1.944 
2770 4723.8 49.40 0.02490 1.339 
2760 4755.3 50.19 0.02517 1.351 2300 6288.3 100.00 0.04076 1.959 
2750 4786.8 50.99 0.02544 1.362 2290 6323.9 101.46 0.04119 1.975 
2280 6359.6 102.94 0.04163 1.991 
2740 4818.4 51.80 0.02571 1.374 2270 6395.4 104.44 0.04208 2.006 
2730 4850.1 52.62 0.02598 1.385 2260 6431.3 105.96 0.04253 2.022 
2720 4881.8 53.44 0.02625 1.397 
2710 4913.6 54.28 0.02653 1.409 2250 6467.3 107.50 0.04299 2.038 
2700 4945.5 55.13 0.02681 1.420 2240 6503.5 109.06 0.04345 2.054 
2230 6539.7 110.64 0.04391 2.070 
2690 4977.4 55.99 0.02709 1.432 2220 6576.1 112.25 0.04439 2.087 
2680 5009.4 56.87 0.02738 1.444 2210 6612.6 113.87 0.04486 2.103 
2670 5041.5 57.75 0.02767 1.456 
2660 5073.6 58.64 0.02796 1.468 2200 6649.2 115.52 0.04535 2.120 
2650 5105.8 59.55 0.02825 1.480 2190 6685.9 117.20 0.04584 2.137 
2180 6722.7 118.90 0.04633 2.153 
2640 5138.0 60.46 0.02855 1.492 2170 6759.6 120.62 0.04684 2.170 
2630 5170.4 61.39 0.02885 1.505 2160 6796.7 122.36 0.04735 2.188 
2620 5202.8 62.33 0.02915 1.517 
2610 5235.2 63.28 0.02946 1.529 2150 6833.9 124.13 0.04786 2.205 
2600 5261.8 64.24 0.02976 1.542 2140 6871.2 125.93 0.04838 2222 
2130 6908.6 127.75 0.04891 2.240 
2590 5300.4 65.22 0.03008 1.555 2120 6946.2 129.60 0.04944 2.257 
2580 5333.2 66.21 0.03039 1.567 2110 6983.9 131.47 0.04999 2275 
2570 5366.0 67.21 0.03071 1.580 


2560 5398.9 68.23 0.03103 1.593 2100 70217 133.37 0.05054 2.293 | 
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KV) 
0.05109 
0.05165 
0.05222 
0.05280 


0.05339 


0.05398 
0.05458 
0.05519 
0.05581 


0.05644 


0.05707 
0.05771 
0.05836 
0.05903 


0.05970 


0.06037 
0.06106 
0.06176 
0.06247 


0.06319 


0.06392 
0.06466 
0.06541 
0.06617 


0.06694 


0.06772 
0.06852 
0.06932 
0.07014 


0.07097 


0.07182 
0.07268 
0.07355 
0.07444 


0.07535 
0.07627 
0.07720 
0.07815 
0.07912 
0.08011 
0.08111 
0.08213 
0.08317 
0.08423 
0.08531 


0.08641 


T(V) 
2.311 
2.330 
2.348 
2.366 


2.385 


2.404 
2.423 
2.442 
2.462 


2.481 


2.501 
2.521 
2.541 
2.561 


2.581 


2.602 
2.622 
2.643 
2.664 


2.686 


2.707 
2.729 
2.751 
2.773 


2.795 


2.818 
2.840 
2.863 
2.886 


2.910 


2.933 
2.957 
2.981 
3.005 


3.030 
3.055 
3.080 
3.106 
3.132 
3.158 
3.184 
3.211 
3.238 
3.266 
3.293 


3.321 
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у 
1630 
1620 
1610 


1600 


1590 
1580 
1570 
1560 


1550 


1540 
1530 
1520 
1510 


1500 


1490 
1480 
1470 
1460 


1450 
1440 
1430 
1420 
1410 


1400 


S(V) 
8973.4 
9020.2 
9067.2 


9114.6 


9162.2 
9210.1 
9258.4 
9306.9 


9355.8 


9405.0 
9454.5 
9504.3 
9554.5 


9605.0 


9655.8 
9707.0 
9758.5 
9810.3 


9862.6 


9915.2 
9968.1 
10021.4 
10075.1 


10129.2 


10183.7 
10238.6 
10293.8 
10349.9 


10406.8 


10464.6 
10523.2 
10582.7 
10643.2 


10704.5 


10766.8 
10830.1 
10894.4 
10959.7 


11026.1 
11093.5 
11162.0 
11232.1 
11304.5 
11379.3 


11456.7 
11536.8 


KV) 
0.08753 
0.08867 
0.08983 


0.09101 


0.09221 
0.09344 
0.09469 
0.09597 


0.09727 


0.09859 
0.09994 
0.10132 
0.10273 


0.10416 


0.10562 
0.10712 
0.10864 
0.11019 


0.11178 


0.11340 
0.11506 
0.11674 
0.11847 


0.12023 


0.12203 
0.12387 
0.12575 
0.12769 


0.12968 


0.13174 
0.13385 
0.13603 
0.13828 


0.14060 


0.14299 
0.14545 
0.14800 
0.15062 


0.15333 
0.15613 
0.15902 
0.16202 
0.16518 
0.16849 


0.17198 
0.17565 


Modern Exterior Ballistics 


у S(V) A(V) KV) T(V) V S(V) A(V) (У) T(V) 
1170  11619.6 604.87 0.17950 5.286 710 203394 4914.09 0.92248 15.232 
1160 117052 620.43 0.18356 5.360 

700 20642.8 5199.84 0.96174 15.662 
1150 11793.9 636.89 0.18784 5.436 
690 20950.5 5502.04 1.00272 16.105 
1140 118857 654.35 0.19234 5.517 680 212627 5821.73 1.04552 16.561 
1130 119808 672.86 0.19709 5.600 670 21579.5 6160.03 1.09025 17.030 
1120 120794 692.53 0.20210 5.688 660 219011 6518.12 1.13702 17.514 
110 121815 713.43 0.20738 5.719 
650 222276 6897.30 1.18598 18.012 
1100 122873 735.68 0.21296 5.875 
640 225591 7298.97 1.23724 18.526 
1090 123971 759.38 0.21885 5.976 630 22895.9 7724.65 1.29097 19.056 
1080 125110 784.66 0.22507 6.080 620 232381 8175.96 1.34732 19.604 
1070 126292 811.64 0.23165 6.190 610 235858 8654.69 1.40646 20.169 
1060 127518 840.48 0.23861 6.306 
600 239393 9162.77 1.46858 20.754 
1050 128792 871.35 0.24597 6.426 
590 242987 9702.27 1.53389 21.358 
1040 130116 904.42. 0.25377 6.553 580 246643 10275.50 1.60260 21.983 
1030 131491 939.88 0.26202 6.686 570 250362 10884.92 1.67497 22.630 
1020 132921 977.97 0.27078 6.825 560 254147 11533.25 1.75124 23.299 
1010 134408 1018.92 0.28006 6.972 
550 258000 12223.46 1.83171 23.994 
1000 13595.5 1063.01 0.28992 7.126 
540 261924 12958.79 1.91670 24.714 
990 13756.5 1110.53 0.30038 7.288 530 265922 13742.79 2.00654 25.461 
980 13924.1 1161.82 0.31149 7.458 520 26999.5 14579.39 2.10161 26.237 
970 14098.8 1217.25 0.32331 7.637 510 27414.8 15472.87 2.20233 27.043 
960 142797 1276.85 0.33580 7.824 
500 27838.2 16427.98 2.30915 27.882 
950 144644 1340.09 0.34883 8.018 
490 28270.3 17449.95 2.42258 28.755 
940 14653.1 1407.18 0.36242 8.218 480 287112 18544.57 2.54317 29.664 
930 148458 1478.39 0.37660 8.424 470 291614 19718.27 2.67155 30.612 
920 150427 1554.01 0.39141 8.637 460 296213 20978.18 2.80838 31.601 
910 152440 1634.33 0.40687 8.857 
450 300914 22332.25 2.95444 32.634 
900 154497 1719.68 0.42303 9.084 
440 305719 23789.33 3.11057 33.714 
890 15660.0 1810.43 0.43992 9.319 430 31063.6 25359.35 3.27772 34.845 
880 158752 1906.96 0.45759 9.562 420 315668 27053.44 3.45695 36.029 
870 160952 2009.69 0.47608 9.813 410 320821 28884.09 3.64945 37.271 
860 163204 2119.06 0.49543 10.074 
400 326102 30865.42 3.85657 38.574 
850 16550.9 2235.58 0.51572 10.343 
390 33151.6 33013.38 4.07982 39.945 
840 167869 2359.77 0.53697 10.623 380 3370721 35346.05 4.32094 41.388 
830 170285 2492.22 0.55927 10.912 370 342774 37884.02 4.58186 42.909 
820 17276.1 2633.55 0.58266 11.212 360 34863.3 40650.79 4.86483 44.515 
810 175297 2784.46 0.60723 11.523 
350 35465.7 43673.30 5.17240 46.212 
800 177897 2945.68 0.63304 11.846 
340 36085.6 46982.52 5.50750 48.009 
790 180563 3118.06 0.66017 12.182 330 367240 50614.22 5.87353 49.915 
780 18328.6 3301.67 0.68860 12.529 320 373821 54609.85 6.27441 51.940 
770 186046 3495.74 0.71815 12.885 310 380610 59017.71 6.71470 54.096 
760 188841 3700.77 0.74888 13.250 
300 387622 6389433 7.19975 56.395 
750 191674 3917.40 0.78084 13.625 
290 394872 69306.16 7.73584 58.853 
740 194544 4146.29 0.81411 14.011 280 402376 15331.82 8.33039 61.487 
730 197454 4388.18 0.84875 14.407 270 410154 82064.79 8.99222 64.316 


720 200404 464383 0.88485 14.813 260 418224 8961691 9.73187 61.362 


ү 
250 


240 
230 
220 
210 


200 


190 
180 


S(V) 
42661.2 


43534.1 
44444.3 
45394.9 
46389.7 


47433.1 


48530.0 
49686.2 


S(V) 
0.0 


21.7 
43.4 
65.2 
87.1 


108.9 


130.9 
152.8 
174.9 
196.9 


219.1 
241.2 
263.4 
285.7 
308.0 
330.4 


352.8 
375.3 


А(У) 
98122.96 


107746.42 
118687.19 
131191.74 
145566.75 


162197.62 


181573.99 
204325.48 


АСУ) 
0.00 


0.00 
0.00 
0.01 
0.01 


0.02 


0.03 
0.04 
0.05 
0.06 


0.08 
0.09 
0.11 
0.13 
0.15 
0.18 


0.20 
0.23 
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KV) 
10.56204 


11.49813 
12.55896 
13.76771 
15.15322 


16.75171 


18.60918 
20.78476 


T(V) 
70.652 


74.216 
78.090 
82.316 
86.945 


92.037 


97.665 
103.917 


V 
170 
160 


150 


140 
130 
120 
110 
100 


S(V) 
50908.6 
52205.0 


53585.2 


55060.6 
56645.4 
58357.1 
60217.8 
62256.0 


A(V) 
231272.53 
263500.18 


302467.41 


350172.97 
409413.87 
484200.65 
580448.23 
707173.24 


Tables of the Primary Siacci Functions 


T(V) 
0.00000 


0.00007 
0.00014 
0.00021 
0.00028 


0.00035 


0.00042 
0.00049 
0.00057 
0.00064 


0.00071 
0.00079 
0.00086 
0. 00093 
0.00101 
0.00109 


0.00116 
0.00124 


| /2.00R 


4 


G, Drag Function 
Quantity Units 
V ft/sec 
5(У) ft-in?/lb 
A(V) ft-in*/Ib? 
KV) in?/lb 
T(V) sec-in?/lb 

T(V) V 

0.000 4320 
4310 

0.005 

0.010 4300 

0.015 

0.019 4290 
4280 

0.024 4270 
4260 

0.029 

0.034 4250 

0.039 

0.044 4240 
4230 

0.049 4220 
4210 

0.054 

0.059 4200 

0.064 

0.070 4190 
4180 

0.075 4170 
4160 

0.080 

0.085 4150 


S(V) 
397.8 
420.4 


443.0 


465.6 
488.3 
511.1 
533.9 


556.8 


579.7 
602.7 
625.7 
648.8 


671.9 
695.1 
718.3 
741.6 
765.0 


788.4 


у) 
23.35545 
26.42307 


30.12445 


34.64701 
40.25291 
47.31797 
56.39627 
68.33227 


T(V) 
0.00132 
0.00139 


0.00147 


0.00155 
0.00163 
0.00171 
0.00179 


0.00187 


0.00196 
0.00204 
0.00212 
0.00220 


0.00229 
0.00237 
0.00246 
0.00254 
0.00263 


0.00272 


T(V) 
110.906 
118.768 


127.679 


137.862 
149.612 
163.320 
179.521 
198.962 


T(V) 
0.090 
0.095 


0.101 


0.106 
0.111 
0.117 
0.122 


0.127 


0.133 
0.138 
0.144 
0.149 


0.155 


0.160 
0.166 
0.171 
0.177 


0.182 


Modern Exterior Ballistics 


у S(V) A(V) T(V) T(V) У S(V) A(V) T(V) T(V) 
4140 811.8 1.11 0.00281 0.188 3680 1951.6 6.95 0.00763 0.480 
4130 835.3 1.17 0.00289 0.194 3670 1977.8 7.15 0.00775 0.487 
4120 858.9 1.24 0.00298 0.200 3660 2004.1 7.35 0.00788 0.495 
4110 882.5 1.31 0.00307 0.205 

3650 2030.4 7.56 0.00801 0.502 
4100 906.1 1.39 0.00316 0.211 
3640 2056.8 7.71 0.00813 0.509 
4090 929.8 1.46 0.00325 0.217 3630 2083.3 7.99 0.00826 0.516 
4080 953.6 1.54 0.00335 0.223 3620 2109.8 8.21 0.00839 0.524 
4070 977.5 1.62 0.00344 0.228 3610 2136.4 8.44 0.00852 0.531 
4060 1001.3 1.71 0.00353 0.234 
3600 2163.0 8.67 0.00865 0.538 
4050 1025.3 1.79 0.00362 0.240 
3590 2189.7 8.90 0.00879 0.546 
4040 1049.3 1.88 0.00372 0.246 3580 2216.5 9.14 0.00892 0.553 
4030 1073.3 1.97 0.00381 0.252 3570 2243.4 9,38 0.00906 0.561 
4020 1097.4 2.06 0.00391 0.258 3560 2270.3 9.62 0.00919 0.568 
4010 1121.6 2.16 0.00401 0.264 
3550 2297.2 9.87 0.00933 0.576 
4000 1145.8 2.26 0.00410 0.270 
3540 2324.3 10.13 0.00947 0.584 
3990 1170.1 2.36 0.00420 0.276 3530 2351.4 10.39 0.00961 0.591 
3980 1194.4 2.46 0.00430 0.282 3520 2378.6 10.65 0.00975 0.599 
3970 1218.8 2.57 0.00440 0.289 3510 2405.8 10.92 0.00989 0.607 
3960 1243.3 2.68 0.00450 0.295 
3500 2433.1 11.19 0.01003 0.614 
3950 1267.8 2.79 0.00460 0.301 
3490 2460.5 11.47 0.01018 0.622 
3940 1292.3 2.90 0.00470 0.307 3480 2488.0 11.75 0.01032 0.630 
3930 1316.9 3.02 0.00480 0.313 3470 2515.5 12.03 0.01047 0.638 
3920 1341.6 3.14 0.00491 0.320 3460 2543.1 12.32 0.01062 0.646 
3910 1366.4 3.26 0.00501 0.326 
3450 2570.7 12.62 0.01077 0.654 
3900 1391.1 3.39 0.00512 0.332 
3440 2598.4 12.92 0.01092 0.662 
3890 1416.0 3.52 0.00522 0.339 3430 2626.2 13.22 0.01107 0.670 
3880 1440.9 3.65 0.00533 0.345 3420 2654.1 13.54 0.01122 0.678 
3870 1465.8 3.78 0.00543 0.352 3410 2682.0 13.85 0.01137 0.687 
3860 1490.9 3.92 0.00554 0.358 
3400 2710.0 14.17 0.01153 0.695 
3850 1515.9 4.06 0.00565 0.365 
3390 2738.0 14.50 0.01169 0.703 
3840 1541.1 4.20 0.00576 0.371 3380 2766.2 14.83 0.01184 0.711 
3830 1566.3 4.35 0.00587 0.378 3370 2794.4 15.16 0.01200 0.720 
3820 1591.5 4.50 0.00598 0.384 3360 2822.6 15.51 0.01216 0.728 
3810 1616.9 4.65 0.00609 0.391 
3350 2851.0 15.85 0.01233 0.737 
3800 1642.2 4.81 0.00620 0.398 
3340 2879.4 16.21 0.01249 0.745 
3790 1667.7 4.97 0.00632 0.404 3330 2907.8 16.56 0.01265 0.754 
3780 1693.2 5.13 0.00643 0.411 3320 2936.4 16.93 0.01282 0.762 
3770 1718.7 5.30 0.00655 0.418 3310 2965.0 17.30 0.01299 0.771 
3760 1744.4 5.47 0.00666 0.425 
3300 2993.7 17.67 0.01316 0.779 
3750 1770.0 5.64 0.00678 0.431 
3290 3022.4 18.05 0.01333 0.788 
3740 1795.8 5.81 0.00690 0.438 3280 3051.2 18.44 0.01350 0.797 
3730 1821.6 5.99 0.00702 0.445 3270 3080.1 18.83 0.01367 0.806 
3720 1847.5 6.18 0.00714 0.452 3260 3109.1 19.23 0.01385 0.815 
3710 1873.4 6.36 0.00726 0.459 
3250 31381 19.63 0.01402 0.824 
3700 1899.4 6.55 0.00738 0.466 
3240 31672 20.04 0.01420 0.832 


3690 1925.5 6.75 0.00750 0.473 3230 3196.4 20.46 0.01438 0.842 
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T(V) 
0.01456 
0.01474 


0.01493 


0.01511 
0.01530 
0.01549 
0.01568 


0.01587 


0.01607 
0.01626 
0.01646 
0.01666 


0.01686 


0.01706 
0.01726 
0.01747 
0.01768 


0.01789 


0.01810 
0.01831 
0.01853 
0.01875 


0.01897 


0.01919 
0.01941 
0.01964 
0.01986 


0.02009 


0.02032 
0.02056 
0.02079 
0.02103 


0.02127 


0.02151 
0.02176 
0.02201 
0.02226 


0.02251 


0.02276 
0.02302 
0.02328 
0.02354 


0.02380 
0.02407 


0.02434 
0.02461 


T(V) 
0.851 
0.860 


0.869 


0.878 
0.887 
0.897 
0.906 


0.915 


0.925 
0.934 
0.944 
0.954 


0.963 


0.973 
0.983 
0.993 
1.003 


1.013 


1.023 
1.033 
1.043 
1.053 


1.063 


1.074 
1.084 
1.094 
1.105 


1.115 


1.126 
1.137 
1.147 
1.158 


1.169 


1.180 
1.191 
1.202 
1.213 


1.224 


1.236 
1.247 
1.258 
1.270 


1.281 
1.293 


1.304 
1.316 


121 


V 
2760 


2750 


2740 
2730 
2720 
2710 


2700 


2690 
2680 
2670 
2660 


2650 


2640 
2630 
2620 
2610 


2600 


2590 
2580 
2570 
2560 


2550 


2540 
2530 
2520 
2510 


2500 


2490 
2480 
2470 
2460 


2450 


2440 
2430 
2420 
2410 


2400 
2390 
2380 
2370 
2360 


2350 


S(V) 
4647.8 


4680.4 


4713.1 
4745.9 
4718.7 
4811.7 


4844.7 


4871.7 
4910.9 
4944.1 
4977.4 


5010.8 


5044.2 
5077.8 
5111.4 
5145.0 


5178.8 


5212.6 
5246.5 
5280.5 
5314.6 


5348.7 


5382.9 
5411.2 
5451.6 
5486.0 


5520.5 


5555.1 
5589.8 
5624.5 
5659.4 


5694.3 


5729.3 
5764.4 
5799.5 
5834.7 


5870.1 


5905.4 
5940.9 
5976.5 
6012.1 


6047.9 


6083.7 
6119.6 
6155.5 
6191.6 


T(V) 
0.02488 


0.02516 


0.02544 
0.02572 
0.02600 
0.02629 


0.02658 


0.02687 
0.02717 
0.02747 
0.02777 


0.02807 


0.02838 
0.02869 
0.02901 
0.02932 


0.02964 


0.02997 
0.03029 
0.03062 
0.03096 


0.03129 


0.03163 
0.03197 
0.03232 
0.03267 


0.03303 


0.03338 
0.03374 
0.03411 
0.03448 


0.03485 


0.03523 
0.03561 
0.03599 
0.03638 


0.03677 


0.03717 
0.03757 
0.03798 
0.03839 


0.03880 


0.03922 
0.03964 
0.04007 
0.04050 


Modern Exterior Ballistics 


V S(V) A(V) T(V) T(V) ү S(V) A(V) Т(У) Т(У) 
2300 6227.8 99.78 0.04094 1.955 1840 7998.8 194.47 0.06799 2.816 
1830 8040.2 197.29 0.06878 2.839 
2290 6264.0 101.28 0.04138 1.971 1820 8081.7 200.17 0.06958 2.862 
2280 6300.3 102.79 0.04183 1.987 1810 8123.4 203.09 0.07040 2.885 
2270 6336.7 104.32 0.04228 2.003 
2260 6373.2 105.87 0.04274 2.019 1800 8165.2 206.05 0.07122 2.908 
2250 6409.8 107.44 0.04320 2.035 1790 8207.3 209.06 0.07206 2.931 
1780 8249.4 212.12 0.07291 2.955 
2240 6446.5 109.04 0.04367 2.051 1770 8291.8 215.22 0.07378 2.979 
2230 6483.3 110.65 0.04415 2.068 1760 8334.3 218.38 0.07466 3.003 
2220 6520.1 112.29 0.04462 2.084 
2210 6557.1 113.94 0.04511 2.101 1750 8377.0 221.59 0.07555 3.027 
2200 6594.1 115.62 0.04560 2.118 1740 8419.9 224.85 0.07645 3.052 
1730 8463.0 228.16 0.07738 3.076 
2190 6631.2 117.32 0.04609 2.135 1720 8506.3 231.53 0.07831 3.102 
2180 6668.4 119.05 0.04660 2.152 1710 8549.8 234.96 0.07926 3.127 
2170 6705.7 120.80 0.04710 2.169 
2160 6743.2 122.57 0.04762 2.186 1700 8593.4 238.44 0.08023 3.153 
2150 6780.7 124.37 0.04814 2.204 1690 8637.3 241.98 0.08121 3.178 
1680 8681.4 245.58 0.08221 3.205 
2140 6818.3 126.18 0.04866 2.221 1670 8725.7 249.25 0.08322 3.231 
2130 6856.0 128.03 0.04919 2.239 1660 8770.3 252.98 0.08426 3.258 
2120 6893.8 129.90 0.04973 2.257 
2110 6931.7 131.79 0.05028 2.275 1650 8815.0 256.77 0.08531 3.285 
2100 6969.7 133.72 0.05083 2.293 1640 8860.0 260.63 0.08638 3.312 
1630 8905.2 264.56 0.08747 3.340 
2090 7007.8 135.66 0.05139 2.311 1620 8950.7 268.57 0.08857 3.368 
2080 7046.0 137.64 0.05195 2.329 1610 8996.4 272.64 0.08970 3.396 
2070 7084.3 139.64 0.05253 2.348 
2060 7122.8 141.67 0.05311 2.366 1600 9042.3 276.79 0.09085 3.425 
2050 7161.3 143.73 0.05369 2.385 1590 9088.6 281.02 0.09202 3.454 
1580 9135.1 285.32 0.09321 3.483 
2040 7200.0 145.82, 0.05429 2.404 1570 9181.9 289.71 0.09442 3.513 
2030 7238.7 147.93 0.05489 2.423 1560 9228.9 294.19 0.09566 3.543 
2020 7277.6 150.08 0.05550 2.442 
2010 7316.6 152.25 0.05612 2.461 1550 9276.3 298.75 0.09692 3.573 
2000 7355.7 154.46 0.05674 2.481 1540 9324.0 303.40 0.09820 3.604 
1530 9372.0 308.14 0.09951 3.635 
1990 7394.9 156.70 0.05738 2.501 1520 9420.3 312.99 0.10085 3.667 
1980 7434.3 158.97 0.05802 2.520 1510 9469.0 317.92 0.10221 3.699 
1970 7473.8 161.27 0.05867 2.540 
1960 7513.3 163.61 0.05933 2.561 1500 9518.0 322.97 0.10360 3.732 
1950 7553.1 165.98 0.06000 2.581 1490 9567.3 328.12 0.10502 3.765 
1480 9617.1 333.38 0.10647 3.798 
1940 7592.9 168.38 0.06067 2.601 1470 9667.2 338.75 0.10796 3.832 
1930 7632.9 170.82 0.06136 2.622 1460 9717.7 344.24 0.10947 3.867 
1920 7673.0 173.29 0.06206 2.643 
1910 7713.2 175.81 0.06276 2.664 1450 9768.6 349.85 0.11102 3.902 
1900 7153.6 178.35 0.06348 2.685 1440 9820.0 355.59 0.11260 3.937 
1430 9871.8 361.47 0.11422 3.973 
1890 7194.1 180.94 0.06420 2.706 1420 9924.0 367.48 0.11587 4.010 
1880 7834.7 183.56 0.06494 2.728 1410 9976.7 373.63 0.11757 4.047 
1870 7875.5 186.23 0.06569 2.750 
1860 7916.5 188.93 0.06644 2.772 1400 100300 379.94 0.11930 4.085 


1850 79575 191.68 0.06721 2.794 1390 100837 386.40 0.12108 4124 


ү 
1380 
1370 
1360 


1350 


1340 
1330 
1320 
1310 


1300 


1290 
1280 
1270 
1260 


1250 


1240 
1230 
1220 
1210 


1200 


1190 
1180 
1170 
1160 


1150 


1140 
1130 
1120 
1110 


1100 


1090 
1080 
1070 
1060 


1050 
1030 


1020 
1010 


980 
970 


S(V) 
10138.1 
10192.9 
10248.4 


10304.5 


10361.2 
10418.7 
10476.8 
10535.8 


10595.5 


10656.1 
10717.6 
10780.1 
10843.6 


10908.1 


10973.9 
11040.8 
11109.2 
11178.9 


11250.2 


11323.2 
11397.9 
11474.7 
11553.5 


11634.6 


11718.3 
11804.6 
11893.8 
11986.2 


12081.9 


12181.4 
12284.7 
12392.2 
12504.2 


12620.9 


12742.5 
12869.3 
13001.6 
13139.5 


13283.2 
13432.9 
13588.7 
13750.7 
13919.2 
14094.1 


14275.5 
14463.6 


A(V) 
393.03 
399.82 
406.79 


413.96 


421.31 
428.88 
436.66 
444.67 


452.93 


461.44 
410.22 
479.30 
488.68 


498.39 


508.45 
518.89 
529.73 
541.01 


552.16 


565.02 
577.83 
591.25 
605.32 


620.12 


635.70 
652.15 
669.54 
687.99 


707.58 


728.43 
750.67 
714.44 
799.88 


827.16 


856.44 
887.90 
921.76 
958.20 


997.45 
1039.75 
1085.35 
1134.51 
1187.50 
1244.62 


1306.18 
1372.51 
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T(V) 
0.12290 
0.12477 
0.12668 


0.12865 


0.13066 
0.13274 
0.13487 
0.13706 


0.13932 


0.14164 
0.14404 
0.14651 
0.14906 


0.15170 


0.15442 
0.15725 
0.16018 
0.16322 


0.16637 


0.16966 
0.17309 
0.17666 
0.18040 


0.18431 


0.18841 
0.19272 
0.19726 
0.20204 


0.20708 


0.21242 
0.21806 
0.22405 
0.23040 


0.23714 


0.24431 
0.25192 
0.26002 
0.26863 


0.27778 
0.28750 
0.29784 
0.30880 
0.32044 
0.33277 


0.34584 
0.35968 


T(V) 
4.163 
4.203 
4.244 


4.285 


4.327 
4.370 
4.414 
4.459 


4.505 


4.551 
4.599 
4.648 
4.698 


4.150 


4.803 
4.857 
4.913 
4.970 


5.029 


5.090 
5.153 
5.219 
5.286 


5.357 


5.430 
5.506 
5.585 
5.668 


5.755 


5.845 
5.941 
6.041 
6.146 


6.256 


6.373 
6.495 
6.624 
6.760 


6.903 
7.054 
7.212 
7.378 
7.553 
7.736 


7.928 
8.129 
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у 
920 
910 


900 


890 
880 
870 
860 


850 
840 
830 
820 
810 


800 


S(V) 
14658.2 
14859.5 


15067.6 


15282.3 
15503.6 
15731.7 
15966.4 


16207.8 


16455.7 
16710.3 
16971.4 
17239.0 


17513.1 


17793.7 
18080.7 
18374.1 
18673.7 


18979.6 


19291.9 
19610.3 
19934.8 
20265.8 


20602.8 


20945.9 
21295.1 
21650.4 
22011.9 


22379.7 


22753.6 
23133.9 
23520.4 
23913.2 


24312.2 


24717.8 
25129.8 
25548.5 
25974.0 


26406.4 


26845.7 
27292.1 
27746.0 
28207.2 


28676.2 
29153.3 


29638.5 
30132.1 


АСУ) 
1443.94 
1520.86 


1603.63 


1692.66 
1788.38 
1891.26 
2001.77 


2120.38 


2247.64 
2384.11 
2530.39 
2687.08 


2854.86 


3034.46 
3226.53 
3431.85 
3651.20 


3885.44 


4135.61 
4402.52 
4687.16 
4990.83 


5314.48 


5659.28 
6026.52 
6417.65 
6834.19 


7277.66 


774977 
8252.30 
8787.21 
9356.37 


9961.86 


10606.42 
11292.50 
12022.83 
12800.60 


13629.01 


14511.39 
15451.88 
16454.57 
17523.87 


18665.25 
19884.20 


21186.60 
22579.06 


Т(У) 
0.37431 
0.38978 


0.40612 


0.42336 
0.44154 
0.46070 
0.48088 


0.50212 


0.52446 
0.54794 
0.57262 
0.59853 


0.62574 


0.65431 
0.68427 
0.71568 
0.74862 


0.78313 


0.81933 
0.85724 
0.89696 
0.93860 


0.98222 


1.02791 
1.07578 
1.12594 
1.17854 


1.23367 


1.29150 
1.35215 
1.41581 
1.48261 


1.55274 


1.62643 
1.70388 
1.78534 
1.87108 


1.96138 


2.05652 
2.15687 
2.26279 
2.37466 


2.49297 
2.61822 


2.75092 
2.89167 


290 


S(V) 
30634.5 


31145.8 


31666.6 
32197.3 
32738.1 
33289.4 


33851.7 
34425.8 
35012.0 
35610.9 
36223.5 
36850.6 
37492.7 
38150.5 
38825.0 
39517.4 
40228.6 


40960.3 


АСУ) 
24068.83 


25664.10 


27374.42 
29209.99 
31181.36 
33300.78 


35582.49 


38042.90 
40699.44 
43571.71 
46684.05 


50062.99 
53737.04 
57738.65 
62107.80 
66890.15 
72137.30 


77912.52. 


АСУ) 
0.00 


0.01 
0.02 
0.05 
0.08 


0.13 


0.19 
0.26 


KV) 
3.04112 


3.20000 


3.36920 
3.54963 
3.74225 
3.94819 


4.16876 
4.40546 
4.65991 
4.93393 
5.22977 
5.54992 
5.89703 
6.27414 
6.68503 
7.13402 
7.62601 


8.16701 
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T(V) 
33.603 


34.727 


35.897 
37.117 
38.390 
39.718 


41.107 
42.560 
44.083 
45.681 
47.359 
49.126 
50.987 
52.951 
55.027 
57.225 
59.557 


62.038 


У 
280 
270 
260 


250 


240 
230 
220 
210 


200 


190 
180 
170 
160 


150 
140 
130 
120 
110 


100 


S(V) 
41713.9 
42490.9 
43292.9 


44122.2 


44980.6 
45870.9 
46796.8 
47759.7 


48764.2 


49816.1 
50919.0 
52079.3 
53303.4 


54598.7 
55976.6 
57449.5 
59033.8 
60745.6 


62608.0 


А(У) 
84289.54 
91353.04 
99203.33 


107965.08 


117780.64 
128832.00 
141349.35 
155577.02 


171864.78 


190664.44 
212498.28 
238080.69 
268331.66 


304455.56 
348169.75 
401823.63 
468802.18 
553860.03 


664239.15 


Tables of the Primary Siacci Functions 


у) 
0.00000 


0.00018 
0.00036 
0.00055 
0.00073 


0.00092 


0.00110 
0.00129 


С, Drag Function 
Quantity Units 
У ft/sec 
S(V) ft-in?/lb 
A(V) ft-in*/lb? 
ТУ) іп? ЛЬ 
T(V) sec-in?/Ib 

T(V) V 

0.000 4420 
4410 

0.013 

0.025 4400 

0.038 

0.051 4390 
4380 

0.064 4370 
4360 

0.077 

0.089 4350 


S(V) 
456.5 
513.8 


571.1 


628.5 
685.9 
743.3 
800.8 


858.3 


A(V) 
0.33 
0.42 


0.53 
0.64 
0.76 
0.89 
1.04 


1.20 


T(V) 
8.76406 
9.42526 
10.16025 


10.98106 


11.90145 
12.93914 
14.11645 
15.45735 


16.99629 


18.77751 
20.85269 
23.29266 
26.18905 


29.66263 


33.88602 
39.09586 
45.63452 
53.98517 


64.89125 


KV) 
0.00148 
0.00167 


0.00186 


0.00205 
0.00224 
0.00243 
0.00263 


0.00282 


T(V) 
64.683 
67.509 
70.536 


73.789 


77,293 
81.083 
85.199 
89.679 


94.581 


99.978 

105.942 
112.576 
119.999 


128.362 


137.872 
148.792 
161.479 
176.382 


194.146 


T(V) 
0.102 
0.115 


0.128 
0.141 
0.154 
0.168 
0.181 


0.194 
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ТУ) 
0.00302 
0.00321 
0.00341 
0.00361 


0.00381 


0.00401 
0.00422 
0.00442 
0.00463 


0.00483 


0.00504 
0.00525 
0.00546 
0.00567 


0.00588 


0.00609 
0.00631 
0.00652 
0.00674 


0.00695 


0.00717 
0.00739 
0.00761 
0.00784 


0.00806 


0.00829 
0.00851 
0.00874 
0.00897 


0.00920 


0.00943 
0.00966 
0.00990 
0.01013 


0.01037 
0.01061 
0.01085 
0.01109 
0.01133 
0.01158 
0.01182 
0.01207 
0.01232 
0.01257 
0.01282 


0.01307 


T(V) 
0.207 
0.221 
0.234 
0.247 


0.261 


0.274 
0.288 
0.301 
0.315 


0.328 


0.342 
0.356 
0.370 
0.383 


0.397 


0.411 
0.425 
0.439 
0.453 


0.467 


0.481 
0.495 
0.509 
0.524 


0.538 


0.552 
0.567 
0.581 
0.596 


0.610 


0.625 
0.639 
0.654 
0.669 


0.683 
0.698 
0.713 
0.728 
0.743 
0.758 
0.773 
0.788 
0.803 
0.819 
0.834 


0.849 


125 


V 
3880 
3870 
3860 


3850 


3840 
3830 
3820 
3810 


3800 


3790 
3780 
3770 
3760 


3750 


3740 
3730 
3720 
3710 


3700 


3690 
3680 
3670 
3660 


3650 


3640 
3630 
3620 
3610 


3600 


3590 
3580 
3570 
3560 


3550 


3540 
3530 
3520 
3510 


3500 
3490 
3480 
3470 
3460 


3450 


S(V) 
3613.6 
3673.4 
3733.2 


3793.1 


3853.0 
3913.0 
3973.0 
4033.1 


4093.2 


4153.4 
4213.7 
4274.0 
4334.3 


4394.8 


4455.2 
4515.7 
4576.3 
4637.0 


4697.7 


4758.4 
4819.2 
4880.1 
4941.1 


5002.1 


5063.1 
5124.2 
5185.4 
5246.6 


5307.9 


5369.3 
5430.7 
5492.2 
5553.7 


5615.4 


5677.0 
5738.8 
5800.6 
5862.4 


5924.4 
5986.4 
6048.4 
6110.6 
6172.7 
6235.0 


6297.3 
6359.7 


(У) 
0.01333 
0.01358 
0.01384 


0.01410 


0.01436 
0.01462 
0.01489 
0.01515 


0.01542 


0.01569 
0.01596 
0.01623 
0.01651 


0.01678 


0.01706 
0.01734 
0.01762 
0.01790 


0.01819 


0.01847 
0.01876 
0.01905 
0.01934 


0.01964 


0.01993 
0.02023 
0.02053 
0.02083 


0.02113 


0.02144 
0.02175 
0.02205 
0.02237 


0.02268 


0.02300 
0.02331 
0.02363 
0.02396 


0.02428 
0.02461 
0.02493 
0.02527 
0.02560 
0.02593 


0.02627 
0.02661 
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у S(V) A(V) Kv) T(V) у S(V) A(V) KV) TV) 
3420 6422.2 78.66 0.02695 1.635 2970 9311.4 181.75 0.04527 2.542 
3410 6484.7 80.35 0.02730 1.654 2960 9377.6 184.77 0.04576 2.564 
3400 6547.3 82.07 0.02765 1.672 2950 9443.8 187.81 0.04625 2.587 
3390 6610.0 83.82 0.02800 1.691 2940 9510.1 190.90 0.04674 2.609 
3380 6672.7 85.58 0.02835 1.709 2930 9576.6 194.02 0.04723 2.632 
3370 6735.5 87.37 0.02870 1.728 2920 9643.1 197.18 0.04773 2.654 
3360 6798.4 89.19 0.02906 1.746 2910 9709.7 200.37 0.04824 267 
3350 6861.4 91.03 0.02942 1.765 2900 9776.4 203.61 0.04875 2.700 
3340 6924.4 92.90 0.02978 1.784 2890 9843.2 206.88 0.04926 2703 
3330 6987.5 94,79 0.03015 1.803 2880 9910.1 210.20 0.04978 2.746 
3320 7050.7 96.70 0.03051 1.822 2870 9977.1 213.55 0.05030 2770 
3310 7113.9 98.64 0.03088 1.841 2860 10044.3 216.94 0.05082 2.793 
3300 7177.2 100.61 0.03126 1.860 2850 101115 220.37 0.05135 2.817 
3290 7240.6 102.61 0.03163 1.879 2840 101788 223.85 0.05189 2.840 

2830 102462 221.36 0.05243 2.864 
3280 7304.1 104.62 0.03201 1.899 2820 103137 230.92 0.05297 2.888 
3270 7367.6 106.67 0.03239 1.918 2810 103813 234.52 0.05352 2.912 
3260 74312, 108.74 0.03278 1.938 

2800 104490 238.17 0.05408 2.936 
3250 7494.9 110.84 0.03316 1.957 

2790 105168. 241.85 0.05463 2.961 
3240 7558.6 112.97 0.03355 1.977 2780 105848 245.58 0.05520 2.985 
3230 7622.5 115.12 0.03394 1.997 2770 106528 249.36 0.05576 3,009 
3220 7686.4 117.31 0.03434 2.016 2760 107209 253.18 0.05634 3.034 
3210 7150.4 119.52 0.03474 2.036 

2750 107892 251.04 0.05692 3.059 
3200 7814.5 121.76 0.03514 2.056 4 

2740 108575 260.95 0.05750 3.084 § 
3190 7878.6 124.02 0.03554 2.076 2730 109260 264.91 0.05809 3.109 i 
3180 7942.9 126.32 0.03595 2.096 2720 109946 268.91 0.05868 3.134 * 
3170 8007.2 128.65 0.03636 2.117 2710 110633 272.96 0.05928 3.159 1 
3160 8071.6 131.00 0.03678 2.137 1 

2700 111321 277.06 0.05989 3.185 1 
3150 8136.1 133.38 0.03719 2.158 ' 

2690 11201.0 281.21 0.06050 3210 1 
3140 8200.6 135.80 0.03761 2.178 2680 112700 285.41 0.06111 3236 1 
3130 8265.3 138.25 0.03803 2.199 2670 113391 289.65 0.06173 3262 | 
3120 8330.0 140.72 0.03846 2.219 2660 114084 293.95 0.06236 3288 1 
3110 8394.8 143.23 0.03889 2.240 1 

2650 114777 298.30 0.06299 3.314 
3100 8459.7 145.77 0.03932 2.261 | 

2640 115472 302.70 0.06363 3.340 
3090 8524.7 148.34 0.03976 2.282 2630 116168 307.15 0.06428 3.367 
3080 8589.8 150.94 0.04020 2.303 2620 116865 311.65 0.06493 3.393 1 
3070 8655.0 153.57 0.04064 2.324 2610 117564 316.21 0.06559 3.420 
3060 8720.2 156.24 0.04109 2.346 

2600 118263 320.82 0.06625 3.447 
3050 8785.5 158.94 0.04154 2.367 

25900 118963 325.48 0.06692 3.474 | 
3040 8851.0 161.67 0.04199 2.389 2580 119665 330.20 0.06759 3.503 | 
3030 8916.5 164.43 0.04245 2.410 2570 120368 334.98 0.06827 3.528 | 
3020 8982.1 167.23 0.04291 2.432 2560 121072 339.81 0.06896 3.556 | 
3010 9047.8 170.07 0.04338 2.454 | 

2550 121777 344.69 0.06966 3.583 | 
3000 9113.5 172.94 0.04385 2.415 

2540 122483 349.64 0.07036 3.611 
2990 9179.4 175.84 0.04432 2.497 2530 123191 354.64 0.07107 3.635 | 


2980 9245.4 178.78 0.04479 2.520 2520 123899 359.70 0.07178 3.667 | 


S(V) 
12460.9 


12532.0 


12603.2 
12674.5 
12745.9 
12817.5 


12889.2 


12961.0 
13032.9 
13104.9 
13177.0 


13249.3 


13321.7 
13394.2 
13466.8 
13539.5 


13612.4 


13685.4 
13758.5 
13831.7 
13905.1 


13978.5 


14052.1 
14125.9 
14199.7 
14273.7 


14347.8 


14422.0 
14496.3 
14570.8 
14645.3 


14720.0 


14794.8 
14869.8 
14944.8 
15020.0 


15095.3 


15170.7 
15246.2 
15321.9 
15397.6 


15473.5 


15549.5 
15625.6 
15701.9 
15778.2 
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KV) 
0.07250 


0.07323 


0.07397 
0.07471 
0.07546 
0.07622 


0.07698 


0.07776 
0.07854 
0.07932 
0.08012 


0.08092 


0.08173 
0.08255 
0.08338 
0.08422 


0.08506 


0.08592 
0.08678 
0.08765 
0.08853 


0.08942 


0.09032 
0.09123 
0.09215 
0.09307 


0.09401 


0.09496 
0.09591 
0.09688 
0.09786 


0.09885 


0.09985 
0.10086 
0.10188 
0.10291 


0.10395 


0.10500 
0.10607 
0.10715 
0.10824 


0.10934 


0.11045 
0.11158 
0.11272 
0.11387 


Т(У) 
3.695 


3.723 


3.752 
3.781 
3.810 
3.839 


3.868 


3.897 
3.927 
3.956 
3.986 


4.016 


4.047 
4.077 
4.108 
4.138 


4.169 


4.200 
4.232 
4.263 
4.295 


4.327 


4.359 
4.391 
4.424 
4.456 


4.489 


4.522 
4.555 
4.589 
4.622 


4.656 


4.690 
4.725 
4.759 
4.794 


4.829 


4.864 
4.899 
4.935 
4.971 


5.007 


5.043 
5.080 
5.116 
5.153 


127 


M 
2050 


2040 
2030 
2020 
2010 


2000 


1990 
1980 
1970 
1960 


1950 


1940 
1930 
1920 
1910 


S(V) 
15854.7 


15931.2 
16007.9 
16084.7 
16161.6 


16238.6 


16315.7 
16392.9 
16470.2 
16547.6 


16625.2 


16702.8 
16780.6 
16858.4 
16936.4 


17014.5 


17092.7 
17171.0 
17249.4 
17327.9 


17406.5 


17485.2 
17564.1 
17643.0 
17722.1 


17801.3 


17880.6 
17960.0 
18039.5 
18119.2 


18199.0 


18278.9 
18359.0 
18439.2 
18519.5 


18600.0 


18680.6 
18761.3 
18842.2 
18923.2 


19004.4 
19085.8 
19167.3 
19249.0 
19330.9 


19412.9 


A(V) 
678.19 


687.04 
696.00 
705.06 
714.22 


723.50 


732.88 
742.37 
751.97 
761.69 


771.52 


781.47 
791.53 
801.71 
812.01 


822.44 


832.98 
843.65 
854.45 
865.38 


876.43 


887.62 
898.94 
910.40 
922.00 


933.73 


945.61 
957.63 
969.80 
982.12 


994.59 


1007.22 
1020.00 
1032.94 
1046.04 


1059.31 


1072.74 
1086.35 
1100.13 
1114.08 


1128.22 
1142.54 
1157.05 
1171.75 
1186.64 


1201.74 


у) 
0.11503 


0.11621 
0.11740 
0.11861 
0.11982 


0.12106 


0.12230 
0.12356 
0.12484 
0.12613 


0.12743 


0.12875 
0.13009 
0.13144 
0.13281 


0.13419 


0.13559 
0.13701 
0.13844 
0.13990 


0.14136 


0.14285 
0.14436 
0.14588 
0. 14743 


0.14899 


0.15057 
0.15218 
0.15380 
0.15545 


0.15711 


0.15880 
0.16051 
0.16224 
0.16400 


0.16578 


0.16759 
0.16941 
0.17127 
0.17315 


0.17506 
0.17699 
0.17895 
0.18094 
0.18296 


0.18501 
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У S(V) A(V) KV) T(V) V S(V) A(V) У) T(V) 
1590 194951 1217.04 0.18709 7.205 1130 236794 2281.59 0.33902 10.333 
1580 19577.6 1232.55 0.18920 7.257 1120 237876 2318.56 0.34452 10.429 
1570 196602 1248.27 0.19134 7.309 1110 238989 2351.23 0.35028 10.529 
1560 19743.1 1264.22 0.19352 7.362 

1100 240155 2398.44 0.35642 10.635 
1550 198262 1280.39 0.19573 7.415 

1090 241407 2443.46 0.36314 10.749 
1540 19909.5 1296.79 0.19797 7.469 1080 242784 2494.01 0.37067 10.876 
1530 199931 1313.43 0.20025 7.524 1070 244332 2552.06 0.37929 11.020 
1520 200769 1330.31 0.20257 7.579 1060 246088 2619.52 0.38924 11.185 
1510 201610 1347.44 0.20493 7.634 

1050 248069 2697.75 0.40069 11.373 
1500 202453 1364.83 0.20733 7.690 

1040 250262 2787.05 0.41361 11.583 
1490 203300 1382.49 0.20976 7.747 1030 25262.9 2886.64 0.42783 11811 
1480 204149 1400.41 0.21224 7.804 1020 25512.6 2995.34 0.44311 12.055 
1470 205002 1418.61 0.21476 7.862 1010 257716 3112.23 0.45929 12.310 
1460 20585.8 1437.10 0.21732 7.920 

1000 260382 3236.93 0.47627 12.575 
1450 206717 1455.88 0.21993 7.979 

990 263116 3369.53 0.49403 12.850 
1440 207579 1474.95 0.22259 8.039 980 265914 3510.33 0.51258 13.134 
1430 208445 1494.34 0.22529 8.099 970 268774 3659.73 0.53193 13.428 
1420 — 209314 1514.05 0.22805 8.160 960 27169.6 3818.07 0.55211 13.730 
1410 210187 1534.08 0.23085 8.222 

950 274675 3985.69 0.57313 14.042 
1400 — 211064 1554.45 0.23371 8.285 

940 277109 4162.89 0.59498 14.363 
1390 211945 1575.17 0.23662 8.348 930 2807946 4350.01 0.61769 14.693 
1380 212830 1596.24 0.23959 8.412 920 283931 4547.31 0.64126 15.032 
1370 213719 1617.68 0.24261 8.476 910 287114 4155.35 0.66572 15.380 
1360 214613 1639.50 0.24570 8.542 

900 290342 4974.32 0.69107 15.737 
1350 215514 1661.70 0.24885 8.608 

890 293613 5204.67 0.71734 16.103 
1340 — 216414 1684.31 0.25205 8.675 880 29692,6 5446.82 0.74455 16477 
1330 217324 1707.33 0.25533 8.743 870 300280 5701.18 0.77272 16.860 
1320 218233 1730.77 0.25867 8.812 860 303671 5968.17 0.80187 17.252 
1310 21915.0 1754.65 0.26208 8.882 

850 30709.9 6248.23 0.83204 17.653 § 
1300 220073 1778.98 0.26557 8.952 | 

840 310563 6541.82 0.86324 18.063 1 
1290 221000 1803.78 0.26912 9.024 830 314061 6849.40 0.89551 18.482 1 
1280 221933 1829.06 0.27216 9.097 820 317592 717147 0.92888 18.910 § 
1270 222872 1854.84 0.27647 9.170 810 321155 7508.56 0.96339 19.347 
1260 223816 1881.13 0.28027 9.245 | 

800 32474.9 7861.21 0.99907 19.794 | 
1250 224767 1907.95 0.28415 9.321 i 

790 328374 8230.00 1.03596 20.250 4 
1240 225723 1935.32 0.28812 9.397 780 332029 8615.53 1.07410 20.715 
1230 226686 1963.26 0.29218 9.475 7707 335712 9018.42 1.11355 21.191 | 
1220 227656 1991.80 0.29634 9.555 760 339424 9439.32 1.15435 21.676 
1210 228633 2020.95 0.30059 9.635 

750 343164 9878.91 1.19656 22.171 | 
1200 229618 2050.76 0.30496 9.717 | 

740 346932 10337.90 1.24022 22.677 | 
1190 23061.1 2081.27 0.30943 9.800 730 35072.7 10817.07 1.28540 23.193 | 
1180 231613 2112.52 0.31402 9.884 720 354549 1131725 1.33218 23.720 | 
1170 232626 2144.56 0.31874 9.971 710 358398 1183934 1.38061 24.259 ] 
1160 — 233649 2177.43 0.32359 10.058 | 

70 362275 12384.30 1.43079 24.809 | 
1150 234684 2211.18 0.32858 10.148 

690 366181 12953.18 1.48280 25371 


1140 235732 2245.81 0.33372 10.240 680 3701.55. 13547.11 1.53673 25.945 | 


S(V) 
37407.9 
37807.3 


38209.8 


38615.6 
39024.7 
39437.4 
39853.7 


40273.8 


40698.0 
41126.5 
41559.5 
41997.3 


42440.0 


42888.0 
43341.6 
43801.0 
44266.5 


44738.7 


45217.7 
45704.0 
46198.0 
46700.2 


47211.0 
47730.9 
48260.4 
48800.0 
49350.4 


49912.1 


A(V) 
14167.27 
14814.96 


15491.56 


16198.56 
16937.59 
17710.42 
18519.01 


19365.47 


20252.12 
21181.47 
22156.26 
23179.47 


24254.34 


25384.42 
26573.61 
27826.16 
29146.81 


30540.74 


32013.69 
33571.99 
35222.65 
36973.42 


38832.88 
40810.58 
42917.12 
45164.39 
47565.72 


50136.14 
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KV) 
1.59269 
1.65079 


1.71114 


1.77388 
1.83915 
1.90710 
1.97790 


2.05174 


2.12882 
2.20936 
2.29361 
2.38182 


2.47428 


2.57131 
2.67324 
2.78046 
2.89338 


3.01247 


3.13824 
3.27124 
3.41210 
3.56151 


3.72024 
3.88913 
4.06915 
4.26135 
4.46693 


4.68725 


T(V) 
26.532 
27.133 


27.748 


28.377 
29.021 
29.681 
30.358 


31.053 


31.766 
32.498 
33.251 
34.026 


34.824 


35.646 
36.494 
37.369 
38.273 


39.208 


40.176 
41.178 
42.218 
43.299 


44.421 
45.590 
46.807 
48.077 
49.403 


50.790 


129 


130 
120 
110 


S(V) 
50485.8 
51072.3 
51672.3 
52286.7 


52916.4 


53562.4 
542257 
54907.6 
55609.2 


56332.1 


57077.6 
57847.6 
58643.8 
59468.4 


60323.5 


61211.9 
62136.4 
63100.3 
64107.3 


65161.7 


66268.4 
67433.3 
68662.8 
69965.1 


71349.5 
72827,6 
74413.2 
76123.7 
77981.1 


80013.6 


АСУ) 
52892.60 
55854.29 
59043.00 
62483.55 


66204.31 


70237.83 
74621.57 
79398.86 
84620.01 


90343.75 


96638.98 

103586.94 
111284.01 
119845.21 


129408.74 


140141.87 
152248.60 
165979.83 
181646.96 


199640.30 


220454.54 
244724.28 
273274.63 
307194.52 


347945 .28 
397525.08 
458725.09 
535540.53 
633854.08 


762619.22 


ҚУ) 
4.92382 
5.17837 
5.45289 
5.74960 


6.07109 


6.42029 
6.80061 
7.21599 
7.67101 


8.17102 


8.72233 
9.33235 
10.00990 
10.76555 


11.61198 


12.56457 
13.64210 
14.86772 
16.27017 


17.88555 


19.75967 
21.95137 
24.53726 
27.61859 


31.33138 
35.86189 
41.47061 
48.53081 
57.59275 


69.49482 


T(V) 
52.243 
53.766 
55.366 
57.050 


58.824 


60.696 
62.677 
64.775 
67.003 


69.374 


71.901 
74.603 
71.499 
80.612 


83.966 


87.593 
91.528 
95.813 
100.499 


105.644 


111.323 
117.622 
124.652 
132.549 


141.487 
151.688 
163.444 
177.143 
193.315 


212.701 
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Tables of the Primary Siacci Functions 


у) 
0.00000 


0.00014 
0.00027 
0.00041 
0.00055 


0.00069 


0.00083 
0.00097 
0.00111 
0.00125 


0.00139 


0.00153 
0.00168 
0.00182 
0.00197 


0.00212 


0.00226 
0.00241 
0.00256 
0.00271 


0.00286 
0.00301 
0.00317 
0.00332 
0.00347 
0.00363 


0.00379 
0.00394 


G, Drag Function 
Quantity Units 
V ft/sec 
S(V) ft-in2/Ib 
А(У) ft-in4lb: 
ICV) in?/Ib 
T(V) sec-in?/Ib 

T(V) У 

0.000 4220 
4210 

0.009 

0.019 4200 

0.029 

0.038 4190 
4180 

0.048 4170 
4160 

0.057 

0.067 4150 

0.077 

0.086 4140 
4130 

0.096 4120 
4110 

0.106 

0.116 4100 

0.126 

0.136 4090 
4080 

0.146 4070 
4060 

0.155 

0.165 4050 

0.175 

0.186 4040 
4030 

0.196 4020 
4010 

0.206 

0.216 4000 

0.226 

0.236 3990 
3980 

0.247 3970 
3960 

0.257 

0.267 3950 


130 


S(V) 
1210.1 
1254.0 


1298.0 


1342.0 
1386.0 
1430.1 
1474.2 


1518.4 


1562.6 
1606.9 
1651.2 
1695.6 


1740.0 
1784.5 
1829.0 
1873.6 
1918.2 
1962.9 
2007.6 
2052.4 
2097.2 
2142.1 
2187.0 


2231.9 
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KV) 
0.00893 
0.00912 
0.00930 
0.00949 


0.00969 


0.00988 
0.01007 
0.01027 
0.01047 


0.01066 


0.01086 
0.01106 
0.01126 
0.01147 


0.01167 


0.01188 
0.01208 
0.01229 
0.01250 


0.01271 


0.01292 
0.01314 
0.01335 
0.01357 


0.01379 


0.01400 
0.01423 
0.01445 
0.01467 


0.01490 


0.01512 
0.01535 
0.01558 
0.01581 


0.01604 
0.01628 
0.01651 
0.01675 
0.01699 
0.01723 
0.01747 
0.01772 
0.01796 
0.01821 
0.01846 


0.01871 


T(V) 
0.584 
0.595 
0.607 
0.618 


0.630 


0.642 
0.653 
0.665 
0.677 


0.689 


0.701 
0.713 
0.725 
0.737 


0.749 


0.761 
0.773 
0.785 
0.797 


0.810 


0.822 
0.834 
0.847 
0.859 


0.872 


0.885 
0.897 
0.910 
0.923 


0.935 


0.948 
0.961 
0.974 
0.987 


1.000 


1.013 
1.026 
1.040 
1.053 


1.066 


1.079 
1.093 
1.106 
1.120 
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у 
3480 
3470 
3460 


3450 


3440 
3430 
3420 
3410 


3400 


3390 
3380 
3370 
3360 


3350 
3340 
3330 
3320 
3310 


3300 


S(V) 
4594.8 
4642.6 
4690.4 


4738.2 


4786.2 
4834.2 
4882.2 
4930.3 


4978.5 


5026.7 
5075.0 
5123.3 
5171.7 


5220.2 


5268.7 
5317.3 
5365.9 
5414.6 


5463.4 


5512.2 
5561.1 
5610.0 
5659.0 


5708.1 


5757.2 
5806.4 
5855.6 
5904.9 


5954.3 


6003.7 
6053.2 
6102.8 
6152.4 


6202.1 


6251.8 
6301.6 
6351.5 
6401.4 


6451.4 
6501.5 
6551.6 
6601.8 
6652.1 
6702.4 


6752.8 
6803.3 


KV) 
0.01896 
0.01922 
0.01947 


0.01973 


0.01999 
0.02025 
0.02052 
0.02078 


0.02105 


0.02132 
0.02159 
0.02186 
0.02214 


0.02242 


0.02269 
0.02297 
0.02326 
0.02354 


0.02383 


0.02412 
0.02441 
0.02470 
0.02500 


0.02530 


0.02560 
0.02590 
0.02620 
0.02651 


0.02682 


0.02713 
0.02745 
0.02776 
0.02808 


0.02840 


0.02873 
0.02905 
0.02938 
0.02971 


0.03004 
0.03038 
0.03072 
0.03106 
0.03140 
0.03175 


0.03210 
0.03245 


KV) 
0.03281 
0.03317 


0.03353 


0.03389 
0.03426 
0.03463 
0.03500 


0.03537 


0.03575 
0.03614 
0.03652 
0.03691 


0.03730 


0.03769 
0.03809 
0.03849 
0.03890 


0.03930 


0.03971 
0.04013 
0.04055 
0.04097 


0.04139 


0.04182 
0.04226 
0.04269 
0.04313 


0.04358 


0.04402 
0.04447 
0.04493 
0.04539 


0.04585 


0.04632 
0.04679 
0.04727 
0.04775 


0.04823 


0.04872 
0.04922 
0.04971 
0.05022 


0.05072 
0.05123 


0.05175 
0.05227 


Modern Exterior Ballistics 


T(V) 
1.857 
1.874 


1.891 


1.908 
1.925 
1.942 
1.959 


1.977 


1.994 
2.011 
2.029 
2.046 


2.064 


2.082 
2.100 
2.118 
2.136 


2.154 


2.172 
2.190 
2.208 
2.227 


2.245 
2.264 
2.283 
2.302 
2.321 


2.340 
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у 
2560 


2550 


2540 
2530 
2520 
2510 


2500 


2490 
2480 
2470 
2460 


2450 


2440 
2430 
2420 
2410 


2400 


2390 
2380 
2370 
2360 


2350 


2340 
2330 
2320 
2310 


2300 


2290 
2280 
2270 
2260 


2250 


2240 
2230 
2220 
2210 


2200 
2190 
2180 
2170 
2160 


2150 


S(V) 
9252.1 


9306.0 


9359.9 
9413.9 
9468.0 
9522.1 


9576.4 


9630.7 
9685.1 
9739.6 
9794.1 


9848.7 


9903.4 
9958.2 
10013.1 
10068.1 


10123.1 


10178.2 
10233.4 
10288.7 
10344.0 


10399.5 


10455.0 
10510.6 
10566.3 
10622.1 


10678.0 


10733.9 
10789.9 
10846.1 
10902.3 


10958.6 


11014.9 
11071.4 
11128.0 
11184.6 


11241,3 


11298.1 
11355.1 
11412.1 
11469.1 


11526.3 


11583.6 
11641.0 
11698.5 
11756.1 


KV) 
0.05280 


0.05333 


0.05386 
0.05440 
0.05495 
0.05550 


0.05605 


0.05662 
0.05718 
0.05775 
0.05833 


0.05891 


0.05950 
0.06010 
0.06070 
0.06130 


0.06192 


0.06253 
0.06316 
0.06379 
0.06443 


0.06507 


0.06572 
0.06637 
0.06704 
0.06771 


0.06838 


0.06907 
0.06976 
0.07045 
0.07116 


0.07187 


0.07259 
0.07332 
0.07405 
0.07479 


0.07554 


0.07630 
0.07707 
0.07784 
0.07863 


0.07942 


0.08022 
0.08103 
0.08185 
0.08268 


S(V) 
11813.8 


11871.6 
11929.5 
11987.5 
12045.7 


12103.9 


12162.3 
12220.8 
12279.4 
12338.2 


12397.1 


12456.1 
12515.3 
12574.6 
12634.0 


12693.7 


12753.5 
12813.4 
12873.5 
12933.8 


12994.3 


13055.0 
13115.8 
13176.9 
13238.1 


13299.6 


13361.3 
13423.2 
13485.3 
13547.7 


13610.3 


13673.1 
13736.2 
13799.6 
13863.2 


13927.2 


13991.4 
14055.8 
14120.6 
14185.7 


14251.1 
14316.9 
14382.9 
14449 3 
14516.1 


14583.2 
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KV) 
0.08352 


0.08436 
0.08522 
0.08609 
0.08696 


0.08785 


0.08875 
0.08966 
0.09058 
0.09151 


0.09245 


0.09340 
0.09437 
0.09535 
0.09634 


0.09734 


0.09836 
0.09939 
0.10043 
0.10149 


0.10256 


0.10365 
0.10475 
0.10587 
0.10700 


0.10815 


0.10931 
0.11050 
0.11170 
0.11291 


0.11415 


0.11540 
0.11668 
0.11797 
0.11929 


0.12062 


0.12198 
0.12335 
0.12475 
0.12618 


0.12762 
0.12910 
0.13059 
0.13212 
0.13366 


0.13524 


T(V) 
3.824 


3.852 
3.879 
3.907 
3.936 


3.964 


3.992 
4.021 
4.050 
4.079 


4.109 


4.138 
4.168 
4.198 
4.228 


4.259 


4.290 
4.321 
4.352 
4.383 


4.415 


4.447 
4.479 
4.512 
4.545 


4.578 


4.611 
4.645 
4.679 
4.713 


4.748 


4.783 
4.819 
4.854 
4.890 


4.927 


4.963 
5.001 
5.038 
5.076 


5.115 


5.153 
5.193 
5.232 
5.272 


S(V) 
14650.7 
14718.5 
14786.8 
14855.4 


14924.5 


14993.9 
15063.8 
15134.2 
15205.0 


15276.2 


15347.9 
15420.1 
15492.7 
15565.9 


15639.6 


15713.8 
15788.5 
15863.8 
15939.6 


16016.0 


16092.9 
16170.5 
16248.6 
163274 


16406.8 


16486.9 
16567.6 
166491 
16731.2 


16814.1 


16897.7 
16982,2 
17067.4 
17153.5 


17240.6 
17328.5 
17417.4 
17507.2 
17598.1 
17690.0 
17782.9 
17876.9 
17972.0 
18068.3 
18165.9 


18265.1 


АСУ) 
677.26 
686.60 
696.10 
705.78 


715.64 


725.67 
735.89 
746.30 
756.90 


767.71 


778.73 
789.96 
801.41 
813.09 


825.00 


837.16 
849.56 
862.21 
875.13 


888.32 


901.80 
915.56 
929.62 
943.99 


958.67 


973.69 
989.05 
1004.77 
1020.85 


1037.32 


1054.18 
1071.46 
1089.17 
1107.33 


1125.95 
1145.07 
1164.71 
1184.87 
1205.58 
1226.87 
1248.75 
1271.25 
1294.39 
1318.23 
1342.81 


1368.22 


у) 
0.13684 
0.13848 
0.14014 
0.14183 


0.14356 


0.14531 
0.14710 
0.14893 
0.15078 


0.15268 


0.15461 
0.15658 
0.15859 
0.16064 


0.16273 


0.16487 
0.16705 
0.16927 
0.17155 


0.17387 


0.17624 
0.17866 
0.18114 
0.18367 


0.18625 


0.18890 
0.19161 
0.19438 
0.19721 


0.20012 


0.20309 
0.20614 
0.20926 
0.21247 


0.21575 
0.21913 
0.22259 
0.22614 
0.22980 
0.23355 
0.23740 
0.24137 
0.24544 
0.24964 
0.25397 


0.25843 


Modern Exterior Ballistics 


V SCV) ACV) ку) T(V) У S(V) A(V) KV) T(V) 
1180 183661 1394.55 0.26306 8.042 720 320439 11668.35 1.40565 23.502 
1170 18469.3 1421.96 0.26787 8.130 710 32497.9 12319.47 1.46278 24.137 
1160 18575.4 1450.63 0.27289 8.221 

700 32956.7 13004.12 1.52215 24.788 
1150 18684.9 1480.81 0.27818 8.316 
690 33420.3 13724.03 1.58389 25.455 
1140 187988 1512.80 0.28376 8.415 680 338888 14481.10 1.64812 26.139 
1130 189179 1546.97 0.28971 8.520 670 343624 15277.31 1.71498 26.84] 
1120 — 190435 1583.74 0.29609 8.632 660 348410 16114.81 1.78460 21.561 
110 19176.6 1623.62 0.30298 8.751 
650 35325.0 16995.92 1.85716 28.299 
1100 19318.5 1667.15 0.31046 8.879 
640 35814.3 17923.13 1.93283 29.058 
1090 19470.6 1714.97 0.31862 9.018 630 36309.2 18899.13 2.01178 29.837 
1080 19633.9 1767.74 0.32754 9.169 620 36809.9 19926.84 2.09422, 30.639 
1070 198097 1826.16 0.33733 9.332 610 37316.4 21009.44 2.18038 31.462 
1060 199988 1890.96 0.34805 9.510 
600 37829.2 22150.37 2.27049 32.310 
1050 20201.8 1962.82 0.35979 9.702 
590 383483 23353.40 2.36481 33.182 
1040 204191 2042.38 0.37259 9.910 580 38874.1 24622.62 2.46365 34.081 
1030 20650.5 2130.22 0.38648 10.134 570 39406.8 25962.52 2.56729 35.008 
1020 20895.7 2226.81 0.40150 10.373 560 399468 27377.98 2.67610 35.963 
1010 21154.0 2332.58 0.41762 10.628 
550 404943 28874.35 2.79045 36.950 
1000 214246 2447.90 0.43485 10.897 
540 410498 30457.45 2.91074 37.969 
990 217067 2573.15 0.45318 11.180 530 416134 32133.68 3.03743 39.023 
980 219995 2708.70 0.47260 11.478 520 421858 33910.02 3.17100 40.113 
970 223025 2854.96 0.49310 11.788 510 427671 35794.13 3.31200 41.242 
960 226149 3012.37 0.51468 12.112 
500 433578 37194.39 3.46102 42412 
950 229362 3181.40 0.53734 12.449 
490 439584 39920.02 3.61870 43.625 
940 232661 3362.58 0.56111 12.798 480 445693 42181.19 3.78576 44.885 
930 236042 3556.43 0.58598 13.159 470 45190.9 44589.11 3.96299 46.193 
920 239499 3763.51 0.61197 13.533 460 458237 47156.18 4.15127 47.554 
910 243030 3984.36 0.63910 13.919 
450 464683 49896.19 4.35158 48.971 
900 246631 4219.55 0.66738 14.317 
440 471252 52824.52 4.56500 50.448 
890 250297 4469.61 0.69682 14.727 430 477951 55958.33 4.79216 51.988 
880 25402.6 4735.11 0.72744 15.148 420 484787 59316.90 5.03622 53.596 
870 257813 5016.62 0.75926 15.581 410 49176.6 62921.91 5.29692 55.278 
860 26165.6 5314.72 0.79230 16.025 
400 49889.6 66797.82 5.57660 57.039 
850 265551 5630.02 0.82657 16.481 
390 506187 70972.34 5.87724 58.885 
840 269498 5963.19 0.86212 16.948 380 513648 75476.91 6.20107 60.823 
830 273493 6314.94 0.89898 17.426 370 521289 80347.29 6.55064 62.861 
820 27753.5 6686.01 0.93718 17.916 360 529120 85624.34 6.92887 65.007 
810 281623 7077.23 0.97677 18.418 
350 53715.5 91354.89 7.33908 67.270 
800 285757 7489.45 1.01781 18.931 
340 545406 97592.77 7.78512 69.662 
790 28993.6 7923.61 1.06034 19.457 330 553888 10440019 827142 72.194 
780 29415.9 8380.68 1.10442 19.995 320 562617 11184933 8.80313 74.881 
770 298426 8861.72 1.15012 20.546 310 571608 12002430 9.38624 71.136 
760 302739 9367.85 1.19752 21.109 
300 580883 12902366 10:02778 80.777 
750 30709.6 9900.27 1.24669 21.686 
290 590460 13896339 10.73600 84.024 
740 31149.8 10460.24 1.29770 22.277 280 60036.5 149980.78 11.52070 87.500 
730 31594.5 11049.12 1.35066 22.882 270 610621 16223917 12.39351 91.231 
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S(V) 
62125.8 


63230.8 
64380.4 
65578.8 
66830.4 
68140.2 
69514.1 


70958.8 


A(V) 
175934.14 


191301.34 
208626.75 
228260.04 
250632.41 
276280.38 
305878.26 


340282.87 


The Siacci Method for Flat-Fire Trajectories 


ТУ) 
13.36835 


14.46198 
15.69476 
17.09155 
18.68300 
20.50723 
22.61213 


25.05855 


T(V) 
95.245 


99.580 

104.273 
109.374 
114.939 
121.033 
127.738 


135.150 


У 
180 
170 
160 


150 


S(V) 
72482.0 
74092.9 
75802.0 


71622.2 
79569.0 
81661.2 
83922.1 
86381.3 


89076.8 


A(V) 
380596.13 
428254.33 
485157.66 


553862.18 
637871.42 
742091.01 
873559.38 
1042664.68 


1265254.84 


Tables of the Primary Siacci Functions 


ТҮ) 
0.00000 


0.00019 
0.00037 
0.00056 
0.00075 


0.00094 
0.00113 
0.00132 
0.00151 
0.00170 
0.00190 
0.00209 
0.00229 
0.00249 
0.00268 
0.00288 


0.00308 


| 


6.99R 


G, Drag Function 
Quantity Units 
V ft/sec 
S(V) ft-in?/Ib 
A(V) ft-in*/Ib? 
KV) in?/lb 
T(V) sec-in?/lb 

T(V) ү 
0.000 4330 
4320 
0.013 4310 
0.026 
0.039 4300 
0.052 
4290 
0.065 4280 
4270 
0.078 4260 
0.092 
0.105 4250 
0.118 
4240 
0.131 4230 
4220 
0.145 4210 
0.158 
0.171 4200 
0.185 
4190 
0.198 4180 
4170 
0.212 4160 
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S(V) 
995.1 
1053.8 
1112.6 


1171.4 


1230.2 
1289.0 
1347.9 
1406.7 


1465.6 
1524.6 
1583.5 
1642.5 
1701.5 


1760.5 


у) 
27.92468 
31.31242 
35.35651 


40.23816 


46.20558 
53.60620 
62.93824 
74.93663 


90.72194 


KV) 
0.00328 
0.00349 
0.00369 


0.00389 


0.00410 
0.00431 
0.00451 
0.00472 


0.00493 


0.00514 
0.00535 
0.00556 
0.00578 


0.00599 


0.00621 
0.00642 
0.00664 
0.00686 


T(V) 
143.388 
152.597 
162.962 


174.714 
188.150 
203.662 
221.769 
243.181 


268.891 


KV) 
0.00708 


0.00730 
0.00753 
0.00775 
0.00797 


0.00820 


0.00843 
0.00866 
0.00889 
0.00912 


0.00935 


0.00958 
0.00982 
0.01005 
0.01029 


0.01053 


0.01077 
0.01101 
0.01125 
0.01149 


0.01174 


0.01198 
0.01223 
0.01248 
0.01273 


0.01298 


0.01323 
0.01349 
0.01374 
0.01400 


0.01426 


0.01452 
0.01478 
0.01504 
0.01531 


0.01557 


0.01584 
0.01611 
0.01638 
0.01665 


0.01692 
0.01720 
0.01747 
0.01775 
0.01803 


0.01831 


Modern Exterior Ballistics 


T(V) 
0.476 


0.490 
0.504 
0.519 
0.533 


0.547 


0.562 
0.576 
0.591 
0.605 


0.620 


0.635 
0.649 
0.664 
0.679 


0.694 


0.709 
0.724 
0.739 
0.754 


0.769 


0.784 
0.799 
0.814 
0.829 


0.845 


0.860 
0.875 
0.891 
0.906 


0.922 


0.937 
0.953 
0.968 
0.984 
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у 
3690 
3680 
3670 
3660 


3650 


3640 
3630 
3620 
3610 


3600 


3590 
3580 
3570 
3560 


3550 


3540 
3530 
3520 
3510 


3500 


3490 
3480 
3470 
3460 


3450 
3440 
3430 
3420 
3410 


3400 


S(V) 
4796.0 
4856.0 
4916.0 
4976.0 


5036.0 


5096.0 
5156.1 
5216.1 
5276.2 


5336.3 


5396.3 
5456.5 
5516.6 
5576.7 


5636.8 


5697.0 
5757.2 
5817.4 
5877.5 


5937.8 


5998.0 
6058.2 
6118.4 
6178.7 


6238.9 


6299.2 
6359.5 
6419.8 
6480.0 


6540.4 


6600.7 
6661.0 
6721.3 
6781.6 


6842.0 


6902.3 
6962.7 
7023.1 
7083.5 


7143.8 


7204.2 
7264.6 
7325.0 
7385.4 


KV) 
0.01859 
0.01888 
0.01916 
0.01945 


0.01974 


0.02003 
0.02032 
0.02062 
0.02091 


0.02121 


0.02151 
0.02181 
0.02211 
0.02242 


0.02272 


0.02303 
0.02334 
0.02365 
0.02397 


0.02428 


0.02460 
0.02492 
0.02524 
0.02556 


0.02589 


0.02621 
0.02654 
0.02687 
0.02720 


0.02754 


0.02787 
0.02821 
0.02855 
0.02890 


0.02924 
0.02959 
0.02994 
0.03029 
0.03064 
0.03100 
0.03136 
0.03172 
0.03208 
0.03244 
0.03281 


0.03318 


S(V) 
7566.7 
7627.1 
7687.5 


7748.0 


7808.4 
7868.8 
7929.3 
7989.7 


8050.2 


8110.6 
8171.1 
8231.6 
8292.0 


8352.5 


8413.0 
8473.5 
8533.9 
8594.4 


8654.9 


8715.4 
8775.8 
8836.3 
8896.8 


8957.3 


9017.7 
9078.2 
9138.7 
9199.1 


9259.6 


9320.1 
9380.5 
9441.0 
9501.5 


9561.9 


9622.4 
9682.8 
9743.3 
9803.8 


9864.2 
9924.7 
9985.1 
10045.6 
10106.0 
10166.5 


10227.0 
10287.4 
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T(V) 
0.03355 
0.03392 
0.03430 


0.03468 


0.03506 
0.03544 
0.03583 
0.03621 


0.03661 


0.03700 
0.03739 
0.03779 
0.03819 


0.03860 


0.03900 
0.03941 
0.03982 
0.04024 


0.04065 


0.04107 
0.04150 
0.04192 
0.04235 


0.04278 


0.04321 
0.04365 
0.04409 
0.04453 


0.04498 


0.04543 
0.04588 
0.04633 
0.04679 


0.04725 


0.04771 
0.04818 
0.04865 
0.04913 


0.04960 
0.05008 
0.05057 
0.05105 
0.05154 
0.05204 


0.05254 
0.05304 


Т(У) 
1.978 
1.996 
2.015 


2.034 


2.053 
2.072 
2.091 
2.110 


2.129 


2.148 
2.168 
2.187 
2.206 


2.226 


2.245 
2.265 
2.285 
2.304 


2.324 


2.344 
2.364 
2.384 
2.404 


2.424 


2.444 
2.465 
2.485 
2.505 


2.526 


2.546 
2.567 
2.588 
2.608 


2.629 


2.650 
2.671 
2.692 
2.713 


2.734 
2.756 
2.777 
2.798 
2.820 
2.841 


2.863 
2.885 
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у 
2770 
2760 


2750 


2740 
2730 
2720 
2710 


2700 


2690 
2680 
2670 
2660 


2650 


2640 
2630 
2620 
2610 


S(V) 
10347.9 
10408.3 


10468.8 


10529.3 
10589.8 
10650.3 
10710.8 


10771.3 


10831.8 
10892.3 
10952.8 
11013.4 


11073.9 


11134.5 
11195.1 
11255.7 
11316.3 


11376.9 


11437.5 
11498,2 
11558.9 
11619.6 


11680.3 


1174141 
11801.8 
11862.6 
11923.4 


11984.3 


12045.1 
12106.0 
12167.0 
12227.9 


12288.9 


12349.9 
12411.0 
12472.0 
12533.2 


12594.3 


12655.5 
12716.8 
12778.0 
12839.3 


12900.7 
12962.1 


13023.6 
13085.1 


(У) 
0.05354 
0.05405 


0.05456 


0.05508 
0.05560 
0.05612 
0.05665 


0.05718 


0.05772 
0.05826 
0.05880 
0.05935 


0.05990 


0.06046 
0.06102 
0.06159 
0.06216 


0.06273 


0.06331 
0.06390 
0.06449 
0.06508 


0.06568 


0.06628 
0.06689 
0.06750 
0.06812 


0.06874 


0.06937 
0.07001 
0.07065 
0.07129 


0.07194 


0.07260 
0.07326 
0.07393 
0.07460 


0.07528 


0.07597 
0.07666 
0.07736 
0.07807 


0.07878 
0.07950 


0.08022 
0.08095 


Modern Exterior Ballistics 


V S(V) A(V) KV) T(V) V S(V) A(V) (У) T(V) 
2310 13146.6 419.51 0.08169 4.012 1850 16066.2 717.57 0.12575 5.423 
2300 132082 424.57 0.08244 4.038 1840 16132.6 725.96 0.12701 5.459 

1830 161991 734.46 0.12828 5.495 
2290 13269.9 429.67 0.08319 4.065 1820 162659 743.07 0.12957 5.532 
2280 133316 434.83 0.08395 4.092 1810 163328 751.78 0.13087 5.560 
2270 133934 440.04 0.08472 4.119 
2260 134552 445.30 0.08549 4.147 1800 16399.9 760.61 0.13220 5.606 
2250 — 135171 450.62 0.08628 4.174 1790 164672 769.56 0.13354 5.643 
1780 165348 778.62 0.13491 5.681 
2240 135791 455.99 0.08707 4.202 1770 166025 787.80 0.13629 5.719 
2230 1536411 461.41 0.08787 4.230 1760 166704 797.10 0.13769 5.158 
2220 137032 466.90 0.08867 4.257 
2210 137654 472.43 0.08949 4.286 1750 167385 806.53 0.13911 5.797 
2200 138276 478.03 0.09031 4.314 1740 16806.9 816.09 0.14056 5.836 
1730 168754 825.77 0.14202 5.875 
2190 138899 483.68 0.09114 4.3,42 1720 169442 835.59 0.14351 5.915 
2180 139522 489.39 0.09198 4.371 1710 170132 845.54 0.14502 5.955 
2170 140147 495.16 0.09283 4.399 
2160 140772 500.99 0.09369 4.428 1700 17082.4 855.63 0.14655 5.996 
2150 141398 506.88 0.09456 4.457 1690 171518 865.87 0.14810 6.037 
1680 17221.5 876.24 0.14968 6.078 
2140 142024 512.83 0.09543 4.486 1670 172915 886.76 0.15129 6.120 
2130 142652 518.84 0.09632 4.516 1660 173616 897.44 0.15291 6.162 
2120 143280 524.92 0.09721 4.545 
2110 143909 531.07 0.09812 4.575 1650 174320 908.26 0.15457 6.205 
2100 14453.9 537.28 0.09903 4.605 1640 175027 919.24 0.15625 6.248 
1630 17573.6 930.39 0.15795 6.291 
2090 145170 543.55 0.09996 4.635 1620 17644.8 941.69 0.15969 6.335 
2080 14580.2 549.90 0.10089 4.666 1610 177162 953.16 0.16145 6.379 
2070 14643.4 556.31 0.10184 4.696 
2060 14706.8 562.80 0.10279 4.727 1600 17787.9 964.80 0.16324 6.424 
2050 14770.3 569.35 0.10376 4.758 1590 17859.9 976.62 0.16506 6.469 
1580 17932.2 988.61 0.16691 6.515 
2040 14833.9 575.98 0.10474 4.789 1570 18004.7 1000.79 0.16879 6.561 
2030 14897.5 582.68 0.10573 4.820 15660 18077.6 1013.15 0.17070 6.607 
2020 14961.3 589.46 0.10673 4.851 
2010 15025.2 596.31 0.10774 4.883 1550 18150.7 1025.71 0.17265 6.654 
2000 15089.3 603.24 0.10876 4.915 1540 18224.1 1038.46 0.17463 6.702 
1530 18297.8 1051.40 0.17664 6.750 
1990 151534 610.25 0.10980 4.947 1520 18371.9 1064.56 0.17869 6.798 
1980 15217.7 617.34 0.11085 4.980 1510 18446.2 1077.92 0.18077 6.847 
1970 152821 624.52 0.11191 5.012 
1960 15346.6 631.77 0.11299 5.045 1500 18520.9 1091.50 0.18289 6.897 
1950 15411.3 639.11 0.11407 5.078 1490 185959 1105.30 0.18505 6.947 
1480 18671.3 1119.32 0.18725 6.998 
1940 154761 646.54 0.11518 5.112 1470 18747.0 1133.58 0.18949 7.049 
1930 15541.0 654.06 0.11629 5.145 1460 18823.0 1148.08 0.19176 7.101 
1920 15606.1 661.66 0.11742 5.179 
1910 15671.4 669.36 0.11857 5.213 1450 188994 1162.82 0.19409 7.154 
1900 15736.8 677.15 0.11972 5.247 1440 18976.2 1177.80 0.19645 7.207 
1430 190533 1193.05 0.19886 7.260 
1890 158023 685.04 0.12090 5.282 1420 19130.8 1208.56 0.20131 7.315 
1880 158680 693.02 0.12209 5.317 1410 192087 1224.34 0.20382 7.370 
1870 15933.9 701.11 0.12329 5.352 
1860 160000 709.29 0.12451 5.387 1400 192870 1240.40 0.20637 1426 


ОЕЕО шакы амалда ы са асады ысы Ал ыт; ыы a SORTER EEO SE а 
138 


S(V) 
19365.7 
19444.9 
19524.4 
19604.4 


19684.9 


19765.9 
19847.4 
19929.4 
20012.0 


20095.1 


20179.0 
20263.4 
20348.6 
20434.5 


20521.2 


20608.7 
20697.2 
20786.6 
20877.3 


20969.2 


21062.8 
21158.2 
21255.9 
21356.4 


21460.2 


21568.1 
216BO.7 
21798.9 
21923.6 


22055.5 


22195.5 
22344.2 
22502.0 
226692 


22845.6 
23030.8 
23224.1 
23424.6 
23631.5 
23843.8 
24061.1 
24282.6 
24508.0 
24737.1 
24969.7 


25205.8 


АСУ) 
1256,74 
1273.38 
1290.33 
1307.59 


1325.17 


1343.10 
1361.37 
1380.01 
1399.02 


1418.43 


1438.26 
1458.51 
1479.22 
1500.40 


1522.08 


1544.28 
1567.04 
1590.40 
1614.41 


1639.15 


1664.71 
1691.18 
1718.73 
1747.52 


1777.78 


1809.77 
1843.78 
1880.17 
1919.32 


1961.64 


2007.56 
2057.49 
2111.83 
2170.91 


2234.99 
2304.21 
2378.64 
2458.25 
2542.98 
2632.79 
2727.63 
2827.53 
2932.58 
3042.90 
3158.68 


3280.11 
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KV) 
0.20897 
0.21162 
0.21433 
0.21709 


0.21991 


0.22279 
0.22573 
0.22874 
0.23181 


0.23495 


0.23816 
0.24145 
0.24482 
0.24828 


0.25182 


0.25545 
0.25918 
0.26302 
0.26696 


0.27104 


0.27525 
0.27962 
0.28418 
0.28894 


0.29395 


0.29924 
0.30486 
0.31087 
0.31732 


0.32427 


0.33178 
0.33990 
0.34869 
0.35817 


0.36836 
0.37927 
0.39088 
0.40316 
0.41607 
0.42960 
0.44371 
0.45840 
0.47365 
0.48948 
0.50588 


0.52289 


T(V) 
7.482 
7.539 
7.597 
7.656 


7.715 


7.775 
7.836 
7.898 
7.961 


8.025 


8.090 
8.155 
8.222 
8.290 


8.359 


8.429 
8.501 
8.574 
8.649 


8.725 


8.803 
8.884 
8.967 
9.053 


9.143 


9.237 
9.336 
9.442 
9.553 


9.673 


9.801 
9.938 
10.084 
10.241 


10.409 
10.586 
10.773 
10.968 
11.172 
11.383 
11.602 
11.827 
12.058 
12.295 
12.539 


12.789 
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у 
930 
920 
910 


900 


890 
880 
870 
860 


850 
830 


820 
810 


780 
770 


S(V) 
25445.3 
25688.3 
25934.6 


26184.4 


26437.6 
26694.2 
26954.4 
27218.0 


27485.2 


27755.9 
28030.2 
28308.2 
28589.8 


28875.1 


29164.3 
29457.3 
29754.2 
30055.0 


30359.9 


30669.0 
30982.2 
31299.6 
31621.5 


31947.7 


32278.5 
32613.9 
32954.1 
33299.1 


33649.1 


34004.2 
34364.4 
34730.1 
35101.2 


35478.1 


35860.7 
36249.4 
36644.2 
37045.4 


37453.1 
37867.7 
38289.2 
38718.0 
39154.3 
39598,3 


40050.3 
40510.7 


A(V) 
3407.45 
3540.97 
3680.94 


3827.67 


3981.49 
4142.71 
4311.71 
4488.84 


4674.51 


4869.13 
5073.14 
5287.03 
5511.29 


5746.44 


5993.07 
6251.77 
6523.18 
6807.98 


7106.89 


7420.68 
7150.17 
8096.23 
8459.80 


8841.88 


9243.53 
9665.90 
10110.22 
10577.81 


11070.10 


11588.60 
12134.97 
12710.98 
13318.56 


13959.77 


14636.87 
15352.28 
16108.65 
16908.84 


17755.97 
18653.43 
19604.94 
20614.53 
21686.65 
22826.16 


24038.39 
25329.24 


KV) 
0.54051 
0.55877 
0.57770 


0.59732 


0.61765 
0.63873 
0.66059 
0.68325 


0.70676 


0.73115 
0.75645 
0.78272. 
0.80999 


0.83832 


0.86775 
0.89833 
0.93013 
0.96320 


0.99760 


1.03342 
1.07071 
1.10956 
1.15006 


1.19228 


1.23633 
1.28232 
1.33034 
1.38053 


1.43300 


1.48790 
1.54538 
1.60559 
1.66871 


1.73494 


1.80447 
1.87752 
1.95434 
2.03518 


2.12034 
2.21012 
2.30486 
2.40494 
2.51075 
2.62276 


2.74144 
2.86734 


V 
470 
460 


450 


440 
430 
420 
410 


400 


390 
380 
370 
360 


350 
340 
330 
320 
310 


300 


S(V) 
40979.7 
41457.7 


41945.0 


42442.1 
42949.3 
43467.1 
43995.9 


44536.4 


45088.9 
45654.1 
46232.7 
46825.3 


47432.7 
48055.6 
48695.1 
49352.0 
50027.4 


50722.5 


A(V) 
26705.20 
28173.44 


29741.92 


31419.45 
33215.87 
35142.13 
37210.49 


39434.70 


41830.21 
44414.46 
47207.19 
50230.80 


53510.80 
57076.39 
60961.07 
65203.46 
69848.27 


74947.53 


KV) 
3.00107 
3.14328 


3.29472 


3.45621 
3.62865 
3.81307 
4.01063 


4.22259 


4.45043 
4.69577 
4.96047 
5.24666 


5.55675 
5.89351 
6.26013 
6.66030 
7.09830 


7.57911 
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T(V) 
36.968 
37.996 


39.067 


40.184 
41.351 
42.569 
43.843 


45.178 


46.577 
48.045 
49.588 
51.212 


52.923 
54.729 
56.638 
58.660 
60.804 


63.084 


у 
290 
280 
270 
260 


250 


240 
230 
220 
210 


200 


190 
180 
170 
160 


150 
140 
130 
120 
110 


100 


S(V) 
51438.6 
52177.0 
52939.5 
53727.6 


54543.6 


55389.4 
56267.8 
57181.5 
58133.8 


59128.4 


60169.8 
61262.9 
62413.6 
63628.9 


64917.2 
66288.5 
67755.1 
69332.4 
71039.5 


72901.3 


A(V) 
80562.06 
86763.37 
93636.02 
101280.63 


109817.72 


119392.69 
130182.33 
142403.36 
156323.90 


172278.95 


190691.67 
212103.01 
237213.70 
266944.97 


302528.09 
345639.77 
398612.08 
464768.47 
548980.36 


658627.61 


Tables of the Primary Siacci Functions 


у) 
0.00000 


0.00018 
0.00036 
0.00054 
0.00072 
0.00090 


0.00109 


С, Drag Function 
Quantity Units 
V ft/sec 
5(У) ft-in?/lb 
A(V) ft-in4lb: 
у) in?/lb 
T(V) sec-in?/lb 

T(V) V 
0.000 4430 
4420 
0.013 4410 
0.025 
0.038 4400 
0.050 
4390 
0.063 4380 
4370 
0.076 4360 
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S(V) 
394.3 
450.7 
507.2 


563.7 


KV) 
8.10859 
8.69364 
9.34244 
10.06476 


10.87232 


11.77932 
12.80308 
13.96487 
15.29111 


16.81492 


18.57826 
20.63494 
23.05491 
25.93044 


29.38526 
33.58848 
38.77614 
45.28582 
53.61421 


64.51656 


T(V) 
65.511 
68.103 
70.876 
73.851 


77.051 


80.505 
84.244 
88.306 
92.737 


97.590 


102.933 
108.844 
115.423 
122.793 


131.110 
140.575 
151.448 
164.079 
178.942 


196.700 
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KV) 
0.00278 


0.00297 
0 00317 
0.00336 
0.00356 


0.00376 


0.00395 
0.00415 
0.00435 
0.00455 


0.00476 


0.00496 
0.00516 
0.00537 
0.00557 


0.00578 


0.00599 
0.00620 
0.00641 
0.00662 


0.00683 


0.00705 
0.00726 
0.00748 
0.00770 


0.00792 


0.00814 
0.00836 
0.00858 
0.00880 


0.00903 


0.00925 
0.00948 
0.00971 
0.00994 


0.01017 


0.01040 
0.01063 
0.01087 
0.01110 


0.01134 
0.01158 
0.01182 
0.01206 
0.01230 


0.01255 


T(V) 
0.191 


0.204 
0.217 
0231 
0.244 


0.257 


0.270 
0.283 
0.297 
0.310 


0.323 


0.337 
0.350 
0.364 
0.377 


0.391 


0.404 
0.418 
0.432 
0.445 


0.459 


0.473 
0.487 
0.501 
0.514 


0.528 


0.542 
0.556 
0.570 
0.585 


0.599 


0.613 
0.627 
0.641 
0.656 


0.670 


0.685 
0.699 
0.714 
0.728 


0.743 
0.757 
0.772 
0.787 
0.801 


0.816 
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ү 
3890 
3880 
3870 
3860 


3850 


3840 
3830 
3820 
3810 


3800 


3790 
3780 
3770 
3760 


3750 


3740 
3730 
3720 
3710 


3700 


3690 
3680 
3670 
3660 


3650 
3640 
3630 
3620 
3610 


3600 


S(V) 
3479.2 
3537.1 
3595.1 
3653.0 


3711.0 


3769.0 
3827.1 
3885.1 
3943.2 


4001.4 


4059.5 
4117.7 
4175.9 
4234.2 


4292.5 


4350.8 
4409.2 
4467.5 
4525.9 


4584.4 


4642.8 
4701.3 
4759.9 
4818.4 


4877.0 


4935.7 
4994.3 
5053.0 
5111.8 


5170.6 


5229.4 
5288.3 
5347.2 
5406.1 


5465.1 
5524.1 
5583.2 
5642.3 
5701.4 
5760.6 
5819.9 
5879.1 
5938.5 
5997.9 
6057.3 


6116.7 


Kv) 
0.01279 
0 01304 
0.01329 
0.01354 


0.01379 


0.01404 
0.01429 
0.01455 
0.01481 


0.01506 


0.01532 
0.01559 
0.01585 
0.01611 


0.01638 


0.01665 
0.01692 
0.01719 
0.01746 


0.01773 


0.01801 
0.01828 
0.01856 
0.01884 


0.01913 


0.01941 
0.01970 
0.01998 
0.02027 


0.02056 


0.02086 
0.02115 
0.02145 
0.02174 


0.02204 
0.02235 
0.02265 
0.02296 
0.02327 
0.02357 
0.02389 
0.02420 
0.02452 
0.02483 
0.02516 


0.02548 


KV) 
0.02580 
0.02613 
0.02646 


0.02679 


0.02712 
0.02746 
0.02780 
0.02814 


0.02848 


0.02882 
0.02917 
0.02952 
0.02987 


0.03023 


0.03058 
0.03094 
0.03131 
0.03167 


0.03204 


0.03241 
0.03278 
0.03316 
0.03354 


0.03392 


0.03430 
0.03469 
0.03508 
0.03547 


0.03587 


0.03627 
0.03667 
0.03708 
0.03748 


0.03790 


0.03831 
0.03873 
0.03915 
0.03957 


0.04000 
0.04043 
0.04087 
0.04131 
0.04175 
0.04219 


0.04264 
0.04309 
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T(V) 
1.569 
1.587 
1.604 


1.622 


1.639 
1.657 
1.675 
1.692 


1.710 


1.728 
1.746 
1.764 
1.782 


1.801 


1.819 
1.837 
1.856 
1.874 


1.893 


1.912 
1.930 
1.949 
1.968 


1.987 


2.006 
2.025 
2.045 
2.064 


2.083 


2.103 
2.123 
2.142 
2.162 


2.182 


2.202 
2.222 
2.242 
2.262 


2.283 


2.303 
2.323 
2.344 
2.365 
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у 
2970 
2960 


2950 


2940 
2930 
2920 
2910 


2900 


2890 
2880 
2870 
2860 


2850 


2840 
2830 
2820 
2810 


2800 


2790 
2780 
2770 
2760 


2750 


2740 
2730 
2720 
2710 


2700 


2690 
2680 
2670 
2660 


2650 


2640 
2630 
2620 
2610 


2600 
2590 
2580 
2570 
2560 


2550 


S(V) 
8983.8 
9046.7 


9109.7 


9172.8 
9236.0 
9299.2 
9362.6 


9426.1 


9489.7 
9553.4 
9617.2 
9681.1 


9745.1 


9809.2 
9873.5 
9937.8 
10002.2 


10066.8 


10131.5 
10196.3 
10261.2 
10326.2 


10391.3 


10456.6 
10522.0 
10587.5 
10653.1 


10718.9 


10784.8 
10850.8 
10916.9 
10983.2 


11049.6 


11116.1 
11182.8 
11249.7 
11316.6 


11383.7 


11450.9 
11518.3 
11585.8 
11653.5 


11721.3 
11789.2 


11857.3 
11925.6 


KV) 
0.04355 
0.04401 


0.04448 


0.04494 
0.04542 
0.04589 
0.04637 


0.04685 


0.04734 
0.04783 
0.04833 
0.04883 


0.04934 


0.04985 
0.05036 
0.05088 
0.05140 


0.05193 


0.05246 
0.05300 
0.05354 
0.05409 


0.05464 


0.05520 
0.05576 
0.05633 
0.05690 


0.05748 


0.05806 
0.05865 
0.05925 
0.05985 


0.06045 


0.06106 
0.06168 
0.06231 
0.06293 


0.06357 


0.06421 
0.06486 
0.06552 
0.06618 


0.06685 
0.06752 


0.06820 
0.06889 


S(V) 
11994.0 


12062.5 


121312 
12200.1 
12269.1 
12338.2 


12407.5 


12477.0 
12546.6 
12616.4 
12686.4 


12756.5 


12826.8 
12897.3 
12967.9 
13038.7 


13109.6 


13180.8 
13252.1 
13323.6 
13395.3 


13467.1 


13539.2 
13611.4 
13683.9 
13756.5 


13829.3 


13902.3 
13975.5 
14048.9 
14122.5 


14196.3 


14270.3 
14344.5 
14419.0 
14493.6 


14568.4 


14643.5 
14718.8 
14794.2 
14869.9 


14945,8 


15021.8 
15098.1 
15174.6 
152512 


АСУ) 
336.73 


341.53 


346.38 
351.29 
356.26 
361.30 


366.40 


371.56 
376.78 
382.07 
387.43 


392.85 


398.34 
403.90 
409.53 
415.23 


421.01 


426.85 
432.77 
438.77 
444.84 


450.99 


457.22 
463.53 
469.92 
476.39 


482.95 


489.59 
496.32 
503.13 
510.04 


517.04 


524.12 
531.31 
538.58 
545.96 


553.43 


561.00 
568.67 
576.44 
584.32 


592,30 


600.38 
608.57 
616.87 
625.28 
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КУ) 
0.06959 


0.07029 


0.07100 
0.07172 
0.07244 
0.07317 


0.07391 


0.07466 
0.07541 
0.07618 
0.07695 


0.07773 


0.07852 
0.07931 
0.08012 
0.08093 


0.08176 


0.08259 
0.08343 
0.08428 
0.08514 


0.08601 


0.08689 
0.08778 
0.08868 
0.08959 


0.09051 


0.09144 
0.09239 
0.09334 
0.09431 


0.09528 


0.09627 
0.09727 
0.09828 
0.09931 


0.10034 


0.10139 
0.10245 
0.10353 
0.10462 


0.10572 


0.10683 
0.10796 
0.10910 
0.11026 


Т(У) 
3.551 


3.579 


3.606 
3.634 
3.662 
3.690 


3.718 


3.746 
3.775 
3.804 
3.833 


3.862 


3.891 
3.921 
3.950 
3.980 


4.011 


4.041 
4.071 
4.102 
4.133 


4.164 


4.196 
4.227 
4.259 
4.291 


4.324 


4.356 
4.389 
4.422 
4.455 


4.488 


4.522 
4.556 
4.590 
4.625 


4.660 
4.695 
4.730 
q .765 
4.801 


4.837 
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у 
2050 


2040 
2030 
2020 
2010 


2000 


1990 
1980 
1970 
1960 


1950 


1940 
1930 
1920 
1910 


1900 


1890 
1880 
1870 
1860 


1850 


1840 
1830 
1820 
1810 


1800 


1790 
1780 
1770 
1760 


1750 


1740 
1730 
1720 
1710 


1700 


1690 
1680 
1670 
1660 


1650 


1640 
1630 
1620 
1610 


S(V) 
15328.1 


15405.2 
15482.5 
15559.9 
15637.6 


15715.5 


15793.6 
15871.9 
15950.4 
16029.1 


16108.0 


16187.1 
16266.4 
16345.9 
16425.5 


16505.4 


16585.5 
16665.7 
16746.2 
16826.9 


16907.7 


16988.8 
17070.1 
17151.6 
17233.2 


17315.1 


17397.2 
17479.5 
17562.0 
17644.6 


17727.5 


17810.6 
17893.9 
17977.4 
18061.1 


18145.0 


18229.2 
18313.5 
18398.1 
18482.9 


18567.9 
18653.1 
18738.5 
18824.1 
18910.0 


18996.1 


A(V) 
633.80 


642.44 
651.18 
660.05 
669.03 


678.14 


687.36 
696.71 
706.19 
715.79 


725.52 


735.38 
745.37 
755.49 
765.75 


776.15 


786.68 
797.36 
808.18 
819.15 


830.27 


841.54 
852.97 
864.54 
876.28 


888.18 


900.24 
912.47 
924.86 
937.42 


950.16 


963.07 
976.16 
989.44 
1002.90 


1016.55 


1030.39 
1044.42 
1058.65 
1073.09 


1087.73 
1102.58 
1117.64 
1132.92 
1148.42 


1164.14 


KV) 
0.11143 


0.11262 
0.11382 
0.11503 
0.11626 


0.11751 


0.11877 
0.12005 
0.12134 
0.12265 


0.12398 


0.12533 
0.12669 
0.12807 
0.12947 


0.13088 


0.13232 
0.13377 
0.13524 
0.13673 


0.13824 


0.13978 
0.14133 
0.14290 
0.14450 


0.14611 


0.14775 
0.14941 
0.15110 
0.15280 


0.15453 


0.15629 
0.15807 
0.15987 
0.16171 


0.16356 


0.16545 
0.16736 
0.16930 
0.17126 


0.17326 
0.17528 
0.17734 
0.17943 
0.18154 


0.18369 
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у S(V) A(V) (У) Т(У) У S(V) А(У) IV) TV) 
1590 190824 1180.09 0.18588 7.100 1130 — 234104 2285.28 0.34267 10.333 
1580 191690 1196.27 0.18809 7.155 1120 235227 2324.08 0.34838 10.433 
1570 192557 1212.69 0.19034 7.210 1110 236408 2365.57 0.35449 10.538 
1560 193427 1229.35 0.19263 7.266 

1100 237685 2411.28 0.36122 10.654 
1550 194300 1246.26 0.19495 7.322 
1090 239124 2463.81 0.36894 10.785 
1540 195174 1263.41 0.19730 7.378 1080 24079,8 2526.32 0.37808 10.940 
1530 196051 1280.82 0.19970 7.436 1070 242750 2601.17 0.38895 11.121 
1520 196931 1298.49 0.20213 7.493 1060 244963 2688.64 0.40150 11.329 
1510 197813 1316.42 0.20460 7.551 
1050 24740.9 2788.58 0.41564 11.561 
1500 198697 1334.63 0.20711 7.610 
1040 250070 2901.27 0.43132 11.816 
1490 199585 1353.12 0.20967 7.670 1030 252932 3027.13 0.44850 12.092 
1480 200475 1371.90 0.21226 7.129 1020 25597.6 3166.49 0.46714 12.389 
1470 201368 1390.98 0.21490 7.190 1010 25918.5 3319.60 0.48718 12.705 
1460 202264 1410.34 0.21759 7.851 
1000 262534 3486.34 0.50851 13.039 
1450 203162 1430.01 0.22032 7.913 
990 266010 3666.99 0.53109 13.388 
1440 204063 1449.99 0.22309 7.915 980 269599 3861.84 0.55488 13.752 
1430 204967 1470.29 0.22592 8.038 970 273295 4071.53 0.57989 14.131 
1420 205875 1490.92 0.22879 8.102 960 277094 4296.83 0.60614 14.525 
1410 20678.5 1511.88 0.23172 8.166 
950 280994 4538.54 0.63364 14.934 
1400 20769,8 1533.18 0.23469 8.231 
940 28498.6 4797.24 0.66240 15.356 
1390 208615 1554.83 0.23772 8.297 930 289065 5073.55 0.69241 15.792 
1380 20953.5 1576.85 0.24081 8.363 920 29323.0 5368.38 0.72372 16.243 
1370 210459 1599.24 0.24395 8.431 910 297474 5682.43 0.75633 16.706 
1360 21138.6 1622.00 0.24715 8.499 
900 30179.3 6016.42 0.79025 17.184 
1350 212317 1645.16 0.25041 8.567 
890 30618.6 6371.29 0.82553 17.675 
1340 213251 1668.71 0.25373 8.637 880 31065. 6748.01 0.86219 18.179 
1330 214190 1692.68 0.25712 8.707 870 315186 7147.68 0.90030 18.697 
1320 215132 1717.07 0.26057 8.778 860 31979.4 7571.57 0.93991 19.230 
1310 216078 1741.90 0.26409 8.850 
850 324470 8020.71 0.98106 19.777 
1300 21702.9 1767.17 0.26768 8.923 
840 329219 8496.65 1.02383 20.339 
1290 21798.4 1792.91 0.27135 8.997 830 33403.6 9000.54 1.06828 20.916 
1280 218944 1819.13 0.27508 9.071 820 338924 9533.92 1.11447 21.508 
1270 219908 1845.84 0.27890 9.147 810 343883 10098.47 1.16250 22.117 
1260 220877 1873.06 0.28279 9.224 
800 348913 10695.69 1.21242 22.742 
1250 221851 1900.80 0.28677 9.301 
790 354014 11327.38 1.26434 23.383 
1240 2228341 1929.09 0.29084 9.380 780 35918.5 11995.09 1.31832 24,042 
1230 22381.6 1957.94 0.29499 9.460 TIO 364431 12701.27 1.37450 24.719 
1220 224807 1987.38 0.29924 9.541 760 369751 13447.98 1.43297 25.414 
1210 225804 2017.44 0.30359 9.623 
750 375144 14237.22 1.49384 26.129 
1200 226808 2048.15 0.30803 9.706 
740 380614 15071.50 1.55722 26.863 
1190 227820 2079.54 0.31259 9.791 730 386161 15953.55 1.62327 27.618 
1180 228839 2111.63 0.31726 9.877 720 391787 16886.17 1.69213 28.394 
1170 22986.6 2144.47 0.32204 9.964 710 397495 17872.36 1.76395 29.192 
1160 230903 2178.11 0.32696 10.053 
700 403286 18915.43 1.83889 30.014 
1150 231952 2212.68 0.33202 10.144 
690 4091620 2001891 1.91715 30.859 
1140 233017 2248.31 0.33724 10.237 680 415126 21186.57 1.99891 31.730 
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S(V) 
42118.0 
427327 


43357.0 


43991.2 
44635.3 
45289.8 
45954.9 


46631.0 


47318.4 
48017.5 
48728.8 
49452.6 


50189.5 


50939.9 
51704.3 
52483.4 
53271.1 


54087.8 


549144 
55758.0 
56619.4 
57499.3 


58398.5 
59317.8 
60258.2 
61220.8 
62206.4 


63216.5 


A(V) 
22422.51 
23731.17 


25117.32 


26586.09 
28142.65 
29793.17 
31543.98 


33401.95 


35374.84 
37470.95 
39699.35 
42070.07 


44593.88 


47282.48 
50149.33 
53208.99 
56476.82 


59970.65 


63709.65 
67714.42 
72008.61 
76618.34 


81572.36 
86902.62 
92646.31 
98843.66 
105540.17 


112788.57 
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КҮ) 
2.08438 
2.17380 


2.26740 


2.36546 
2.46821 
2.57599 
2.68912 


2.80793 


2.93284 
3.06425 
3.20264 
3.34851 


3.50240 


3.66491 
3.83671 
4.01856 
4.21121 


4.41556 


4.63259 
4.86330 
5.10891 
5.37070 


5.65013 
5.94878 
6.26852 
6.61135 
6.97955 


7.31514 


T(V) 
32.627 
33.551 


34.504 


35.488 
36.502 
37.549 
38.631 


39.748 


40.904 
42.099 
43.336 
44.617 


45.945 


47.322 
48.751 
50.235 
51.777 


53.381 


55.051 
56.791 
58.605 
60.497 


62.473 
64.539 
66.701 
68.966 
71.342 


73.836 
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V 
390 
380 
370 
360 


350 


340 
330 
320 
310 


300 


290 
280 
270 
260 


250 


240 
230 
220 
210 


200 


190 
180 
170 
160 


150 
140 
130 
120 
110 


100 


S(V) 
64252.0 
65314.2 
66404.9 
67525.3 


68677.2 


69862.4 
71082.7 
72340.8 
73638.7 


74979.0 


76364.5 
77798.9 
79286.0 
80829.4 


82434.2 


84104.5 
85845.1 
87663.6 
89566.7 


91562.5 


93660.4 
95871.3 
98208.3 
100687.3 


103325.5 
106144.1 
109172.3 
112442.5 
115995.3 


119886.9 


А(У) 
120645.11 
129175.88 
138458.72 
148576.88 


159629.57 


171729.57 
185005.89 
199613.58 
215727.27 


233552.77 


253329.07 
275352.24 
299968.85 
327583.99 


358705.78 


393915.47 
433928.26 
479673.31 
532263.11 


593102.11 


663977.09 
747176.92 
845706.55 
963554.45 


1105995.39 
1280262.24 
1496682.11 
1769829.85 
2121094.56 


2583497.40 


I(V) 
7.80272 
8.26377 
8.76278 
9.30387 


9.89197 


10.53266 
11.23235 
11.99872 
12.84041 


13.76760 


14.79208 
15.92853 
17.19401 
18.60848 


20.19695 


21.98797 
24.01675 
26.32906 
28.97952 


32.03717 


35.58976 
39.74976 
44.66474 
50.53047 


57.60565 
66.24562 
76.95717 
90.45480 
107.78827 


130.57802 


T(V) 
76.458 
79.217 
82.126 
85.196 


88.441 


91.877 
95.520 
99.392 
103.513 


107.908 


112.606 
117.640 
123.048 
128.874 


135.169 


141.988 
149.397 
157.482 
166.337 


176.077 


186.840 
198.796 
212.158 
227.192 


244.224 
263.678 
286.130 
312.319 
343.252 


380.371 
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Tables of the Primary Siacci Functions 


KV) 
0.00000 


0.00018 
0.00036 
0.00054 
0.00072 


0.00090 


0.00108 
0.00126 
0.00145 
0.00163 


0.00182 


0.00201 
0.00219 
0.00238 
0.00257 


0.00276 


0.00296 
0.00315 
0.00334 
0.00354 


0.00374 
0.00393 
0.00413 
0.00433 
0.00453 
0.00473 


0.00494 
0.00514 


G, Drag Function 
Quantity Units 
V ft/sec 
S(V) ft-in?/Ib 
A(V) ft-in‘/Ib? 
KV) in?/Ib 
T(V) sec-in?/Ib 

T(V) У 

0.000 4220 
4210 

0.012 

0.025 4200 

0.037 

0.050 4190 
4180 

0.062 4170 
4160 

0.075 

0.088 4150 

0.100 

0.113 4140 
4130 

0.126 4120 
4110 

0.139 

0.151 4100 

0.164 

0.177 4090 
4080 

0.190 4070 
4060 

0.203 

0.216 4050 

0.229 

0.242 4040 
4030 

0.256 4020 
4010 

0.269 

0.282 4000 

0.295 

0.308 3990 
3980 

0.322 3970 
3960 

0.335 

0.349 3950 
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S(V) 
1578.1 
1635.1 


1692.1 


1749.1 
1806.2 
1863.3 
1920.4 


1977.6 


2034.8 
2092.1 
2149.4 
2206.7 


2264.0 
2321.4 
2378.9 
2436.3 
2493.8 
2551.4 
2608.9 
2666.5 
2724.2 
2781.9 
2839.6 


2897.3 


у) 
0.00535 
0.00555 


0.00576 


0.00597 
0.00618 
0.00639 
0.00660 


0.00681 


0.00703 
0.00724 
0.00746 
0.00768 


0.00790 


0.00812 
0.00834 
0.00856 
0.00878 


0.00901 


0.00924 
0.00946 
0.00969 
0.00992 


0.01015 
0.01039 
0.01062 
0.01086 
0.01109 


0.01133 
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KV) 
0.01157 
0.01181 
0.01205 
0.01230 


0.01254 


0.01279 
0.01303 
0.01328 
0.01353 


0.01378 


0.01404 
0.01429 
0.01455 
0.01481 


0.01507 


0.01533 
0.01559 
0.01585 
0.01612 


0.01638 


0.01665 
0.01692 
0.01719 
0.01747 
0.01774 


0.01802 
0.01830 
0.01858 
0.01886 


0.01914 


0.01943 
0.01971 
0.02000 
0.02029 


0.02058 


0.02088 
0.02117 
0.02147 
0.02177 


0.02207 
0.02237 
0.02267 
0.02298 
0.02329 
0.02360 


0.02391 
0.02423 


T(V) 
0.757 
0.771 
0.786 
0.801 


0.816 


0.831 
0.846 
0.861 
0.876 


0.891 


0.906 
0.921 
0.936 
0.952 


0.967 


0.982 
0.998 
1.013 
1.029 


1.044 


1.060 
1.076 
1.091 
1.107 
1.123 


1.139 
1.155 
1.171 
1.187 


1.203 


1.219 
1.235 
1.251 
1.268 


1.284 


1.300 
1.317 
1.333 
1.350 


1.367 
1.383 
1.400 
1417 
1.434 
1.450 


1.467 
1.484 
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у 
3470 
3460 


3450 
3440 
3430 
3420 
3410 


3400 


S(V) 
5942.4 
6001.8 


6061.2 


6120.6 
6180.1 
6239.6 
6299.1 


6358.7 


6418.3 
6477.9 
6537.6 
6597.3 


6657.0 


6716.8 
6776.6 
6836.5 
6896.4 


6956.3 


7016.2 
7076.2 
7136.2 
7196.3 


7256.4 


7316.5 
7376.7 
7436.9 
7497.2 


7557.5 


7617.8 
7678.2 
7738.6 
7799.1 


7859.6 


7920.1 
7980.7 
8041.4 
8102.0 


8162.8 


8223.5 
8284.3 
8345.2 
8406.1 


8467.0 
8528.0 


8589.0 
8650.1 


у) 
0.02454 
0.02486 


0.02518 


0.02550 
0.02583 
0.02615 
0.02648 


0.02681 


0.02714 
0.02748 
0.02782 
0.02815 


0.02850 


0.02884 
0.02919 
0.02953 
0.02988 


0.03024 


0.03059 
0.03095 
0.03131 
0.03167 


0.03204 


0.03240 
0.03277 
0.03315 
0.03352 


0.03390 


0.03428 
0.03466 
0.03505 
0.03544 


0.03583 


0.03622 
0.03662 
0.03702 
0.03742 


0.03782 


0.03823 
0.03864 
0.03906 
0.03947 


0.03989 
0.04032 


0.04074 
0.04117 
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M S(V) A(V) KV) T(V) У S(V) A(V) KV) TV) 
3010 8711.2 157.07 0.04160 2.358 2550 115787 308.96 0.06566 3,392 
3000 8772.4 159.63 0.04204 2.378 2540 116424 313.16 0.06629 3.417 

2530 117061 317.41 0.06693 3.442. 
2990 8833.6 162.22. 0.04248 2.399 2520 117700 321.70 0.06758 3.468 
2980 8894.9 164.84 0.04292 2.419 2510 118339 326.04 0.06822 3.493 
2970 8956.2 167.48 0.04337 2.440 
2960 9017.6 170.16 0.04382 2.460 2500 11897.9 330.43 0.06888 3.519 
2950 9079.0 172.86 0.04427 2.481 2490 119619 334.86 0.06954 3.544 
2480 120261 339.34 0.07021 3.570 
2940 9140.4 175.60 0.04472 2.502 2470 120903 343.87 0.07088 3.596 
2930 9201.9 178.36 0.04518 2.523 2460 121546 348.45 0.07157 3.622 
2920 9263.5 181.16 0.04565 2.544 
2910 9325.1 183.98 0.04611 2.565 2450 122189 353.08 0.07225 3.648 
2900 9386.7 186.84 0.04658 2.586 2440 122834 357.76 0.07295 3.675 
2430 12347.9 362.49 0.07365 3.701 
2890 9448.4 189.73 0.04706 2.608 2420 12412.5 367.27 0.07435 3.728 
2880 9510.2 192.65 0.04753 2.629 2410 124772 372.10 0.07507 3.755 
2870 9572.0 195.60 0.04801 2.651 
2860 9633.9 198.59 0.04850 2.672 2400 12541.9 376.98 0.07579 3.782 
2850 9695.8 201.60 0.04899 2.694 2390 126068 381.92 0.07651 3.809 
2380 126717 386.91 0.07725 3.836 
2840 9757.7 204.65 0.04948 2.716 2370 127367 391.96 0.07799 3.863 
2830 9819.7 207.74 0.04998 2.738 2360 128018 397.06 0.07874 3.891 
2820 9881.8 210.86 0.05048 2.760 
2810 9943.9 214.01 0.05098 2.782 2350 128670 402.21 0.07949 3.918 
2800 100061 217.19 0.05149 2.804 2340 129322 407.43 0.08026 3.946 
2330 12997.6 412.70 0.08103 3.974 
2790 100683 220.41 0.05200 2.826 2320 130630 418.03 0.08181 4.002 
2780 101306 223.67 0.05252 2.848 2310 131286 423.41 0.08259 4.031 
2710 10192.9 226.96 0.05304 2.871 
2760 102553 230.28 0.05356 2.893 2300 131942 428.86 0.08339 4.059 
2750 103178 233.64 0.05409 2.916 2290 13259.9 434.37 0.08419 4.088 
2280 13325.8 439.93 0.08500 4.117 
2740 103803 237.04 0.05463 2.939 2270 133917 445.56 0.08582 4.146 
2730 104428 240.47 0.05516 2.962 2260 134577 451.26 0.08665 4.175 
2720 10505.4 243.94 0.05571 2.985 
2710 105681 247.45 0.05625 3.008 2250 135238 457.01 0.08748 4.204 
2700 106308 251.00 0.05680 3.031 2240 135900 462.83 0.08833 4.234 
2230 136563 468.72 0.08918 4.263 
2690 10693.6 254.58 0.05736 3.054 2220 13722.7 474.67 0.09004 4.293 
2680 10756.4 258.20 0.05792 3.078 2210 13789.2 480.69 0.09092 4.323 
2670 10819.3 261.86 0.05849 3.101 
2660 108822 265.56 0.05906 3.125 2200 13855.8 486.77 0.09180 4.353 
2650 10945.2 269.30 0.05963 3.149 2190 139226 492.93 0.09269 4.384 
2180 139894 499.15 0.09359 4.414 
2640 11008.3 273.08 0.06021 3.172 2170 14056.3 505.45 0.09450 4.445 
2630 110714 276.90 0.06079 3.196 2160 141234 511.81 0.09542 4.476 
2620 111346 280.76 0.06138 3.220 
2610 11197.8 284.66 0.06198 3.245 2150 14190.5 518.25 0.09635 4.507 
2600 112611 288.60 0.06258 3.269 2140 142578 524.76 0.09729 4.539 
2130 14325.1 531.35 0.09824 4.570 
2590 11324.5 292.58 0.06318 3.293 2120 143926 538.01 0.09920 4.602 
2580 11388.0 296.61 0.06380 3.318 210 144602 544.75 0.10017 4.634 
2570 11451,5 300.68 0.06441 3.343 
2560 115150 304.80 0.06503 3,367 2100 145279 551.57 0.10116 4.666 


даста TT PETIT es EE M сул NE ОСИ ee 
148 


S(V) 
14595.8 
14663.7 
14731.8 
14800.0 


14868.3 


14936.7 
15005.3 
15074.0 
15142.8 


15211.7 


15280.8 
15350.0 
15419.3 
15488.8 


15558.4 


15628.1 
15698.0 
15768.0 
15838.2 


15908.5 


15979.0 
16049.6 
16120.3 
16191.2 


16262.3 


16333.5 
16404.9 
16476.5 
16548.2 


16620.1 


16692.2 
16764.4 
16836.8 
16909.4 


16982.1 
17055.1 
17128.2 
17201.5 
17275.0 
17348.7 
17422.6 
17496.7 
17571.0 
17645.5 
17720.2 


17795.2 
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ТУ) 
0.10215 
0.10316 
0.10417 
0.10520 


0.10624 


0.10729 
0.10836 
0.10944 
0.11053 


0.11163 


0.11275 
0.11388 
0.11502 
0.11618 


0.11735 


0.11853 
0.11973 
0.12095 
0.12218 


0.12343 


0.12469 
0.12597 
0.12726 
0.12857 


0.12990 


0.13125 
0.13261 
0.13399 
0.13539 


0.13681 


0.13825 
0.13971 
0.14119 
0.14268 


0.14420 
0.14574 
0.14731 
0.14889 
0.15050 
0.15213 
0.15378 
0.15546 
0.15717 
0.15889 
0.16065 


0.16243 


Т(У) 
4.698 
4.731 
4.764 
4.797 


4.830 


4.864 
4.897 
4.931 
4.965 


5.000 


5.034 
5.069 
5.104 
5.140 


5.175 


5.211 
5247 
5.284 
5.320 


5.357 


5.394 
5.432 
5.469 
5.508 


5.546 


5.584 
5.623 
5.663 
5.702 


5.742 


5.782 
5.822 
5.863 
5.904 


5.946 
5.988 
6.030 
6.072 
6.115 
6.158 
6.202 
6.246 
6.290 
6.335 
6.380 


6.426 


149 


ү 
1630 
1620 
1610 


1600 


S(V) 
17870.3 
17945.7 
18021.3 


18097.1 


18173.1 
18249.4 
18325.9 
18402.7 


18479.7 


18556.9 
18634.4 
18712.2 
18790.2 


18868.5 


18947.1 
19025.9 
19105.0 
19184.4 


19264.1 


19344.1 
19424.3 
19504.9 
19585.8 


19667.1 


19748.7 
19830.6 
19912.8 
19995.5 


20078.4 


20161.8 
20245.6 
20329.8 
20414.3 


20499.3 


20584.8 
20670.6 
20757.0 
20843.8 


20931.1 
21018.9 
21107.2 
21196.1 
21285.6 
21375,7 


21466.6 
21558.4 


A(V) 
986.20 
998.65 
1011.27 


1024.08 


1037.07 
1050.24 
1063.61 
1077.17 


1090.94 


1104.90 
1119.08 
1133.47 
1148.07 


1162.90 


1177.95 
1193.24 
1208.76 
1224.53 


1240.55 


1256.82 
1273.35 
1290.15 
1307.23 


1324.58 


1342.23 
1360.17 
1378.42 
1396.98 


1415.86 


1435.08 
1454.63 
1474.54 
1494.81 


1515.44 


1536.46 
1557.88 
1579.70 
1601.94 


1624.61 
1647.73 
1671.31 
1695.38 
1719.95 
1745.07 


1770.76 
1797.09 


KV) 
0.16424 
0.16607 
0.16794 


0.16983 


0.17175 
0.17371 
0.17569 
0.17771 


0.17976 


0.18184 
0.18395 
0.18610 
0.18829 


0.19051 


0.19277 
0.19507 
0.19741 
0.19979 


0.20221 


0.20468 
0.20718 
0.20974 
0.21234 


0.21498 


0.21768 
0.22043 
0.22322 
0.22608 


0.22898 


0.23195 
0.23497 
0.23806 
0.24120 


0.24441 


0.24769 
0.25103 
0.25445 
0.25794 


0.26150 
0.26515 
0.26887 
0.27268 
0.27658 
0.28057 


0.28467 
0.28887 
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V S(V) А(У) KV) T(V) M S(V) A(V) у) T(V) 
1170 216513 1824.11 0.29320 9.212 710 322293 8881.70 1.17625 21.156 
1160 217454 1851.92 0.29766 9.293 

700  32558.6 9276.04 1.21887 21.623 
1150 218412 1880.64 0.30228 9.376 
690 32892.6 9690.60 1.26336 22.104 
140 219391 1910.47 0.30708 9.462 680 33231.6 10126.63 1.30982 22.599 
1130 220399 1941.70 0.31212 9.551 670 33575.5 10585.46 1.35838 23.108 
1120 221447 1974.68 0.31744 9,644 660 33924.6 11068.54 1.40916 23.633 
1110 222552 2010.06 0.32316 9.743 
650 342791 11577.41 1.46231 24.174 
1100 223738 2048.78 0.32941 9.850 
640 346391 12113.75 1.5179-7 24.732 
1090 22503.5 2091.94 0.33637 9.969 630 35004.7 12679.38 1.57630 25.308 
1080 22647.1 2140.80 0.34421 10.101 620 35376.2 13276.25 1.63747 25.903 
107070 22806.9 2196.52 0.35311 10.250 610 35753.7 13906.49 1.70168 26.517 
1060 229840 2259.92 0.36315 10.416 
600 36137.5 14572.40 1.76913 27.151 
1050 23177.3 2331.21 0.37433 10.599 
590 365277 15276.50 1.84003 27.807 
1040 233841 2409.88 0.38651 10.797 580 369246 16021.50 1.91463 28.485 
1030 236008 2495.04 0.39952 11.006 570 373284 16810.37 1.99319 29.188 
1020 238241 2585.77 0.41319 11.224 560 377393 17646.35 2.07600 29.915 
1010 240516 2681.36 0.42739 11.448 
550 38157.6 18532.98 2.16337 30.669 
1000 242819 2781.50 0.44206 11.678 
540 38583.6 19474.13 2.25563 31.450 
990 245148 2886.19 0.45719 11.912 530 39017.6 20474.04 2.35317 32.262 
980 247500 2995.59 0.47279 12.150 520 2394598 21537.37 2.45638 33.104 
970 249878 3109.91 0.48888 12.394 510 399107 22669.24 2.56573 33.979 
960 252281 3229.36 0.50548 12.643 
500 403704 23875.30 2.68170 34.890 
950 25470.9 3354.18 0.52260 12.898 
490 408394 25161.78 2.80484 35.837 
940 257164 3484.61 0.54028 13.157 480 413181 26535.56 2.93576 36.825 
930 259644 3620.91 0.55854 13.423 470 418069 28004.29 3.07512 37.854 
920 262152 3763.34 0.57739 13.694 460 42306.2 29576.44 3.22367 38.927 
910 264688 3912.20 0.59687 13.971 
450 428164 31261.46 3.38223 40.049 
900 267252 4067.79 0.61700 14.254 
440 433381 33069.86 3.55172 41.221 
890 269844 4230.44 0.63782 14.544 430 438718 35013.44 3.73317 42.448 
880 27246.6 4400.49 0.65936 14.840 420 444181 37105.39 3.92713 43.134 
870 275118 4578.31 0.68164 15.143 410 449775 39360.55 4.13670 45.082 
860 277801 4764.26 0.70470 15.453 
400 455507 41795.65 4.36153 46.497 
850 28051.6 4958.78 0.72859 15.771 
390 461384 44429.59 4.60387 47.985 
840 283262 5162.28 0.75333 16.096 380 467414 47283.81 4.86560 49.552 
830 286042 5375.22 0.77897 16.429 370 47360.4 50382.70 5.14882 51.203 
820 288855 5598.11 0.80556 16.770 360 479964 53754.10 5.45597 52.945 
810 291703 5831.44 0.83314 17.119 
350 486503 57429.88 5.78982 54.788 
800 294587 6075.79 0.86177 17.478 
340 493231 61446.71 6.15354 56.738 
790 297507 6331.73 0.89148 17.845 330 500161 65846.89 6.55082 58.807 
780 300464 6599.90 0.92235 18.222 320 507303 70679.48 6.98592 61.005 
770 30345.9 6880.96 0.95443 18.608 310 514672 76001.57 7.46380 63.345 
760 306494 7175.62 0.98778 19.005 
300 522282 81879.97 7.99024 65.840 
750 309569 7484.66 1.02248 19.412 
290 530150 8839324 8.57206 68.508 
740 312685 7808.88 1.05860 19.830 280 538295 9563424 9.21732 71.366 
730 315843 8149.16 1.09620 20.260 270 546735 10371338 9.93557 74.436 
720 319045 8506.43 1.13539 20.702 260 555494 11276274 10.73827 77.742 


Ne 
750 


v 
250 


240 
230 
220 
210 


200 


190 
180 


S(V) 
56459.6 


57406.9 
58394.6 
59426.1 
60505.6 


61637.7 


62827.9 
64082.4 


АСУ) 
122941.40 


134442.33 
147501.37 
162409.29 
179527716 


199311.22 


222336.90 
249346.88 
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KV) T(V) у S(V) A(V) (У) 
11.63918 81.312 170 654086 281307.97 25.52083 
160 668152 319498.55 28.84903 

12.65501 85.180 
13.80618 89.384 150 683126 36563721 32.86469 

15.11783 93.970 
16.62125 98.993 140 699132 42207800 3727710 
130 716324 492114.55 43.85259 
18.35573 104.518 120 734893 580468.73 51.51676 
110 755078 69410345 6136454 

20.37117 110.624 
22.73169 117.408 100 777186 84363126 7431176 


Tables of Ше Primary Siacci Functions 
G,, (Sphere) Drag Function 


Quantity Units 
V ft/sec 
S(V) ft-in?/Ib 
A(V) ft-in41b: 
ICV) in?/lb 
T(V) sec-in?/lb 
(У) Т(У) ү S(V) A(V) ІУ) 
0.00000 0.000 4240 312.0 0.16 0.00105 
4230 324.3 0.17 0.00110 
0.00004 0.003 4220 336.7 0.19 0.00114 
0.00007 0.005 4210 349.1 0.20 0.00119 
0.00011 0.008 
0.00015 0.010 4200 361.5 0.22 0.00123 
0.00019 0.013 4190 373.9 0.23 0.00128 
4180 386.4 0.25 0.00132 
0.00023 0.016 4170 398.9 0.27 0.00137 
0.00027 0.018 4160 411.4 0.28 0.00141 
0.00030 0.021 
0.00034 0.024 4150 423.9 0.30 0.00146 
0.00038 0.027 4140 436.5 0.32 0.00151 
4130 449.1 0.34 0.00156 
0.00042 0.029 4120 4617 0.36 0.00160 
0.00046 0.032 4110 474.4 0.38 0.00165 
0.00050 0.035 
0.00054 0.037 4100 487.0 0.40 0.00170 
0.00059 0.040 4090 499.7 0.42 0.00175 
4080 512.5 0.45 0.00180 
0.00063 0.043 4070 525.2 0.47 0.00185 
0.00067 0.046 4060 538.0 0.49 0.00190 
0.00071 0.049 
0.00075 0.051 4050 550.8 0.52 0.00195 
0.00079 0.054 4040 563.7 0.54 0.00200 
4030 576.5 0.57 0.00205 
0.00084 0.057 4020 589.4 0.60 0.00210 
0.00088 0.060 4010 602.4 0.62 0.00215 
0.00092 0.063 
0.00096 0.066 4000 615.3 0.65 0.00220 
0.00101 0.069 3990 628.3 0.68 0.00226 


151 


Т(У) 
124.991 
133.521 


143.188 
154.235 
166.982 
181.853 
199.427 


220.515 
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T(V) 
0.152 
0.155 
0.158 


0.162 


0.165 
0.168 
0.172 
0.175 


0.178 


0.182 
0.185 
0.189 
0.192 


0.196 


0.199 
0.203 
0.206 
0.210 


0.213 


0.217 
0.220 
0.224 
0.228 


0.231 


0.235 
0.239 
0.242 
0.246 


0.250 


0.253 
0.257 
0.261 
0.265 


0.269 


0.273 
0.276 
0.280 
0.284 


0.288 


0.292 
0.296 
0.300 
0.304 


152 


v 
3520 
3510 


S(V) 
1273.2 
1287.7 


1302.3 


1316.9 
1331.6 
1346.2 
1360.9 


1375.7 


1390.5 
1405.3 
1420.2 
1435.1 


1450.0 


1465.0 
1480.0 
1495.1 
1510.2 


1525.3 


1540.5 
1555.7 
1571.0 
1586.3 


1601.6 


1617.0 
1632.4 
1647.9 
1663.4 


1678.9 


1694.5 
1710.1 
1725.8 
1741.5 


1757.2 


1773.0 
1788.9 
1804.8 
1820.7 


1836.7 


1852.7 
1868.8 
1884.9 
1901.0 
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KV) 
0.00946 


0.00958 


0.00969 
0.00981 
0.00992 
0.01004 


0.01016 


0.01028 
0.01040 
0.01052 
0.01065 


0.01077 


0.01090 
0.01102 
0.01115 
0.01128 


0.01141 


0.01155 
0.01168 
0.01181 
0.01195 


0.01209 


0.01223 
0.01237 
0.01251 
0.01265 


0.01280 


0.01295 
0.01309 
0.01324 
0.01340 


0.01355 


0.01370 
0.01386 
0.01402 
0.01418 


0.01434 


0.01450 
0.01466 
0.01483 
0.01500 


0.01517 


0.01534 
0.01551 
0.01569 
0.01587 


T(V) 
0.537 


0.542 


0.548 
0.553 
0.558 
0.564 


0.570 


0.575 
0.581 
0.586 
0.592 


0.598 


0.604 
0.609 
0.615 
0.621 


0.627 


0.633 
0.639 
0.645 
0.651 


0.657 


0.663 
0.670 
0.676 
0.682 


0.688 


0.695 
0.701 
0.708 
0.714 


0.721 


0.727 
0.734 
0.741 
0.747 


0.754 


0.761 
0.768 
0.775 
0.782 


0.789 


0.796 
0.803 
0.810 
0.817 


153 


V 
2600 


2590 
2580 
2570 
2560 


2550 


2540 
2530 
2520 
2510 


2500 


2490 
2480 
2470 
2460 


2450 


2440 
2430 
2420 
2410 


S(V) 
2793.8 


2812.8 
2831.9 
2851.1 
2870.3 


2889.6 


2909.0 
2928.4 
2947.9 
2967.5 


2987.1 


3006.8 
3026.6 
3046.4 
3066.3 


3086.3 


3106.4 
3126.6 
3146.8 
3167.1 


3187.5 


3207.9 
3228.5 
3249.1 
3269.8 


3290.6 


3311.5 
3332.4 
3353.5 
3374.6 


3395.8 


3417.1 
3438.5 
3459.9 
3481.5 


3503.1 


3524.8 
3546.6 
3568.5 
3590.5 


3612.6 
3634.8 
3657.1 
3679.5 
3702.0 


3724.5 


у) 
0.01605 


0.01623 
0.01641 
0.01660 
0.01679 


0.01698 


0.01717 
0.01736 
0.01756 
0.01776 


0.01796 


0.01817 
0.01837 
0.01858 
0.01879 


0.01900 


0.01922 
0.01944 
0.01966 
0.01988 


0.02011 


0.02034 
0.02057 
0.02081 
0.02105 


0.02129 


0.02153 
0.02178 
0.02203 
0.02228 


0.02254 


0.02280 
0.02306 
0.02333 
0.02360 


0.02387 


0.02415 
0.02443 
0.02471 
0.02500 


0.02530 
0.02559 
0.02589 
0.02620 
0.02650 


0.02682 


KV) 
0.02713 
0.02746 
0.02778 
0.02811 


0.02845 


0.02879 
0.02913 
0.02948 
0.02983 


0.03019 


0.03056 
0.03093 
0.03130 
0.03169 


0.03207 


0.03246 
0.03286 
0.03327 
0.03368 


0.03409 


0.03452 
0.03495 
0.03538 
0.03583 


0.03628 


0.03673 
0.03720 
0.03767 
0.03815 


0.03864 


0.03913 
0.03964 
0.04015 
0.04067 


0.04120 
0.04174 
0.04228 
0.04284 
0.04341 
0.04398 
0.04457 
0.04516 
0.04577 
0.04639 
0.04701 


0.04765 
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T(V) 
1.229 
1.240 
1.251 
1.262 


1.273 


1.284 
1.295 
1.306 
1.318 


1.329 


1.341 
1.352 
1.364 
1.376 


1.388 


1.400 
1.413 
1.425 
1.438 


1.450 


1.463 
1.476 
1.489 
1.502 


1.516 


1.529 
1.543 
1.556 
1.570 


1.584 


1.599 
1.613 
1.627 
1.642 


1.657 


1.672 
1.687 
1.703 
1.718 


1.734 


1.750 
1.766 
1.782 
1.798 
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V 
1680 
1670 
1660 


1650 
1640 
1630 
1620 
1610 


1600 


S(V) 
4919.2 
4948.1 
4971.2 


5006.5 


5036.0 
5065.6 
5095.5 
5125.6 


5155.8 


5186.3 
5217.0 
5247.8 
5278.9 


5310.3 


5341.8 
5373.6 
5405.6 
5437.8 


5470.3 


5503.0 
5536.1 
5569.3 
5602.9 


5636.8 


5670.9 
5705.5 
5740.3 
5775.6 


5811.2 


58472 
5883.5 
5920.4 
5957.6 


5995.3 


6033.4 
6072.1 
6111.2 
6150.9 


6191.1 
6231.8 
6273.1 
6315.1 
6357.6 


6400.7 


KV) 
0.04830 
0.04897 
0.04964 


0.05033 


0.05103 
0.05174 
0.05247 
0.05321 


0.05397 


0.05474 
0.05552 
0.05632 
0.05714 


0.05797 


0.05882 
0.05969 
0.06058 
0.06148 


0.06240 


0.06334 
0.06431 
0.06529 
0.06630 


0.06733 


0.06838 
0.06946 
0.07056 
0.07169 


0.07285 


0.07404 
0.07526 
0.07652 
0.07780 


0.07912 


0.08048 
0.08187 
0.08331 
0.08478 


0.08630 
0.08786 
0.08947 
0.09113 
0.09284 
0.09460 


0.09642 
0.09830 


Мише 
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KV) 
0.10023 
0.10223 


0.10429 


0.10642 
0.10863 
0.11090 
0.11326 


0.11569 


0.11821 
0.12081 
0.12351 
0.12631 


0.12920 


0.13220 
0.13532 
0.13854 
0.14189 


0.14537 


0.14898 
0.15272 
0.15662 
0.16067 


0.16488 


0.16926 
0.17381 
0.17856 
0.18350 


0.18864 


0.19401 
0.19960 
0.20543 
0.21152 


0.21787 


0.22451 
0.23143 
0.23867 
0.24624 


0.25415 


0.26243 
0.27109 
0.28016 
0.28966 


0.29961 
0.31006 


0.32101 
0.33251 


T(V) 
2.986 
3.024 


3.062 


3.102 
3.142 
3.184 
3.227 


3.270 


3.315 
3.361 
3.408 
3.457 


3.507 


3.558 
3.610 
3.664 
3.720 


3.777 


3.835 
3.896 
3.958 
4.021 


4.087 


4.155 
4.225 
4.297 
4.371 


4.447 


4.526 
4.607 
4.691 
4.778 


4.867 


4.959 
5.055 
5.153 
5.255 


5.360 


5.469 
5.581 
5.698 
5.818 


5.943 
6.072 


6.205 
6.344 


155 


V 
760 


750 


740 
730 
720 
710 


700 


690 
680 
670 
660 


S(V) 
9819.8 


9932.2 


10047.4 
10165.4 
10286.3 
10410.2 


10537.4 


10667.8 
10801.5 
10938.6 
11079.0 


11222.5 


11369.2 
11519.0 
11672.1 
11828.4 


11988.1 


12151.2 
12317.7 
12487.7 
12661.3 


12838.5 


13019.3 
13203.9 
13392.3 
13584.7 


13781.1 


13981.8 
14187.0 
14396.7 
14611.3 


14830.8 


15055.6 
15285.8 
15521.7 
15763.5 


16011.6 


16266.2 
16527.6 
16796.3 
17072.7 


17357.0 


17649.9 
17951.8 
18263.3 
18585.1 


A(V) 
866.92 


906.40 


948.31 
992.85 
1040.24 
1090.73 


1144.55 


1201.96 
1263.21 
1328.59 
1398.30 


1472.59 


1551.77 
1636.17 
1726.12 
1822.04 


1924.36 


2033.57 
2150.15 
2274.66 
2407.69 


2549.85 


2701.83 
2864.39 
3038.38 
3224.73 


3424.48 


3638.83 
3869.07 
4116.65 
4383.16 


4670.36 


4980.25 
5315.04 
5677.23 
6069.62 


6495.38 


6958.10 
7461.86 
8011.29 
8611.72 


9269.23 


9990.84 
10784.69 
11660.28 
12628.63 


KV) 
0.34459 


0.35728 


0.37063 
0.38468 
0.39947 
0.41507 


0.43153 


0.44890 
0.46723 
0.48659 
0.50700 


0.52852 


0.55120 
0.57511 
0.60032 
0.62691 


0.65497 


0.68460 
0.71590 
0.74898 
0.78396 


0.82096 


0.86013 
0.90161 
0.94558 
0.99224 


1.04179 


1.09449 
1.15059 
1.21040 
1.27424 


1.34247 


1.41549 
1.49376 
1.577T1 
1.66811 


1.765A1 


1.87040 
1.98389 
2.10682 
2.24027 


2.38545 


2.54378 
2.71688 
2.90664 
3.11528 
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у S(V) A(V) у) T(V) 
300 18917.7 13702.68 3.34537 26.413 
290 19261.9 14897.63 3.59993 27.580 
280 19618.6 16231.51 3.88253 28.832 
270 19988.7 17725.77 4.19743 30.178 
260 20373.1 19406.14 4.54972 31.629 
250 20773.0 21303.65 4.94554 33.198 
240 21189.6 23456.00 5.39231 34.899 
230 21624.4 25909.36 5.89913 36.750 
220 22079.1 28720.73 6.47723 38.771 
210 22555.3 31961.15 7.14054 40.987 
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The Effect of Wind on Flat-Fire Trajectories 


7.1 INTRODUCTION where V = vector velocity 
The effect of wind on flat-fire trajectories is a logical extension of аў 
{һе results derived in Chapter 5. The вате coordinate System is —— = vector acceleration 
used in this chapter, with the additional definition of the wind com- dt 
ponents, illustrated in Figure 7.1. W = vector wind velocity 
A vector wind component is considered positive when it blows 
in the positive direction of one of the coordinate axes. Thus a 8 = vector acceleration due to gravity 


tailwind, blowing from the gun toward the target will be taken as a 


positive W . A wind blowing vertically upward is a positive W , and C, ES pSCp 

a wind from 9:00 toward 3:00, or left to right across the line of fire, 2m 

will be taken as a positive crosswind, W . p = air density 

7.2 EQUATIONS OF MOTION S = projectile reference area 

Tbe vector differential equation of motion is similar to equation m = projectile mass 

(5.3) of Chapter 5. However, the vector velocity, V, in the expres- 

sion for the drag force must be replaced with (V — W) , because the С„= dimensionless drag coefficient 

aerodynamic drag depends on the velocity relative to the air stream, 

not the velocity relative to the ground. The quantity V isthe scalar magnitude of the velocity relative 
dV Wiese ee КҮРЕ to the air stream: 
7 -CpV(V-W)+28 (7.1) Vs у 2 W| (7.2) 


Figure 7.1 Coordinate System 
for a Point-Mass Trajectory 
with Wind. 


157 


Modern Exterior Ballistics 


The vectors V апа W are now resolved into components along 
the coordinate axes: 


V= VI + VJ 十 VK (7.3) 
W=Wi+ W,J + К (7.4) 
where I is a unit vector along the X-axis 
J is a unit vector along the Y-axis 
K is a unit vector along the Z-axis 
V. , V, , V, are the velocity components 
ЭУ. W, б W, are the wind components 
Then,  V?-(V-W)*(V-W) (7.5) 


Substituting the velocity and wind components into equation 
(7.5) and taking the square root of both sides: 


~ 


V-4V-wy«v-wy«(w-w) ce 


The differential equations of motion for a point-mass trajec- 
tory with wind are: 


^ 


V, = -GV(V, - W,) (7.7) 
y, --GW(V, -W,)-8 78) 
y, = -ChV(V, - w.) (7.9) 


Equations (7.7) through (7.9), together with equation (7.6) are 
an exact statement of Newton's second law of motion for a projec- 
tile acted on by aerodynamic drag, gravity, and wind. As in Chapter 
5, the equations are non-linearly coupled to each other through equa- 
tion (7.6), and an exact solution is possible only by numerical meth- 
ods. The numerical solution of equations (7.6) through (7.9) will be 
addressed in the next chapter. 


7.3 THE FLAT-FIRE APPROXIMATION 


Equation (7.6) may be written in the equivalent form: 


Ӯ = (У, – №.) 1+ E? + e? (7.10) 
where =(Vv,-—W,)/(V, - W.) (7.11) 
e, = (V, - W.)/(V. - W.) (7.12) 


The square root in equation (7.10) is now expanded in series, 
using the binomial theorem: 


Ӯ - (у, - wet *&)- sea) t] (43 


It is evident that V and (V, - W, E] will differ by a very small 
amount if the following inequalities are satisfied: 


[| << V, 


апа ГА <<V, (7.14) 


ғ? <<]; and £? <<1 (7.15) 

Since all wind components are small compared with V, , the 
first inequality of equation (7.15) reduces to the classical flat-fire 
restriction for the no-wind trajectory. It will be shown later that W 
is an upper bound for V, , so that for small wind components the 
second inequality of equation (7.15) is also everywhere satisfied, 
Thus Ў and (V-W) differ by less than one percent for flat-fire 
trajectories if all wind components are small in comparison with 
the projectile velocity. Equations (7.7) through (7.9) may therefore 
be approximated as: 


2 


V, = -C;(V, - W.) (7.16) 
y, = -C5(V, - (у, - W,) - (ат) 
V, = -Ĉ5(V, - W, )(V, - W,) (7.18) 


Equations (7.16) through (7.18) are the differential equations 
of motion for flat-fire trajectories, acted on by winds that are two 
orders of magnitude smaller than the downrange velocity. 

A general analytical solution of the flat-fire, small-wind equa- 
tions is possible by means of quadratures. However, a more useful 
approach is to determine the effect of one wind component at a 
time on the trajectory. 

Anemometer measurements of winds near the earth's surface 
show that vertical wind components are usually much smaller than 
winds parallel to the ground. In addition, the effect of a vertical 
wind оп a flat-fire trajectory is analagous to the crosswind effect, 
except that it acts in the vertical plane instead of the horizontal. The 
vertical wind component, W,, will therefore be neglected in the re- 
mainder of this chapter. 


7.4 THE EFFECT OF A CONSTANT CROSSWIND ON THE 
FLAT-FIRE TRAJECTORY 


For the crosswind case, W = W, = 0, and equations (7.16) 
through (7.18) reduce їо: 


АЛАА (720) 
А (7.21) 


Br en a a ees 
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Equations (7.19) and (7.20) are identical to equations (5.16) 
and (5.17) of Chapter 5, for the no-wind case. Thus the vertical 
Jane of the flat-fire point-mass trajectory is unaffected by cross- 
wind. (Note: This is not strictly true. The presence of crosswind 
causes a small aerodynamic jump effect in the vertical plane, which 
will be illustrated later in Chapter 12). 
Equations (7.19) and (7 .21) are now transformed to new equa- 
tions with downrange distance, X, as the independent variable (see 
section 5.3 of Chapter 5): 


Vi = -GV, (7.22) 
у= -C(V, - W.) (7.23) 


where the superscript prime (') indicates differentiation with re- 


spect to X. 
Since the initial line of fire lies in the X-Y plane, the initial 
value of V, is zero. The general solution of equations (7.22) and 


(7.23) is: : 


V=Vie° (7.24) 
Vi=e° f W.Cpe* ds, (7.25) 


If W, is constant, the integral inside the brackets of equation 
(7.25) may be directly evaluated, and we obtain: 


- [Саз 
у = Ууу E Е zu M) (7.26) 
5” | x] 


Xo 


Since 0<У, «V, forall X, ІМ is everywhere less than |W. |, 
which verifies the earlier statement that W is an upper bound for 
y. 

The deflection due to a constant crosswind, W, , is: 


(7.27) 


| Equation (7.27) is the classical formula for crosswind deflec- 
боп, and we note that it is ап exact solution for а constant cross- 
wind acting everywhere along a flat-fire point-mass trajectory. The 
quantity (t - Хүү, | is often referred to as “Jag time,” since it is the 
time difference, or lag, between the actual flight time and the time 
to the same range in a vacuum. Equation (7.27) is often referred to 
as the “lag rule” for predicting the crosswind effect. 

| The classical crosswind deflection formula was first obtained 
in the middle of the nineteenth century by the French ballistician, 
Didion. In his “Cours Elémentaire de Balistique," published in 1859, 
Didion correctly defined the “lag time,” and stated that the cross- 
wind deflection was equal to the space passed over by the cross- 
wind in the time represented by the lag. 


Equation (7.27) also shows that if a sustainer rocket, whose 
thrust precisely equals the drag force were added to the base of the 
projectile, the lag time would vanish and there would be no deflec- 
tion due to crosswind. This concept is referred to as “automet,” and 
has been used for ordnance projectile designs that required abso- 
lute minimum sensitivity to crosswind. If the rocket thrust exceeds 
the drag force, the lag time will be negative, and we note that equa- 
tion (7.27) correctly predicts the upwind deflection observed for 
high thrust rockets in crosswinds. 


Example 7.1 

In Table 6.6 of the previous chapter, the downrange striking 
velocity and time of flight of the caliber .30 Ball M2 projectile 
were listed, for ranges out to 600 yards. The muzzle velocity is 
2800 feet per second (fps). Use equation (7.27) and the values from 
Table 6.6 to determine the effect of a 10 mile per hour (MPH) cross- 
wind on the trajectory of the Ball M2 bullet, at ranges out to 600 
yards. 

We first convert 10 MPH to feet per second. 


W, = [(5280)/(3600)}(10) = 14.67 fps 


The required computations are shown in Table 7.1: 


Table 7.1 
(Caliber .30 Ball M2) 
(10 MPH Crosswind) 


Rage | X t (х/у,)| 7 Z 
(Yards) | (Feet) (seconds) (sec.) | (Feet) | (Inches) 
0 0 0 0 0 


The effect of a constant 10 MPH crosswind is obviously enough 
to cause a miss on the target at the longer ranges. 


7.5 THE EFFECT OF A VARIABLE CROSSWIND ON THE 
FLAT-FIRE TRAJECTORY 

The approximate effect of a variable crosswind on the flat-fire tra- 
jectory is readily obtained, using a variation of the method of sec- 
tion 7.4. The technique involves the linear superposition of a series 
of constant crosswind solutions, each of which starts at a different 
downrange distance from the gun muzzle. 

Consider a constant crosswind, W, , commencing at X = X 
and continuing downrange. Such a crosswind is illustrated in Fig- 
ure 7.2(a). The solution of equations (7.22) and (7.23) with the cross- 
wind of Figure 7.2(a), for all ranges where R > X, , is given by: 
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Figure 7.2 Constant Crosswind over a Short Segment of the Trajectory. 


Z(R) = W, iR) - (X,)- R-X, XV] (7.28) 

A second constant crosswind, - W, , starting at a larger down- 
range distance, X. , is now added to the first crosswind, as shown 
in Figure 7.2(b). The net crosswind acting on the trajectory is illus- 
trated in Figure 7.2(c). For all ranges where R > X, , the solution 
of equations (7.22) and (7.23), with the crosswind of Figure 7.2(c), 
is given by: 


Z(R) = W, {[t(R) - tX, ) - (R - X )/V,, ] - ER) -tX ) -(R- 
X, NN 1} (7.29) 


Since any downrange variation of the wind can be approxi- 
mated by a series of constant winds acting over short intervals, equa- 
tion (7.29) provides a general method for calculating the effect of 
variable crosswinds on flat-fire trajectories. 

We will define the crosswind weighting factor, Ё, , as: 


fa = IR) - tX, ) - R-X, JV, 1 - (8) - (XK, )- R-X) 
Мин; ] (7.30) 

In practice, the crosswind weighting factors at various ranges 
are obtained from the first differences of a table of values for the 
function [t(R) - t(X, ) - R - X, VV] . Example 7.2 illustrates the 
technique, for the caliber .30 Ball M2 bullet out to 600 yards range. 


Example 7.2 

Use equation (7.30) to construct a table of crosswind weight- 
ing factors for the caliber .30 Ball M2 bullet. The velocity and time 
of flight data are taken from Table 6.6 of the previous chapter, and 
the range to the target, R, is 600 yards. Table 7.2 shows the calcula- 
tions. 

The fifth column is computed using the tabulated values of X, 
У „апа t(X), together with the values R = 1800 feet and (К) = 
0.863 second. The crosswind weighting factors listed in the sixth 
column of the table are obtained by successive differences of the 
values in column five. 


Table 7.2 
(Caliber .30 Ball M2) 
(Range to Target 2 600 Yards) 


[t(R) -t(X) - 
(R-X)/V,] 
(seconds) 


Wa 


(seconds) 


220 E 


.168 .052 
.118 ,050 
.073 .045 
.036 .037 
.010 ‚026 

0 010 
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CALIBER .30 BALL M2 


О RANGE TO TARGET = 600 YARDS 


O RANGE TO TARGET = 1000 YARDS 


600 


400 800 


DOWNRANGE DISTANCE (YARDS) 


The utility of the crosswind weighting factor method is based 
on the fact that the weighting factor represents the local sensitivity 
of the trajectory to crosswind. The effect of any variable crosswind 
on the trajectory is determined by summing the products of the 
average crosswind speeds over each interval and the weighting fac- 
tors over the same intervals. The technique will now be illustrated 
for a few hypothetical variable crosswinds. 

For the first hypothetical case, we will assume a constant cross- 
wind of 10 MPH over the first half of the 600 yard Ball M2 trajec- 
tory, and no wind for the second half. Thus W, is 14.67 fps over the 
first three intervals of Table 7.2. The effect of this crosswind on the 
deflection at 600 yards range is: 


Z = (14.67)(.052) + (14.67)(.050) + (14.67)(.045) = 2.16 feet 


In the second hypothetical case, we will assume no wind over 
the first half of the trajectory, and a 10 MPH crosswind over the 
second half. Using the crosswind weighting factors in Table 7.2 for 
the last three intervals, we find: 


Figure 7.3 Crosswind Weighting Factors 
for Two Target Ranges. 


Z = (14.67)(.037) + (14.67)(.026) + (14.67)(.010) = 1.07 feet 


In Example 7.1, we observed that a constant crosswind of 10 
MPH acting over the entire 600 yard range would deflect the cali- 
ber .30 Ball M2 bullet by 3.23 feet. Our two hypothetical examples 
thus indicate that about 2/3 of the observed crosswind deflection at 
600 yards range occurs in the first one-half of the trajectory, and 
the remaining 1/3 of the deflection occurs in the last half of the 
flight. 

An even more striking comparison is provided by the ratio of 
the crosswind weighting factor over the first 100 yard interval to 
that over the last (500-600 yard) interval. The caliber .30 Ball M2 
bullet is more than five times as sensitive to a crosswind acting 
over the first 100 yards, than to the same crosswind acting over the 
interval from 500 to 600 yards range! 

Figure 7.3 illustrates the variation of the caliber .30 Ball M2 
crosswind weighting factor with downrange distance from the gun, 
for target ranges of 600 and 1000 yards. For the 600 yard target, the 
bullet is most sensitive to crosswind near the gun muzzle, and the 
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sensitivity decays ever more rapidly with increasing downrange 
distance. For the 1000 yard target, the point of maximum wind sen- 
sitivity occurs at around 400 yards downrange, with a very rapid 
decay beyond 600 yards. In both cases, the sensitivity of the trajec- 
tory to crosswind at the target is zero. This is, in fact, a general 
result, which can be demonstrated by choosing X, and X, | very 
close to the target range, R; the crosswind at the target has abso- 
lutely no effect on any flat-fire point-mass trajectory! 


7.6 THE EFFECT OF RANGEWIND ON THE 
FLAT-FIRE TRAJECTORY 


For the rangewind case, W, = W, = 0, and equations (7.16) 
through (7.18) reduce to: 


ОЕ, can. 
V, = -G(V, - WV, -8 (7.32) 
V, = -G(V. - W,)V, (7.33) 


Since there is no crosswind, we will neglect equation (7.33). 
Equations (7.31) and (7.32) are now transformed into new equa- 
tions with downrange distance, X, as the independent variable. Af- 
ter some simplification we obtain: 

А A W. 
Vi + Gy, = ew, 2-7 


x 


дж W. 
V, V, 
From the first inequality of (7.14), we know that the largest 
value of W, must be at least two orders of magnitude smaller than 


У, at every point along the trajectory. Thus equations (7.34) and 
(7.35) reduce to: 


(7.34) 


(7.35) 


V; + СУ, = 2C5W, (7.36) 

Ax g 
Vj = СУ, --у (7.37) 

x 
For a constant rangewind, the general solution of equation (7.36) 

is: ў 
-[дъа» -f дьа 

V,=V,e° +2W,|l-e ° (7.38) 


The first term on the right hand side of equation (7.38) is the 
drag-induced velocity decay experienced by the projectile in the 
absence of rangewind. The second term on the right hand side of 
(7.38) gives the change in downrange velocity, caused by the pres- 
ence of rangewind. 

Ata fixed range, R, we will denote values of the velocity com- 
ponents, time of flight and trajectory height, for a trajectory with 


rangewind, as [V 1, [V], [t], and [Y]. The same symbol without 
the bracket refers to the equivalent quantity along a no-wind trajec- 
tory. 

Substituting equation (7.24) into equation (7.38), and denot- 
ing the left hand side of (7.38) as [V ]: 

[V] s V, *2W, (1 - V, /V,) (7.39) 

The second term in equation (7.39) shows that a constant 
tailwind adds an increment of downrange velocity, whose magni- 
tude is zero at the gun muzzle, but gradually increases with in- 
creasing range. A constant headwind (negative W. ) would subtract 
an equivalent downrange velocity increment. 

If a table of V versus range is available for the no-wind case, 
equation (7.39) provides a good approximation to the effect of 
rangewind on the downrange striking velocity. Equation (7.39) is 
valid for any flat-fire trajectory with constant rangewind, as long as 
the downrange velocity exceeds the constant rangewind speed by 
at least two orders of magnitude. 

The general solution of equation (7.37) for the rangewind case 
is: 


With the help of equation (7.24), equation (7.40) reduces to: 


X 
М = V, {апф„-#У, fna (7.41) 
0 xL x 


Now, V, [V,]2 V! (142 W, /V, -2 W. IV) (7.42) 
Since terms of order (W. /V. ) may be neglected in comparison 
with unity: 
V,[V,]=V? (7.43) 
x 
ds 
[y] - V. tane, - eV. [77 
0 'x А 
But equation (5.29) in Chapter 5, with the help of equations 


(5.30) and (5.23), gives an identical result to equation (7.44), for 
the no-wind case. 


(7.44) 


Thus, [V,] = Vy (7.45) 

Equation (7.45) tells us that for flat-fire and small ratio of 
rangewind speed to projectile downrange velocity, a rangewind does 
not significantly alter the vertical component of velocity, at any 
reasonable range. 

To determine the effect of a constant rangewind on the time of 
flight, we need to find an expression for the average downrange 
velocity: 
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. V, us „уа sow x - 2M (vas 040 
[е] = zf x 1 xU x] x vd х ‘| E 
1Х 
Bat, xf Vd = Wo 7.47) 
0 
( Viu Е) \ 
= 一 一 2 7.48 
[Ка 7У524,1--4) (49 
R 
Now, t= „and [t] £4 —-. (7.49) 
X(AvE) [ x ә 
where R = range to impact. 
L(t] = (1/ (1-2 W/V.) +2 W. /R (7.50) 
Inverting equation (7.50) yields: 
[] 2t/(1--2W (t/R - 1/V,)} (7.51) 


Equation (7.51) shows that a constant tailwind results in a 
shorter time of flight to a fixed range, as we would expect. 

The final quantity we need to determine, for a flat-fire trajec- 
tory with rangewind, is the impact height on a vertical target. Equa- 
tion (7.45) provides the result that a rangewind does not signifi- 
cantly affect the vertical component of velocity. Thus at a fixed 
range R to the target, the impact height for the rangewind case is 
equivalent to the impact height for the no-wind case at time [t]. 

[Y], = Y, (7.52) 

For small ([t] - t), a good approximation to equation (7.52) is 
the leading term in a Taylor's series expansion: 

[Y], = Хм, + V S Lt] - t} (7.53) 

The vertical component of velocity, У,, is readily obtained from 
the downrange velocity and the tangent of the flight-path angle (tra- 
jectory inclination angle), for any flat-fire trajectory: 

V, = У їапф = V tang (7.54) 


The utility of equations (7.39), (7.51), (7.53) and (7.54) will 
now be demonstrated by means of a numerical example. 


Example 7.3 к 

In Table 6.6 of the previous chapter, the downrange striking 
velocity, time of flight and vertical target impact height were tabu- 
lated for the caliber .30 Ball M2 bullet, fired at an angle of depar- 
ture of 19 minutes, and with a muzzle velocity of 2800 fps. Deter- 
mine the effect of a 10 MPH (14.67 fps) tailwind on this trajectory, 
at ranges out to 600 yards. 

The ratio of the rangewind speed to the downrange velocity at 
600 yards range is: 


14.67/1547 = 0.0095 


The first of equations (7.14) is satisfied for the Ball M2 bullet 
with a 10 MPH rangewind, and we may therefore proceed with the 
calculations. Equations (7.39) and (7.51) are used to generate the 
data in Table 7.3: 


Table 7.3 
(Caliber .30 Ball M2) 
(10 MPH Tailwind) 
(V, and t From М umerical Integration) 


Range ГА [VJ t [t] 
(Yards) (fps) (fps) (seconds) (seconds) 
0 0 0 


The effect of the constant 10 MPH rangewind on the vertical 
target impact height is now determined. In Table 6.4 of the previ- 
ous chapter, approximate values of the downrange velocities were 
obtained for the caliber .30 Ball M2 bullet, using the G, ballistic 
tables. The first two columns of Table 7.4, below, are extracted 
from Table 6.4, and the third column of Table 7.4 is obtained from 
the I(V) table for the G, drag function. The fourth column in Table 
7.4 is then found using equation (6.41) of Chapter 6, and the fact 
that the tangent of 19 minutes is 0.00553. The vertical component 
of the velocity, and the vertical target impact height at each range, 
are obtained from equations (7.54) and (7.53), and are tabulated in 
columns five and six, respectively, of Table 7.4. 
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Table 7.4 
(Caliber .30 Ball M2 - G, Ballistic Tables) 
(10 MPH Tailwind) 


The results of modern numerical integration for the same 10 
MPH tailwind are shown in Table 7.5: 


Table 7.5 
(Caliber .30 Ball M2) 
(10 MPH Tailwind) 
(Numerical Integration) 


(Yards) (fps) (seconds) (fps) (Inches) 
0 0 0 


15.5 


0.112 
0.234 
0.367 
0.515 
0.678 
0.860 


Comparison of Tables 7.3 and 7.4 with Table 7.5 shows that 
the largest error in downrange velocity is 2 feet/second; the times 
of flight agree to three significant figures; the vertical velocity com- 
ponents agree to within 0.1 foot/second; and the impact heights 
agree to within 0.1 inch. The flat-fire trajectory approximation for 
the effect of a constant rangewind thus agrees quite well with the 
results of modern numerical methods. 

Note the nearly negligible effect of a 10 MPH rangewind on 
the caliber .30 Ball M2 trajectory, compared with the effect of a 10 


MPH crosswind, illustrated in Example 7.1. A constant 10 MPH 
crosswind blows the 150 grain bullet off course nearly 39 inches at 
600 yards range; a constant 10 MPH tailwind or headwind raises or 
lowers the vertical target impact height by less than 0.50 inch at the 
same range. The modern rifleman who shoots a high velocity, flat 
trajectory projectile at moderate ranges, is certainly justified in ne- 
glecting the range component of any wind that is blowing, and con- 
centrating his attention on the crosswind component. 

The effect of a variable rangewind on the flat-fire trajectory 
could be approximated by a method similar to that used in section 
7.5 for variable crosswinds. In view of the generally negligible ef- 
fect of rangewind on flat-fire trajectories, the rather complicated 
treatment of a variable rangewind is not worth the effort expended, 
and will not be pursued in this chapter. 


7.7 SUMMARY 

The effect of wind on flat-fire trajectories has been thoroughly ex- 
plored in this chapter. The classical crosswind deflection formula, 
often referred to as the “lag rule,” is shown to be an exact solution 
of the differential equations of motion for a flat-fire trajectory with 
constant crosswind. A simple and straightforward extension of the 
classical result is shown to accurately account for the effect of vari- 
able crosswinds along the trajectory, by means of a crosswind 
weighting factor technique. The effect of a constant rangewind 
(tailwind or headwind) is investigated, and the rangewind effect 
for flat-fire trajectories is shown to be negligible in comparison 
with the crosswind effect. Several practical computational examples 
are presented, to illustrate the application of the methods presented 
in this chapter. 
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Тһе Point-Mass Trajectory 


8.1 INTRODUCTION 

In Chapter 3 we noted that the vacuum trajectory, which includes 
only the force of gravity, is seldom useful in modern exterior bal- 
listics. On the other hand, the point-mass trajectory, which includes 
the aerodynamic drag force in addition to gravity, is a very practi- 
cal and accurate approximation to the actual trajectory of any pro- 
jectile that flies with predominantly small yaw. In fact, the point- 
mass trajectory approximation is so generally useful, it may well 
be considered to be the backbone of modern exterior ballistics. 


8.2 EQUATIONS OF MOTION 
The vector differential equation of motion for a point-mass trajec- 
tory with wind was stated as equation (7.1) in the previous chapter. 
The vector velocity, V , must be replaced with (V-W) in the 
expression for the aerodynamic drag force, because the drag de- 
pends on the velocity relative to the air stream, not the velocity 
relative to the ground. 

AE -ĉ (7 - w) +g (8.1) 

а 

where = Vector velocity (relative to the ground) 


= vector acceleration (relative to the ground) 


= 2/5 < 


= vector wind velocity (relative to the ground) 


g = vector acceleration due to gravity 


GPS 
2m 
p =air density 


S = projectile reference area 
m= projectile mass 
Co= dimensionless drag coefficient 


) The quantity V is the scalar magnitude of the projectile's ve- 
locity relative to the air stream: 


y- |ў -W (8.2) 


Substituting Ше velocity апа wind components into equation 
(8.1), and following the procedure of Chapter 7, we obtain the three 
scalar differential equations of motion: 


ж 


/, = -C,V(V, - W,) (8.3) 
, 2-CW(v, -W,) -8 84 
V, = -CN(V, - W.) (85) 


The scalar is given by: 
P- (v. - wy «(v,-w) «(v - wy eo 


A vector wind component is considered positive when it blows 
in the positive direction of one of the coordinate axes. Thus a 
tailwind, blowing from the gun toward the target will be taken as a 
positive rangewind, W . A wind blowing vertically upward is a posi- 
tive W, and a wind from 9:00 toward 3:00, or left to right across 
the line of fire, will be taken as a positive crosswind, W. 

Equations (8.3) through (8.5), together with equation (8.6) are 
an exact statement of Newton's second law of motion for a projec- 
tile acted on by aerodynamic drag, gravity, and wind. As noted in 
several previous chapters, equations (8.3), (8.4) and (8.5) are non- 
linearly coupled to each other through equation (8.6), and an exact 
(more precisely, a nearly exact) solution is possible only by nu- 
merical methods. Such methods are the subject of this chapter. 


8.3 CHANGE OF INDEPENDENT VARIABLE FROM TIME 
TO DISTANCE 

In several previous chapters, the approximate analytical solutions 
of flat-fire point-mass trajectories were greatly facilitated by trans- 
forming the independent variable in the differential equations from 
time to downrange distance. No change of independent variable is 
required for numerical solution of the exact differential equations 
of motion; either time or distance could be used, and the accuracy 
of the solution would not be affected. However, for most point- 
mass trajectories, downrange distance turns out to be a more con- 
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venient choice of independent variable. Trajectory outputs printed 
at fixed range intervals are generally more useful than those printed 
in fixed time increments, and if distance is used as the independent 
variable, the need for numerical interpolation in the results is 
avoided. 

Equations (8.3) through (8.5) are now transformed to new equa- 
tions with downrange distance, X, as the independent variable (see 
section 5.3 of Chapter 5 for the details of the transformation): 


V 


Vi = -& ye. -W) (8.7) 
! дж V 

И 

v=- -w) (89) 


where the superscript prime ( ' ) indicates differentiation with re- 
spect to X. 

Equations (8.7) through (8.9) are also an exact statement of 
Newton's second law of motion for the point-mass trajectory. Equa- 
tion (8.6) is unchanged by the transformation to a new independent 
variable. We note that in general, observed values of the vertical 
wind component, W, are very small near the earth's surface, and 
the vertical wind component is therefore neglected in the remain- 
der of this chapter. 


8.4 NUMERICAL SOLUTION OF THE EQUATIONS OF 
MOTION 

Since the late 1940s, the widespread availability of digital comput- 
ers has led to a veritable explosion in the development and use of 
numerical methods. At first, this growth was limited by the high 
cost of access to the few available large mainframe computers, and 
most exterior ballisticians continued to use the approximate meth- 
ods discussed in previous chapters of this book. Today, the prolif- 
eration of relatively inexpensive microcomputers (“PCs”) has given 
both amateur and professional ballisticians ready access to power- 
ful modern computational capabilities. 

A number of numerical methods are available for solving ordi- 
nary differential equations. Although a comparative treatment of 
these various techniques is beyond the scope of this book, a brief 
discussion of several commonly used numerical methods may be 
of interest. The most basic approach is known as Euler's method, 
which solves a differential equation by a stepwise procedure, in 
which a new value is found from the sum of the present value plus 
the product of the local derivative and the integration step size. 
Euler's method is conceptually simple, but it is not very accurate, 
unless extremely small values of the step size are used. A modifica- 
tion of Euler's method, known as Heun's method, uses the deriva- 
tives at both the beginning and the end of the integration step, to 
calculate an average value over the step. Heun's method can also 


include an iteration loop to further refine the average value of the 
derivative. Euler's method is called a “first order” integration 
scheme, and Heun's method is a “second order” method. 

Some of the most powerful and generally useful numerical 
methods for ordinary differential equations fall into the category 
known as Runge-Kutta (R-K) methods. There are second, third and 
fourth order R-K systems, plus a number of variants of each, and 
all of them work very well for particular problems. The second 
order R-K method is equivalent to Heun's method, with a single 
corrector step (no iteration). There is even a fifth order R-K sys- 
tem, known as “Butcher's method,” which has been used exten- 
sively in the calculation of high precision orbital trajectories. The 
numerical accuracy increases, and the computational efficiency 
decreases, with increasing order of the Runge-Kutta methods. 

Other multi-step predictor-corrector methods, such as the New- 
ton-Cotes method, Milne's method, and the Adams method have 
been used to calculate exterior ballistic trajectories. Reference 1 
contains a discussion of the numerical methods commonly used in 
modern engineering practice, and points out some of the strong 
points and the weaknesses of each. 

All the above methods (and others not mentioned), are highly 
satisfactory for the numerical solution of most ordinary differential 
equations. If a specific system of differential equations must be 
solved repeatedly, over a limited range of values for both the equa- 
tion parameters and the initial conditions, there often exists an op- 
timum numerical method that gives the shortest possible computa- 
tion time, yet gives sufficient accuracy for the problem. Such is 
indeed the case for the numerical solution of point-mass trajecto- 
ries. The cumulative experience of the Ballistic Research Labora- 
tory has shown that the one-step, second-order methods are, in the 
practical sense, optimum solutions of the point-mass trajectory prob- 
lem. The higher order methods give no significant improvement in 
practical accuracy, but require more computation time. The author's 
favorite method for the point-mass trajectory problem is the Heun 
method, with an iteratively applied corrector formula. 


8.5 STANDARD ATMOSPHERES FOR POINT-MASS TRA- 
JECTORIES 
Two slightly different standard atmospheres have traditionally been 
used by U. S. Army Ordnance over the years, and these atmospheres 
have become standardized throughout the military and sporting arms 
and ammunition industries. The older U. S. standard atmosphere 
(Ref. 2) is known today as Army Standard Metro; this atmosphere 
was used by Army Ordnance from 1905 until the early 1960s, and 
is still in common use in the commercial О. S. sporting ammun!- 
tion industry. The newer atmosphere is the International Civil Avia- 
tion Organization (ICAO) atmosphere (Ref. 3), up to 20 kilometers 
(approximately 65,800 feet) altitude, with its extension (Ref. 4) to 
32 kilometers (105,000 feet) in 1962. . 

The decrease in air temperature with increasing altitude 15 8C" 
curately described, for moderate altitudes, by the following equa- 
tion: 


T(Y) = [T, CF) + 459.67] е - 459.67 (8.10) 


JR 


766 


The Point-Mass Trajectory 


where 1, CF)= air temperature at the firing site (°F) 
Y = altitude above firing site (feet) 
Т(Ү) = air temperature at altitude Y (°F) 
К = temperature-altitude decay factor (1/feet) 
The standard sea-level air temperature for both atmospheres is 
59 degrees Fahrenheit. Appropriate values of the temperature-alti- 
tude decay factor, K, are given by: 
For Army Standard Metro: К = 6.015 X 105 (1/feet) (8.11) 


For the ICAO Atmosphere: 
К = 6.858 X 10* + (2.776 X 1079 Y (1/feet) (8.12) 


The speed of sound in air is given by the following equations: 


For Army Standard Metro: 


a, = 49.19./T(Y)+459.67 (fps) (8.13) 


For the ICAO Atmosphere: 


a, = 49.0223./T(Y) + 459.67 (fps) (8.14) 


The decrease in air density with increasing altitude is accu- 
rately described, for moderate altitudes, by the following equation: 


p(Y) = oe ™ (8.15) 


where Po = air density at the firing site (pounds/cubic foot) 
Y = altitude above firing site (feet) 
р(Ү)= air density at altitude Y (pounds/cubic foot) 
h= air density-altitude decay factor (1/feet) 
At sea level, the standard values of air density are given in 
Equations (8.16) and (8.18) below: 
For Army Standard Metro:(,= 0.0751265 lbs./cubic foot (8.16) 
һ-3.158 X 10% (1/feet) (8.17) 


For the ІСАО Atmosphere: 
97 0.0764742 Ibs./cubic foot (8.18) 


h = 2.926 X 105 + (1.0 X 10?) Y (1/feet) (8.19) 


| For altitudes up to 20,000 feet above sea level the above equa- 
tions give essentially exact results for the variation of air tempera- 


ture and air density with increasing altitude. At 35,000 feet altitude, 
the errors have increased to about one percent. At altitudes above 
40,000 feet the errors grow rapidly with increasing height, and the 
above equations should not be used where the summit of the trajec- 
tory exceeds 40,000 feet in altitude. 

The air density ratio is obtained from the equation of state of 
an ideal gas: 


(о/оз) = (P/P, ){518.67/[T(°F) + 459.67] } (8.20) 


where ( p/ Po) = ratio of air density at firing site to standard air 
density 


P = barometric pressure at firing site 
Р = standard barometric pressure 
T,(°F) = air temperature at firing site 
Values of the standard air density (at sea level) were given by 
equations (8.16) and (8.18) for Army Standard Metro, and the ICAO 


Standard Atmosphere, respectively. Standard sea-level values of 
the barometric pressure are given below: 


Army Std. Metro: 

P, = 29.53 inches of Hg = 750 mm of Hg (8.21) 
ICAO Atmosphere: 

P, = 29.92 inches of Hg = 760 mm of Hg (8.22) 


Most riflemen do not carry a thermometer and a barometer 
when shooting at high altitude above sea level. Table 8.1 lists nomi- 
nal values of air temperature, pressure and density ratio at a num- 
ber of altitudes above mean sea level, for both the Army Standard 
Metro and the ICAO Standard Atmosphere. These year-round av- 
erage values may be used if no better local information is available. 

The altitude in the first column of Table 8.1 (top p. 168) is the 
height above mean sea level. 

The humidity has a small effect on both the air density and the 
speed of sound in air. The humidity correction (Ref. 5) to the air 
density ratio at sea level [equation (8.20)] is given by: 


Army Std. Metro: 
Figg.) = 1--00378(Ry - 78) -am 8.2 
pm) ` 29.53 oe 
ICAO Atmosphere: 
P 
= 1-.00378(R,, | —“— 8.2 
Д7 ns] re 


where Ja R) = humidity correction factor to the air density ratio 
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Table 8.1 


ARMY STANDARD METRO 


Altitude 
(Feet) 


R, = relative humidity (percent) 


P,,, = water vapor pressure at saturation at the local 
temperature (Inches of Mercury) 


The effect of humidity on the air density is accounted for by 
multiplying the air density ratio of Equation (8.20) by the appropri- 
ate correction factor, from Equation (8.23) or (8.24). 

The humidity correction to the speed of sound in air at sea 
level is given (Ref. 5) by the following equations: 


Army Std. Metro: 


) Pw 
Жы) =1+.0014(R, ~ Dec (8.25) 
ICAO Atmosphere: 
Р 
=1+.0014(Е„) —#7— (8.26) 
fans) 十 ( X 


where J, (Ry) = humidity correction factor to the speed of sound 
in air 


The effect of humidity on the speed of sound in air is now 
obtained by multiplying the value from Equation (8.13) or (8.14) 
by the correction factor from Equation (8.25) or (8.26), respectively. 

For temperatures above freezing, the water vapor pressure in- 
creases rapidly with increasing air temperature, as Table 8.2 shows: 


ICAO STANDARD ATMOSPHERE 


Temp. Bar. Press. | Density Ratio Temp. Bar. Press. Density Ratio 
(Deg. F) (In, Hg) (Deg. F) (In, Hg) 


Table 8.2 


Water Vapor Pressure 
at Saturation, Ғы 


Air Temperature 
(Оер. Е) 


Table 8.3 illustrates the effect of humidity on the air density 
ratio and the speed of sound, at various sea level temperatures, for 
both the Army Standard Metro and the ICAO Standard Atmosphere, 
at standard barometric pressures: . 

In general, increasing humidity causes a slight decrease in air 
density, because the density of water vapor is less than that of dry 
air. On the other hand, increasing humidity causes a slight increase 
in the speed of sound. For air temperatures below 70 degrees Fahr- 
enheit, the changes in both air density and speed of sound for a 100 
percent change in humidity, are less than 1 percent, and may there- 
fore be neglected for all practical purposes. At 100 degrees Fahren- 
heit, the air density for saturated air is 2.5 percent below that of dry 
air; the difference has increased to 6.1 percent at 130 degrees Fahr- 
enheit. Thus for air temperatures above 70 degrees Fahrenheit, the 
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Table 8.3 
ARMY STD. METRO 


ICAO STD. ATMOS. 


1054.5 
1054.6 
1054.6 
1054.7 
1090.0 
1090.5 
1090.7 
1090.9 
1118.2 
1119.5 
1120.27** 
1120.9 
1129.0 
1131.0 
1132.1 
1133.0 
1155.4 
1160.7 
1163.7 
1166.1 
1174.5 
1187.3 
1194.5 
1200.1 


1051.0 
1051.2 
1051.2 
1051.3 
1087.0 
1087.5 
1087.7 
1087.9 
1116.45** 
1117.8 
1118.5 
1119.1 
1128.2 
1130.2 
1131.3 
1132.1 
1159.7 
1165.0 
1167.9 
1170.2 
1190.4 
1203.0 
1210.1 
1215.7 


* Sea level standard air density for this specific atmosphere 
** Sea level standard speed of sound for this specific 
atmosphere 


humidity correction to the air density is small, but not negligible. 
The small correction for the humidity effect on the speed of sound 
should also be made at temperatures above 70 degrees Fahrenheit, 
but it is actually important only when the projectile flight velocity 
is near the speed of sound, where a small change in the Mach num- 
ber causes a relatively large change in the drag coefficient. 


8.6 EXAMPLES OF POINT-MASS TRAJECTORIES 

The examples in this section were run using the author's “MCTRAJ” 

computer program, which is a point-mass trajectory calculation 

Program, using the Heun method for numerical integration. The 
MCTRAJ" program has been checked against the BRL *G-TRAJ" 

point-mass trajectory program, and the results obtained are essen- 

tially identical out to ranges of 120 kilometers. A listing of the Q- 


BASIC version of the MCTRAJ computer program is given at the 
end of this chapter. 


Example 8.1 

The MCTRAJ computer program was used to solve the vacuum 
trajectory mortar problem of Example 3.3 in Chapter 3. The easiest 
way to run a vacuum trajectory with a point-mass computer pro- 
gram is to input zeroes for the drag coefficient values at all Mach 
numbers. For use with the MCTRAJ program, we enter the value 
C, = 0, for the drag coefficient at Mach zero, and the same value 
again, for some suitably high Mach number that will never be ex- 
ceeded, such as 10. It makes no difference which atmosphere is 
selected for the vacuum trajectory, since there is no drag. 

The muzzle velocity is 80 meters per second (262.467 feet per 
second), and the range to the target is 600 meters. It is suggested 
that ће value C = 1.0 be used for the ballistic coefficient, because it 
will immediately be recognized as a fictitious value. The initial 
height of the line-of-sight is zero for our mortar problem. Starting 
values of 30 degrees (1800 minutes) for the low angle solution, and 
60 degrees (3600 minutes) for the high angle solution are suggested 
for the initial gun elevation angles. 

It does not matter what values of the air density ratio and the 
air temperature are used, so standard values are as good as any. 
There can be no wind in a vacuum trajectory, so both the rangewind 
and crosswind values are set to zero. The trajectory match range is 
600 yards, and the match height is zero, for both the low and the 
high angle solutions. 

The two MCTRAJ output trajectories are shown in Figures 8.1 
and 8.2. Inspection of these outputs shows that the low and high 
angle solutions give gun elevation angles of 2005.03 minutes (33.42 
degrees), and 3394.97 minutes (56.58 degrees) respectively; these 
values agree with those found analytically in Example 3.3 of Chap- 
ter 3. The maximum ordinate of both trajectories occurs at a range 
of 300 meters; the low angle solution gives a peak trajectory height 
of 3896.5 inches (approximately 99.0 meters), and the high angle 
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Figure 8.2 High-Angle Vacuum Mortar Trajectory. 


solution gives a maximum trajectory height of 8950.3 inches (227.3 
meters). The MCTRAJ solution again agrees with the exact ana- 
lytical result from Chapter 3. Note the symmetry of the ascending 
and descending branches of the vacuum trajectory, and the fact that 
the downrange component of velocity is always constant through- 
out the flight. 


Example 8.2 

Тһе MCTRAJ computer program was used to run the caliber 
45, Ball, M1911 trajectory of Examples 5.1 and 5.2, Chapter 5. 
The drag coefficient is constant, at 0.205, for Mach numbers below 
0.85; the muzzle velocity is taken to be 860 feet per second, and the 
sectional density of the 0.452" diameter, 230 grain round-nose 
hardball bullet is 0.161 pounds per square inch. Since the actual 
measured drag coefficient for this bullet is being used, the form 
factor is 1.000 at all speeds, and the ballistic coefficient is therefore 
equal to the sectional density. The height of the front sight above 
the bore centerline is 0.56 inch. The problem is to find the gun 
elevation angle required to zero the pistol at 50 yards range, in an 
ICAO standard, sea-level atmosphere, and print out the trajectory 
in 25 yard intervals out to 200 yards. 

The MCTRAJ output for this case is shown as Figure 8.3. The 
results show essentially exact agreement with the flat-fire analyti- 
cal method illustrated in Examples 5.1 and 5.2 of Chapter 5. 


Example 8.3 
A trajectory for the caliber .30 Ball M2 bullet, at a muzzle 
velocity of 2800 fps, was calculated in examples 6.1 and 6.2, using 
the Siacci methods of Chapter 6. Using the MCTRAJ computer 
program, we will compare the two trajectories obtained by: (1) the 
spark-range drag coefficient curve, with the ballistic coefficient 


DEFL. 


34 


іушеы 23 


1 
VORN WUT WE 


eeessesee 
сосоооооо z 
UTR 

SORE 
роооооооо 
eccoceooo 


Figure 8.3 M1911 Pistol Trajectory, for 50 Yard Zero. 


equal to the sectional density (0.226 pounds per square inch), and 
(2) the G, drag coefficient curve, with a ballistic coefficient, rela- 
tive to G, of 0.210 pounds per square inch. The gun elevation angle 
used for both problems is 19 minutes, and Army Standard Metro is 
used for both cases. The trajectory is printed out every 100 yards, 
out to 600 yards range. 

A plot of the zero-yaw drag coefficient versus Mach number, 
from firings done in the BRL Aerodynamics Range, is shown as 
Figure 8.4 The two MCTRAJ outputs are illustrated in Figures 8.5 
and 8.6. The results are insignificantly different in practice, out to 
600 yards range. 


Example 8.4 

The caliber .30, Ball M2 projectile is again used in this ex- 
ample, and the next, to illustrate additional properties of point-mass 
trajectories. Figure 8.7 (p. 172) shows the envelope of trajectories 
for the .30, Ball M2 bullet. The reader should compare this plot 
with Figure 3.2 of Chapter 3. Although the maximum ranges and 
the maximum ordinates are both much less for point-mass trajecto- 
ries than for the same bullet in a vacuum, the similarities in the two 
graphs are striking. 


Example 8.5 

Figures 8.8 and 8.9 (p. 173) are plots of the ratio of slant range 
to level ground range, versus superelevation angle, for the caliber 
30, Ball M2 projectile. These two figures illustrate the effects of 
firing uphill and downhill, respectively, on small arms point-mass 
trajectories. The reader should compare these two plots with Fig- 
ures 3.4 and 3.5 of Chapter 3, for vacuum trajectones. The behav- 
ior of the quantity (К, /R) at small superelevation angles 1s dis- 
tinctly different for the point-mass and the vacuum cases. How- 
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Figure 8.5 Point-Mass Trajectory for the .30 Ball M2 Bullet. 
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Figure 8.6 Trajectory for the .30 Ball M2 Bullet, Run with G, Drag Func- 
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ever, at larger superelevation angles ( ф, > 2°), the behavior of 
point-mass trajectories for uphill and downhill firing shows a strik- 
ing resemblance to that of vacuum trajectories for the same uphill 
and downhill angles. The numerical values are significantly differ- 
ent, of course, but the general characteristics of the point-mass and 
vacuum curves are quite similar. Note that all the curves for uphill 
firing cross in the neighborhood of 10 degrees superelevation for 
the point-mass trajectories, compared with a crossing point of ap- 
proximately 16 to 17 degrees superelevation for uphill vacuum tra- 
jectories. 


Example 8.6 
For the final example of this section, we will illustrate the be- 
havior of several point-mass trajectories for a cannon artillery pro- 
jectile, the 105mm, M1 Shell. Figure 8.10 (р. 173) is a plot of the 
zero-yaw drag coefficient versus Mach number, from firings con- 
ducted in the BRL Transonic Range. A sketch of the projectile con- 
tour is included in Figure 8.10. 


Figure 8.7 Envelope of Trajectories 
for the Caliber .30 Ball M2 Bullet. 


The ranges and maximum ordinates of the M1 Shell, at a gun 
elevation angle of 45 degrees, using three different propelling 
charges, is shown in Figure 8.11 (p. 774). The impact ranges on 
level ground, with the gun located at sea-level, and using standard 
ICAO atmospheric conditions, vary from approximately 3,760 
meters for Charge 1 (muzzle velocity = 205 meters/second), up to 
approximately 11,370 meters for Charge 7 (muzzle velocity = 493 
meters/second). The maximum ordinates range from about 1000 
meters for Charge 1, up to approximately 3500 meters for Charge 
7. Since the 105mm M1 Shell is both gyroscopically and dynami- 
cally stable at nearly all flight Mach numbers, the point-mass model 
gives a very accurate trajectory for this projectile. 


8.7 COMPARISON OF POINT-MASS AND SIACCI 
TRAJECTORIES : 
The derivation of the Siacci trajectory equations, and several appli- 
cations of the method, were presented in Chapter 6, The Siacci 
method was generally used for ordnance trajectory calculations from 
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Figure 8.8 Ratio of Slant Range to Ground Range versus Gun Elevation Figure 8.9 Ratio of Slant Range to Ground Range versus Gun Elevation 
Angle (Uphill). Angle (Downhill). 


Figure 8.10 Zero-Yaw Drag Co- 
efficient versus Mach Number, 105 
mm МІ Shell. 
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about the 1880s to the early 1960s, a span of 80 years. Cannon 
artillery had abandoned the Siacci method by the end of World War 
I, due to the fact that large cannon are often fired at gun elevation 
angles as high as sixty-five to seventy degrees. U.S. Ordnance small 
arms retained the Siacci method much longer, because useful small 
arms trajectories generally fall into the flat-fire category (gun el- 
evation angles less than five degrees), and the Siacci method usu- 
ally works rather well for such cases, as illustrated in Chapter 6. 
Although U.S. Ordnance no longer uses the Siacci method , it has 
become the de-facto standard for the commercial small arms indus- 
try in this country, and therefore a comparison of the Siacci method 
with modern numerical integration of the point-mass differential 
equations needs to be examined. 

Modern U.S. ordnance must always be concerned with the 
maximum range of projectiles. This requirement is not restricted to 
large cannon artillery and small cannon projectiles. Today, due to a 
rash of product liability lawsuits, such quantities as maximum range, 
maximum ordinate, and striking velocity at impact must be accu- 
rately determined for all projectiles, including small arms fire on 
test and training ranges. Since maximum ranges of most small arms 
Projectiles occur for gun elevation angles in the neighborhood of 
twenty-five to thirty-five degrees, we must examine the behavior 
of Siacci trajectories up to these modern limits. 

__ The first concern in running long range Siacci trajectories, at 
high gun elevation angles, is the behavior of the ballistic coeffi- 
Clent over a large velocity (Mach number) range. For a typical maxi- 
mum range small arms trajectory, the projectile starts at moderate 
to high supersonic speed, coasts down through the transonic re- 


Figure 8.13 Ballistic Coefficient 
(C,) versus Mach Number for the 
7.62 mm Ball M80 Bullet. 


gion, and ends up at relatively low subsonic speed. The rules laid 
down in Chapter 6 for choosing a standard drag function must be 
re-examined, for long range trajectories. 

Figures 6.2 (see Chapter 6), 8.12 and 8.13 illustrate the effect 
of the choice of drag function on the Siacci ballistic coefficients for 
the 7.62mm Ball M80 boattailed bullet (Ref. 6). The form factor is 
the ratio of the C, from Figure 6.2 to those tabulated in Table 6.1, at 
various Mach numbers. The ballistic coefficient values for the M80 
bullet are then found by dividing the sectional density (0.221 pounds 
per square inch) by the appropriate form factors. Figure 8.12 shows 
the variation of the M80 ballistic coefficient C, with Mach number, 
relative to the G, drag coefficient; the variation of C, with Mach 
number, relative to the G, drag function, is illustrated in Figure 
8.13. Since the accuracy of the Siacci method depends on having 
the ballistic coefficient be nearly constant for the entire trajectory, 
it is obvious that the G, drag function is much superior to G, for this 
boattailed .30 caliber bullet. (Some commercial software allows 
the ballistic coefficient to vary with velocity along the trajectory, 
which could partially alleviate this problem. However, the large 
variation of C, with Mach number, as illustrated in Figure 8.12, 
indicates that many values of the ballistic coefficient would have to 
be tabulated, to achieve an accurate representation for long range 
Siacci trajectories). 

We will use the G, drag function, with appropriate average 
ballistic coefficients, to do our comparison of the Siacci method 
with modern numerical integration methods, for the 7.62mm Ball 
M80 bullet. Three cases will be considered; the first case is a flat- 
fire trajectory, out to 1000 yards range. The second case assumes a 
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Table 8.4 
Comparison of Point-Mass and Siacci Trajectories for the 7.62mm Ball M80 Bullet 


КМК POINT-MASS TRAJECTORY SIACCI (G,) TRAJECTORY 


Velocity (fps) 


Range (Yards) Height (Inches) 
0.0 
83.2 
141.3 
162.6 
127.0 
0.0 


2810 
2371 
1959 
1580 
1244 
1024 


gun elevation angle of 15 degrees above the horizontal, which is 
generally considered as the upper limit for the Siacci method. The 
third case is for a gun elevation of 30 degrees, which is essentially 
a maximum range case for this bullet, and which clearly violates 
the Siacci method's assumptions. 

A good average value for the ballistic coefficient (C,) of the 
M80 bullet, out to 1000 yards range, is 0.198 Ib./in?. The point- 
mass trajectory uses Army Standard Metro, and the sectional den- 
sity, 0.221 1b./in? as its ballistic coefficient value, since the actual 
measured M80 drag coefficient versus Mach number curve is used. 
The results of the two trajectory calculations, both of which were 
run for a gun elevation angle of 44.4 minutes, are shown in Table 
8.4, above. 

The results illustrated in Table 8.4 show that at 1000 yards, 
which most riflemen regard as long range, the agreement between 
the modern point-mass method and the Siacci method is quite good. 
Note that for the 1000 yard case, the required gun elevation angle is 
less than one degree, and the flat-fire Siacci equations [equations 
(6.38) and (6.40) from Chapter 6] thus give very good results. 

We now consider the second and third cases, as described above. 
For these higher gun elevation angles, the terminal (striking) ve- 
locity of the M80 bullet at ground impact is down around 400 fps, 
and the average ballistic coefficients (С.) used for the Siacci trajec- 
tories were 0.191 Ib./in? for the 15 degree elevation case, and 0.190 
Ib./in? for the 30 degree elevation case. A comparison of the results 


Velocity (fps) 


Height (Inches) 


0.0 
83.2 
141.2 
162.2 
126.7 

2.7 


2810 
2361 
1956 
1589 
1256 
1035 


of the modern point-mass method with the Siacci method is illus- 
trated in Figures 8.14 and 8.15, and in Table 8.5. 

For gun elevation angles above 5 degrees, equations (6.34)- 
(6.37) from Chapter 6, which contain f and cos, terms, should 
give more accurate answers than equations (6.38)-(6.41), which drop 
the trigonometric terms in the flat-fire approximation. To provide 
the most accurate comparison of the older method with modern 
point-mass trajectories, the Siacci method was run three ways; e.g., 
using equations (6.34) and (6.36) with В = ѕесф,, and with 

В = [secó, , and a third run using the flat- fire equations (6.38) 
and (6.40). [See Chapter 6 for the details of Siacci trajectory calcu- 
lation]. The numerical results are presented in Table 8.5, below. 

Figure 8.14 graphically illustrates the 15 degree gun elevation 
case. Compared with the modern point-mass method (numerical 
integration), the Siacci method using equations (6.34) and (6.36) 
both underpredict the level-ground impact range. If £ is set equal to 
ѕесф, [equivalent to using equations (6.30) and (6.32)], the range 
error is -110 yards; if 15 set equal to Col. Ingalls' value, /secó, , 
the range error is -60 yards. The flat-fire Siacci equations [(6.38)- 
(6.40)], (equivalent to setting 2 = 1 and соѕф, =1 ) overestimate 
the level-ground range by --55 yards, for the 15 degree gun eleva- 
tion case. 

The Siacci solutions deteriorate significantly at 30 degrees gun 
elevation angle, as we would expect. The results are shown in Fig- 
ure 8.15. Equations (6.34)-(6.36) again underpredict the range: for 


Table 8.5 
Comparison of Point-Mass and the Siacci Method for the 7.62mm Ball M80 Bullet 


Eqns. 6.38-6.40 
(cos a = 1) 
(8-1) 


Siacci Range 


Point-Mass Range 
(Yards) 


Gun Elev. Angle 
(Degrees) 


3735 
4430 


15 
30 


Eqns. 6.34-6.36 
(B = весф,) 


Eqns. 6.34-6.36 


(В = seche) 


Ѕіассі Range 
(Yards) 


Siacci Range 
(Yards) (Yards) 
3790 
4900 


3675 
4295 


3625 
4085 
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В = ѕесф, , the range error is -345 yards; if В = ,/бесф, , the level- 
ground range error is -135 yards. The flat-fire Siacci approxima- 
tion [equations (6.38) and (6.40)] overpredict the range by 470 yards. 
Of the three different Siacci approximations considered, Ingalls's 
value, В = ,/бесф,, appears to be better than the other two choices, 
at 30 degrees gun elevation angle. 

The above calculation compares numerical integration for the 
spark-range measured M80 drag coefficient curve with a Siacci 
calculation using a close (С.) but not exact drag function. This cor- 
responds to what would be done in practice. However, as D. G. 
Miller has noted, a more exact comparison of the two methods 
should use the same drag function for both calculations. If G, is 
used for both calculations, with f = ,/sec „ » at 15 degrees gun 
elevation angle, the Siacci range error is -47 yards. At 30 degrees 
elevation, the Siacci range error is -129 yards. The differences be- 
tween the more exact comparison are smaller as expected, but are 
still unacceptably large. 

To summarize the comparisons of modern point-mass trajec- 
tories with the Siacci method, the general conclusion is that the 
Siacci method is still useful for flat-fire trajectories (gun elevation 
angles below 5 degrees), provided a drag function is available such 
that the ballistic coefficient remains nearly constant over the veloc- 
ity range of the intended trajectory. For higher gun elevation angles, 
the errors in the Siacci method grow rapidly with increasing range, 
and a modern point-mass trajectory will generally prove to be much 
more satisfactory. 


8.8 THE CORIOLIS EFFECT ON POINT-MASS 
TRAJECTORIES 

In the second section of Chapter 3 (Section 3.2), the Coriolis effect 
was introduced, then deferred to a later chapter. The present chap- 
ter on point-mass trajectories is an appropriate place to consider 
the Coriolis effect and its effect on the trajectory. 

Galileo was apparently the first to describe the fundamental 
nature of the Coriolis effect, and it was treated in more detail by 
Isaac Newton. Pierre S. Laplace (1749-1827), who became Exam- 
iner of the French Royal Artillery in 1784, studied the Coriolis ef- 
fect on the flight of projectiles in air, and published his results in 
the fourth volume of the Mechanique Celeste. In 1835, a French 
civil engineer, Gaspard G. de Coriolis (1792-1842), described the 
complete Coriolis effect as we know it today, and the effect is named 
in his honor. 

The acceleration produced by the Coriolis effect is the quan- 
tity we will discuss in this chapter. The vector Coriolis acceleration 
is described by the following equation: 


-У, cos Lsin AZ - У, зіп L 
A = 2Q|V, cos Lsin AZ + V, cos Lcos AZ 
У, sin L - V, cos Lcos AZ 


А = vector Coriolis acceleration 


(8.27) 


where 


Q =0.00007292 radians/second; [angular velocity 
of the earth, about its polar axis] 


L = latitude of the firing site, positive for Northern 
hemisphere, negative for Southern hemisphere 


AZ= azimuth of fire, measured clockwise from North 


V. = component of velocity in the X (downrange) 
direction [downrange is positive] 


V, = component of velocity in the Y (vertical) di- 
rection [upward is positive] 


V, = component of velocity in the Z (azimuthal) di- 
rection [to the right is positive] 


For those readers unfamiliar with the vector matrix notation, 
the top row on the right hand side of equation (8.27) is the X-com- 
ponent of Coriolis acceleration; the middle row is the Y-compo- 
nent, and the bottom row is the Z-component of acceleration. 

Equation (8.27) tells us that the Coriolis acceleration is inde- 
pendent of projectile weight, but varies with the projectile velocity, 
latitude of the firing site, and the azimuth of fire, relative to North. 
We will now investigate the effect of the Coriolis acceleration on 
the trajectory. The first case we will examine is the Coriolis effect 
on the vacuum trajectory. This case is conceptually simple, and gives 
some physical insight into the nature of the Coriolis effect. 

If we substitute equation (8.27) into equation (3.1) of Chapter 
3, drop the aerodynamic force terms, and divide through by the 
projectile mass, m, we obtain the differential equations of a vacuum 
trajectory with the Coriolis acceleration added: 


V, = 20(-У, cos Lsin А2- V, sin L) (8.28) 


А 一 一 8 十 2Q(V, cosLsin AZ + V, cosLcos AZ) (8.29) 


V,-2Q(V,sinL-V,cosLcosAZ) (830 


where V, = X-component of acceleration 


V, = Y-component of acceleration 
V, 2 Z-component of acceleration 


g= acceleration due to gravity 
The remaining terms were defined after equation (8.27), above. 


The Coriolis Effect for Vertical Fire in a Vacuum . 
The first problem we will consider is vertical firing, either verti- 
cally upward or downward. This turns out to be a useful case, be- 
cause it illustrates the interesting nature of the Coriolis effect. For 
vertical (or nearly vertical) fire, У and V, are practically zero, ап 
terms in equations (8.28) through (8.30) containing these velocity 
components may be dropped. For convenience, we choose East 85 
the positive X-direction; then AZ = 90 degrees, and equations (8.28)- 
(8.30) reduce to: 
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V, = -2QV, cos L (8.31) 

Veg (8.32) 
Integrating the first of these equations: 

V, =-2QcosL(Y -Y,) (8.33) 


A positive V, means the projectile is drifting Eastward, and a 
negative V, denotes a Westward drift. Thus a projectile in nearly 
vertical motion, acted on only by gravity and Coriolis forces, will 
drift Westward whenever its altitude is above the initial altitude; 
whenever the projectile is below its initial altitude, its Coriolis drift 
will be Eastward. The reversed direction of Coriolis drift for up- 
ward vertical firing, and downward free-fall from an initial alti- 
tude, is a good illustration of the interesting properties of the Co- 
riolis effect. 

Completing the integration of equations of (8.31) and (8.32), 
we find: 


V, = Vp -8t (8.34) 
Y - Y, +Vpt- Yer? (8.35) 
у,--20соЦУы- 1680) (8.36) 
X = -Qcos L(V, - 1/3 0°) (8.37) 


For the downward free-fall case, we now set У, = 0, and Y=0 
in equation (8.35), and solve for the time of flight, which is then 
substituted into equation (8.37): 


Y% - -l5g?,o t= (2% /8 (8.38) 
1 
X == gQeos (2% /8) (8.39) 


For g = 32.174 ft/sec”, C2 = 0.00007292 radians/ second, and L 
5 45 degrees (North), the following Table 8.6 illustrates the Corio- 
lis effect for different free-fall release altitudes: 


Table 8.6 
Coriolis Effect for Freely Falling Bodies in a Vacuum 


Initial Release Altitude, Ү, 


Eastward Coriolis 
Drift at Impact, X 
(Inches) 


Note: the Eastward drift would be about 41% greater at the 
equator, and would be zero at either the North or the South pole. 

We next consider the Coriolis effect for firing vertically up- 
ward from the earth's surface, again assuming a vacuum Case. If we 
choose an upward muzzle velocity just sufficient to reach a given 
summital altitude, Y,, with only gravity and Coriolis accelerations 
acting on the body, it can be shown that the Coriolis effect causes a 
Westward drift, whose magnitude is precisely four times that of the 
Eastward drift of a body dropped in free-fall from the summital 
altitude. The Westward Coriolis drift is given by the following equa- 
tion: 


8 

X= -5V2Qc0s LY; g (8.40) 

Note: As an exercise for the student, derive equation (8.40). 
[Hint: First show that the time to ground impact is (2 V,, /g); then 
the required muzzle velocity is V, = 1285 ‚ апа Substitute these 
results into equation (8.37)]. 

The results of firing vertically upward from the earth's Surface， 
with only gravity and Coriolis accelerations acting on the body, 
gives the results shown in Table 8.7, for various summital altitudes: 


Table 8.7 
Coriolis Effect for Upward Vertical Firing in a Vacuum 


Summital Altitude Westward Coriolis Drift 
(In.) 
-0.4 

-13.0 

-36.8 

-145.4 

-411.4 


The Coriolis Effect on Flat-Fire Vacuum Trajectories 
We now return to equations (8.28)-(8.30), and make the usual flat- 
fire approximations: 


У,<<У, and V,<<V, (8.41) 
If the flat-fire definitions of equation (8.41) are substituted into 

equations (8.28)-(8.30), the differential equations of motion for a 

flat-fire vacuum trajectory with Coriolis effects included are: 


Де (8.42) 

V, = —g + 20У cos Lsin AZ (8.43) 

y, ~ 2QV. sin L (8.44) 
The solution of equations (8.42)-(8.44) is: 

V.S Va (8.45) 
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Vy = Vs - gif 1 - (22 Vyq/g)cos Lsin AZ] аб 

Vz = 2QV,,tsin L (8.47) 
A second integration gives: 

X=V,,t (8.48) 


Y = Y, «Wt - Yar[1 - (29V,,/8)cos Lsin AZ] (8.49) 


Z = QV, віп L (8.50) 
We now substitute t= X/V , and the definitiontan ф„ = V,,/V,,, 
into (8.49)-(8.50): 


Y = Y, + Xtanó, - (gx? /2У5 yi -(2QV,,/g)cos Lsin AZ] (8.51) 


Z = (QX? sin L)/V,, (8.52) 

Comparison of equation (8.51) with equation (3.31) of Chap- 
ter 3, shows that the effect of Coriolis acceleration on flat-fire 
vacuum trajectories is to multiply the value of g by the correction 
factor: 

{= [1 -2(QV,,/g)cosLsin AZ] (8.53) 

Now, cos L > 0, for all possible latitudes. Therefore, if the azi- 
muth of fire is due North (AZ = 0), or due South (AZ = 180 de- 
grees), then f. = 1, and Coriolis has no effect on the vertical plane. 
If the azimuth of fire is due East (AZ = 90 degrees), the effect of 
Coriolis acceleration is to slightly weaken the effect of gravity, and 
make the bullet strike slightly higher on the target. For firing due 
West (AZ = 270 degrees), the Coriolis effect adds a slight rein- 
forcement to gravity, and causes the bullet to strike slightly low. 

For 45 degrees North (or South) latitude, firing due East at a 
muzzle velocity of 4000 fps, we find the maximum effect of the 
Coriolis acceleration on the vertical plane to be: 


ї = [ 1 - {2 (.00007292)(4000) / (32.174)}(.707) ] = 0.987 


This is equivalent to a 1.3% decrease in the effect of gravity. 
At the equator, the effect would be an apparent 1.8% decrease in 
the effective value of gravity. 

The Coriolis effect in the horizontal plane of a flat-fire vacuum 
trajectory is even easier to calculate. Equation (8.52) [or equation 
(8.50)] shows that Coriolis acceleration produces a small drift to 
the right of the initial line of fire for all Northern latitudes, and an 
equivalent drift to the left for all Southern latitudes. Since the lati- 
tude is zero at the equator, there is no Coriolis drift there. 

Higher muzzle velocities cause an increase in the vertical-plane 
Coriolis effect; however, the reverse is true for the horizontal plane, 
where high velocities reduce the horizontal Coriolis drift. A few 


flat-fire vacuum trajectory results, using equation (8.52), are illus. 
trated in Table 8.8, for 45 degrees North latitude: 


Table 8.8 
Coriolis Effect on the Horizontal Plane 
of a Flat-Fire Vacuum Trajectory 


У = 2000 fps | V. = 4000 fps 
X (Yards) | X (Feet) Z (Inches) Z (Inches) 


Note that for a flat-fire vacuum trajectory, the azimuth of fire 
has no effect on the horizontal Coriolis drift; the drift is affected 
only by the latitude. Firing in any direction at a fixed latitude gives 
the same horizontal-plane Coriolis drift. 


The Coriolis Effect on Point-Mass Trajectories 
The effect of Coriolis acceleration on point-mass trajectories will 
be illustrated by three cases: (1) the 7.62mm Ball M80 bullet, at 
ranges out to 2000 yards, (2) the 155mm M107 Howitzer Shell, 
fired at Charge 8, to a range of 18 kilometers, and (3) the Paris 
Gun, which the Germans used to bombard Paris in 1918, from a 
distance of 120 kilometers. 

For the 7.62mm M80 bullet, a point-mass trajectory without 
Coriolis acceleration was run first, using Army Standard Metro, 


Table 8.9 
Coriolis Effect on 7.62mm Ball M80 Bullet, 
at 45 Degrees North Latitude 
Impact Height | Impact Defl. 
(Degrees) (In.) 
0 (North) 
90 (East) 
180 (South) 
270 (West) 
0 
90 
180 
270 
0 
90 
180 
270 
0 
90 
180 
270 
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with the proper gun elevation angles to zero the rifle at ranges of 
500, 1000, 1500, and 2000 yards. The muzzle velocity used was 
2810 fps, and the ballistic coefficient was equal to the sectional 
density, 0.221 Ib./in*. Then trajectories were run with the same ini- 
tial conditions, with the Coriolis acceleration included. The results 
are shown in Table 8.9 (p. 180). 

Table 8.9 shows that if a rifleman fired a 7.62mm M80 bullet 
due East at a 1000 yard target, then turned around and fired due 
West at another 1000 yard target, the easterly target should show an 
impact approximately 2 (2.8") = 5.6" higher than that on the west- 
erly target. (This assumes, of course, that there is no dispersion, 
wind, etc., which could mask the rather small Coriolis effect). Both 
targets would show the same horizontal Coriolis deflection, e.g., 
2.8" to the right. 

The flat-fire, vacuum, horizontal Coriolis effect, given by equa- 
tion (8.52), always underpredicts the observed point-mass Coriolis 
deflection. However, if an “ad-hoc” correction is made to equation 
(8.52), to account for the loss in velocity along the trajectory, the 
predicted results are much closer to the observed point-mass val- 
ues. If we calculate the average velocity, IV Loss over the whole 
trajectory, and use it to replace У, in equation (8.52), we find: 


(8.54) 
AVE 


Z = (QX^ sin L)[V,] 

The results of equations (8.52) and (8.54) are illustrated in Table 
8.10 (p. 182), for the 7.62mm Ball M80 bullet, at 45 degrees North 
latitude, and at ranges out to 2000 yards: 

Table 8.10 shows that equation (8.54) slightly overpredicts the 
Coriolis horizontal drift, for flat-fire small arms trajectories. How- 
ever, it is still a useful approximation, for an order-of-magnitude 
estimate. 

The second point-mass Coriolis case we will consider is that 
of the 155mm, M107 Howitzer Artillery Shell, fired at Charge 8 
(Muzzle Velocity = 692 meters/second), and a gun elevation angle 
of 46 degrees above the horizontal, which gives the maximum range 
(approximately 18 kilometers) for this charge. A contour sketch of 
the M107 shell is shown in Figure 8.16, and the drag coefficient, 
С,» from measurements taken in the BRL Transonic Range, are plot- 
ted against Mach number in Figure 8.17. The ballistic coefficient 
(equal to the sectional density) is 2.56 ]b./in2. The Coriolis effect at 
maximum range for this shell is well illustrated in Table 8.11 (p. 
182). 


Sketch of 155mm, M107 Projectile 


ALL DIMENSIONS ARE IN CALIBERS 
REFERENCE DIAMETER: 154.7 MM 


Figure 8.16 Sketch of 155 mm, 
M107 Projectile. 
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155 mm, M107 


Figure 8.17 Zero-Yaw Drag Co- 
efficient versus Mach Number, 155 
MACH NUMBER тт М107 Shell. 


Table 8.10 
Flat-Fire Vacuum Approximations for Horizontal Coriolis Drift 
7.62mm Ball M80 - Muzzle Velocity = 2810 FPS 


Range (Yards) 


0.6 

2.8 2.0 
7.6 4.5 
15.9 7.9 


Table 8.11 
(Latitude of Firing Site = 45 Degrees, North) 


[Coriolis Effect] 
Azimuth of Fire Impact Range Impact Defl. A-Range A-Deflection 
(Degrees) (Meters) (Meters) (Meters) (Meters) 
37 


0 (North) 0 37 
90 (East) 56 25 56 
180 (South) 74 0 74 
270 (West) 56 -25 56 
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Table 8.11 illustrates the size of the Coriolis effect on the range 
and deflection of the 95-pound M107 Howitzer shell, when fired to 
its maximum range. (The A's are the differences between a trajec- 

with Coriolis acceleration, and the same trajectory without 
Coriolis). The largest range effect is only + 25 meters, but the de- 
flection effect (always to the right in the Northern hemisphere) can 
be as large as 74 meters, which is not an insignificant amount. All 
modern artillery firing tables contain a number of pages of infor- 
mation on the Coriolis effect at different latitudes, azimuths of fire, 
charges, and gun elevation angles. 

The final Coriolis example we will do is the Paris Gun (Ref. 
7). This enormous 210mm (8.27-inch) gun, firing a 106 kilogram 
(233.7-pound), long-ogive shell, was emplaced near Crépy-en-Laon, 
France, by the German Army in 1918, and was used to bombard the 
city of Paris from a range of approximately 120 kilometers (75 
miles). The muzzle velocity of this cannon was 5400 feet/second, 
and the ballistic coefficient of the projectile (equal to the sectional 
density) was 3.42 Ibin. The latitude of Crépy-en-Laon is 49.5 
degrees, North, and the azimuth of fire toward Paris was 232 de- 
grees, measured clockwise from North. The Paris Gun achieved its 
maximum range of more than 120 kilometers, at a gun elevation 
angle of 50 degrees above the horizontal. 

At a range of 120 kilometers, the Coriolis effect was as fol- 
lows: A-Range = -393 meters; and the A-Deflection = 1343 meters. 
The shell hit nearly 400 meters short, and over 1340 meters (over 
8/10 of a mile) to the right of where it would have landed if there 


MCTRAJ COMPUTER PROGRAM 


10 REM PROGRAM [MCTRAJ.BAS], MAR 1987. [REVISED 07/90; 02/93; 05/ 
94] 

15 REM [Q-BASIC VERSION- OCTOBER 1994] 

20 CLS 

30 KEY OFF 

40 COLOR 7,1,8: CLS 

50 KEY ON 

60 DEFDBL А-Н,М,О-2, 

70 REM POINT MASS TRAJECTORIES FOR SMALL ARMS. 

80 REM THE PROGRAM REQUIRES AN INPUT TABLE OF 

90 REM DRAG COEFFICIENT (CD) VERSUS MACH NUMBER (M). 

100 REM ADDITIONAL REQUIRED INPUTS ARE: 

QNI CAE VELOCITY (FT/SEC); BALLISTIC COEFFICIENT 

120 REM HEIGHT OF SIGHT LINE ABOVE BORE CENTERLINE (INCHES); 
"n REM GUN ELEVATION ANGLE (MINUTES); RATIO OF AIR DENSITY 


REM STANDARD DENSITY; AIR TEMPERATURE (DEG F); RANGE 
150 REM INTERVAL (YARDS/METERS); RANGE TO TERMINATE TRAJEC- 
TORY (YARDS/METERS); 
CU oo RANGE WIND SPEED (MPH--POSITIVE IF WIND BLOWS FROM 
pera TARGET); AND CROSSWIND SPEED (MPH--POSITIVE IF WIND 
im REM FROM LEFT TO RIGHT ACROSS FIRING LINE). 

REM ШЕ PROGRAM ALSO PROVIDES AN OPTION TO ADJUST THE 


a REM TO PASS THROUGH A SPECIFIED POINT IN SPACE, DENOTED 


en REM RMATCH (YARDS/METERS), AND HMATCH (INCHES). THE 
UN ELEVATION ANGLE 


220 REM IS ADJUSTED 
THE Pome UNTIL THE TRAJECTORY PASSES THROUGH 


were no Coriolis acceleration. It is readily apparent that the Corio- 
lis effect is an important consideration, when firing at very long 
ranges. 


8.9 SUMMARY 

In this chapter, we have derived the differential equations of mo- 
tion for a point-mass trajectory, with both time and downrange dis- 
tance as independent variables. Several methods for the numerical 
solution were discussed, and suggestions were made as to the all- 
around best methods. Two standard atmospheres were described, 
and pertinent variables were tabulated up to 35,000 feet altitude 
above mean sea level. Several examples of point-mass trajectories 
were calculated using the MCTRAJ Basic computer program. A 
comparison of point-mass and Siacci trajectories was done; the re- 
sults illustrated the fact that the Siacci method is still useful for 
flat-fire, but its accuracy deteriorates when it is used at high gun 
elevation angles. The Coriolis effect was introduced; its effect on 
vertical vacuum trajectories, and on flat-fire vacuum trajectories 
was treated in detail. Finally, the Coriolis effect on point-mass tra- 
jectories was explored, using three cases: (1) a flat-fire small arms 
trajectory, out to long range, (2) a 155mm Howitzer Artillery Shell, 
and (3) the very long range Paris Gun (Wilhelmgeschiitze), used by 
the German Army to bombard the city of Paris in 1918, from a 
range of 120 kilometers (75 miles). The results of these three cases 
illustrate the interesting properties of the Coriolis acceleration, and 
its effect on point-mass trajectories. 


230 REM (RMATCH,HMATCH). IF NO ADJUSTMENT IS DESIRED, INPUT 
ZEROS 

240 REM FOR RMATCH AND HMATCH, AND THE TRAJECTORY WILL BE 
RUN WITH 

250 REM THE INPUT ELEVATION ANGLE. 

260 REM THE PROGRAM SOLVES THE TRAJECTORY BY NUMERICAL 
INTEGRATION 

270 REM USING THE HEUN METHOD, WHICH IS AN ITERATIVELY 
APPLIED 

280 REM SECOND ORDER PREDICTOR-CORRECTOR TECHNIQUE. 

290 REM 

300 REM THE TRAJECTORY OUTPUT IS RANGE (YARDS/METERS); 
HEIGHT RELATIVE TO 

310 REM LINE OF SIGHT (INCHES); DEFLECTION (INCHES); TOTAL 
VELOCITY 

Ee REM (FT/SEC); TIME OF FLIGHT (SECONDS); RANGE COMPONENT 
330 REM VELOCITY (VX--FT/SEC); VERTICAL COMPONENT OF 
VELOCITY 

340 REM (УҮ-ЕТ/ЅЕС); AND HORIZONTAL COMPONENT OF VELOCITY 
(У2--ЕТ/ЅЕС). 

350 КЕМ 

360 REM DEFINE PROGRAM CONSTANTS. 

370 REM 

380 G=32.174# 

390 Е1=.00001# 

400 1/15--ЧНННННЕ НННННЕ АЕ ЗННННЕ JE IBHEHE A HHE HEHE IEHBHE JE HHHH # 
ны” 

410 REM INPUT DRAG COEFFICIENT TABLE. 

420 REM 

430 DIM M(50),D(50),E(21),H(21) 

440 DIM Q(201),R(201),T(201),V(201) 

450 DIM W(201),X(201),¥(201),Z(201) 

460 PRINT 

470 PRINT “ENTER DRAG FUNCTION TO BE USED:”; 

480 INPUT K$ 


I — c"— "—————— —— 
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490 PRINT 

500 PRINT “THE DRAG COEFFICIENT IS ENTERED AS A” 

510 PRINT “TABLE OF MACH NUMBER (M) VERSUS” 

520 PRINT “DRAG COEFFICIENT (CD). ENTER THE DATA” 

530 PRINT "AS — M, CD [RETURN] — BEGINNING" 

540 PRINT "WITH THE LOWEST MACH NUMBER" 

550 PRINT 

560 PRINT "THE LAST (HIGHEST) MACH NUMBER IN THE TABLE" 
570 PRINT "MUST BE ENTERED AS A NEGATIVE VALUE," 

580 PRINT "WHICH SIGNALS THE FINAL DRAG INPUT TO THE PRO- 


620 PRINT "ENTER M, CD: “; 
630 INPUT M(D,D( 
640 IF М(1)<0 THEN 670 
650 I-I41 
660 GOTO 620 
670 J-I 
680 М(У-АВ5(М(7)) 
690 MMI-J 
700 LPDC=0 
710 CLS 
720 PRINT 
730 PRINT “DRAG FUNCTION: “;К$ 
740 PRINT 
750 PRINT 
760 PRINT “MACH NO.”,” CD” 
770 REM ECHO INPUT DRAG COEFFICIENT TABLE. 
780 FOR 1-1 TO J 
790 PRINT M(D,D() 
800 NEXTI 
810 JJ-J 
820 PRINT 
830 PRINT 
840 PRINT “IS THE ABOVE DRAG TABLE CORRECT?" 
850 PRINT “ENTER Y FOR YES, М FOR NO:”; 
860 INPUT K1$ 
870 IF K1$-"N" THEN 460 
880 PRINT 
890 PRINT 
900 PRINT “RANGE IN YARDS OR METERS? (ENTER Y FOR YARDS, M 
FOR METERS):”; 
910 INPUT YM$ 
920 PRINT 
930 PRINT 

940 PRINT “ARMY STANDARD METRO OR ICAO? (ENTER S FOR 
STANDARD, I FOR ІСАО):”; 

950 INPUT SI$ 

960 PRINT 

970 PRINT 

980 IF ҮМ$=”Ү” THEN 1020 

990 UC=1#/.3048# 

1000 UR$="(METERS)” 

1010 GOTO 1040 

1020 UC=3# 

1030 UR$-"(YARDS)" 

1040 DINT=I# 

1050 REM DINT IS THE DISTANCE INTEGRATION STEP (YARDS/ 
METERS) 

1060 D3-DINT*UC 

1070 IF SI$-"T" THEN 1150 

1080 RH1=-.00003158# 

1090 RH2=0# 

1100 TK 1=000006015# 

1110 TK2=0# 

1120 PIR=-.0002048757# 

1130 VV1=49 19# 

1140 GOTO 1230 

1150 RH1=- 00002926# 

1160 RH2=-.0000000001# 


1170 TK1=-.000006858# 

1180 TK2=-.00000000002776# 

1190 PIR=-.000208551# 

1200 VV 1=49.0223# 

1210 REM NOTE: PIR=-(PL8)*(RHO0/144) 

1220 REM 

1230 PRINT “ENTER PROJECTILE IDENTIFICATION:”; 

1240 INPUT K2$ 

1250 PRINT 

1260 PRINT “ENTER MUZZLE VELOCITY (FEET/SECOND):”; 
1270 INPUT VO 

1280 PRINT 

1290 PRINT “ENTER BALLISTIC COEFFICIENT (LB/IN 2):"; 
1300 INPUT C 

1310 PRINT 

1320 PRINT “ENTER HEIGHT OF SIGHT LINE ABOVE BORE LINE 
(INCHES):”; 

1330 INPUT HO 

1340 PRINT 

1350 PRINT “ENTER GUN ELEVATION ANGLE (MINUTES):”; 
1360 INPUT PO 

1370 PRINT 

1380 PRINT “ENTER RATIO OF AIR DENSITY TO SEA LEVEL STAN- 


1410 PRINT “ENTER AIR TEMPERATURE (DEGREES, FAHRENHEIT):"; 
1420 INPUT TDF 

1430 PTO-INT(10*TDF)/10 

1440 PRINT 

1450 PRINT “ENTER RANGE PRINT INTERVAL “;UR$;”:”; 

1460 INPUT P2 

1470 PRINT 

1480 PRINT “ENTER RANGE TO TERMINATE TRAIECTORY “;UR$;”: *; 
1490 INPUT R3 

1500 PRINT 

1510 N1=INT(R3/P2+1.5) 

1520 IF N1<=101 THEN 1580 

1530 PRINT “THIS PRINT INTERVAL GIVES OVER 100 LINES OF 
OUTPUT!” 

1540 PRINT “INCREASE PRINT STEP? (ENTER Y FOR YES, М FOR МО:)”; 
1550 INPUT PPI$ 

1560 PRINT 

1570 IF PPI$-"Y" THEN 1450 

1580 PRINT “ENTER RANGE WIND SPEED (MILES/HOUR):”; 

1590 INPUT W1 

1600 PRINT 

1610 PRINT “ENTER CROSS WIND SPEED (MILES/HOUR):"; 

1620 INPUT W3 

1630 PRINT 

1640 PRINT “THE FOLLOWING TWO INPUTS SPECIFY THE COORDI- 
NATES” 

1650 PRINT “OF A POINT THROUGH WHICH THE TRAJECTORY MUST 
PASS.” 

1660 PRINT “IF THIS OPTION IS NOT DESIRED, INPUT ZERO FOR BOTH” 
1670 PRINT “THE MATCH RANGE AND THE MATCH HEIGHT.” 

1680 PRINT 

1690 PRINT “ENTER THE TRAJECTORY MATCH RANGE, RMATCH 
“SUR$;":”; 

1700 INPUT R8 

1710 PRINT 

1720°PRINT “ENTER THE TRAJECTORY MATCH HEIGHT, HMATCH 
(INCHES): 

1730 INPUT H8 

1740 PRINT 

1750 PRINT 

1760 REM INITIALIZE INPUT VALUES FOR TRAJECTORY CALCULA- 
TION. 

1770 N22 

1780 J=0 

1790 P1-W1 

1800 P3=W3 


ы ышы ыы шыда ыны Шы ы не ЫН Ын ШЫМ ыз M Ó— "€ án 
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1810 P4zHO 

1820 НО=(-НО) 

1830 R4=D3*P2 

1840 R5=D3*R3 

1850 R6=D3*R8 

1860 PR4=P2 

1870 PR5=R3 

1880 PR6=R8 

1890 H3-H8/12 

1910 W3=(22*W3)/15 

1920 V3=VO*COS(P0/3437.74677#) 
1930 У4=У0*513(Р0/3437.74677#) 


1940 V5=0 
1950 КІ-0 
1960 PR1=0 
1070 H1-H0/12 
1980 D1-0 
1990 T1=0 
2000 PX3=PR4 
7010 REM CHECK FOR TRAJECTORY MATCH VALUES. 
2020 IF PR6<>0 THEN 2060 
2030 L=0 
2040 PR7=PR5 
2050 GOTO 2080 
2060 L-1 
2070 PR=PR6 
2080 IF L=1 THEN 2480 
2090 REM PRINT HEADERS AND FIRST LINE OUTPUT. 
2100 CLS 
2110 PRINT 
2120 IF SI$2"S" THEN PRINT “ARMY STANDARD METRO" 
2130 IF 515-717” THEN PRINT “ICAO STANDARD ATMOSPHERE" 
2140 PRINT 
2150 PRINT “DRAG FUNCTION: “;K$ 2160 PRINT 
2170 PRINT “PROIECTILE IDENTIFICATION: “;К2$ 2180 PRINT 
2190 PRINT “MUZ VEL," C”,” H0"," ELEV","DENSITY" 
2200 PRINT “(FT/SEC)”,”(LB/IN2)”,”(INCHES)”,”(MINUTES)”,” RATIO” 
2210 PRINT 
2220 PPO=INT(1000*P0+.5)/1000 
2230 PRINT VO,C,P4,PPO,RO 
2240 PRINT 
2250 PRINT 
2260 PRINT “ 
TEMP”,"RANGEWIND”,”CROSSWIND”,”"RMATCH”,”HMATCH” 
2270 PRINT “(DEG,F)”,” (MPH)”,” (MPH)”,UR$,”(INCHES)” 
2280 PRINT 
2290 PRINT PTO,P1,P3,R8,H8 
2300 PRINT 
2310 PRINT 
2320 PRINT 
2330 PRINT 
TAB) RANGE"TAB(11;"HEIGHT"TABQ3)"DEFL."TAB(3)" VEL'TAB(41) TIME", 
ТАВ(51);'УХ” |TAB(60);" VY" TAB(68);" VZ” 
2340 PRINT 
URSTAB(I2"N)"TABQ4Y" (IN) TAB(32); "(FPS)"; ТАВ(40); SEC)" TABGOY(FPS)"T 
AB(59);"(FPS)” |TAB(67); (FPS)" 
2350 PRINT 
2360 Q(1)-R1 
2370 R(1)=HO 
2380 T(1)=D1 
2390 V(1)=VO 
2410 X(1}=V3 
2420 Ү(1)-У4 
2 Z(1)=V5 
PRINT US OUR TA) waxy): 
2450 REM ING UI$;Q(;R(O)ITQ; V 0: WO):XO;Y 0:20) 


2460 REM BEGIN 
2 TRAIECTORY CALCULATION. 


FA C3=(PIR*R0)/C 
90 Bl1=SQR((V3-W1I)A2+V4A24(V5-W3)A2) 


2500 TO=(TDF+459.67#)*EXP((TK1+TK2*H 1)*H1-459.67# 
2510 Vi=VV1*SQR(T0+459.67-#) 
2520 X1=B1/V1 

2530 GOSUB 4010 
2540 C1-X2 

2550 C4=(C3*C1*B1*EXP((RH1+RH2*H1)*H1))/V3 
2560 Al=C4*(V3-W1) 

2510 A2=C4*V4-G/V3 
2580 A3=C4*(V5-W3) 

2590 REM APPLY EULER PREDICTOR FORMULA 
2600 R2=R1+D3 

2610 PR2=PR1+DINT 

2620 V6=V3+A1*D3 

2630 V7=V4+A2*D3 

2640 V8-V5--A3*D3 

2650 B2=SQR((V6-W1)42+V742+(V8-W3)42) 

2660 REM APPLY ITERATIVE HEUN CORRECTOR FORMULA 
2670 U-B2 

2680 TO-(TDF-459.674)*EXP((TKl4 TK2*HI)*H1-459.674 
2690 VIV VI*SQR(TO4459.674) 

2700 XI-B2/V1 

2710 GOSUB 4010 

2720 C2-X2 

2730 C5-(C3*C2* B2*EXP((RHI-RH2*HI)*HI)/V6 
2740 A4=C5*(V6-W1) 

2750 А5-С5%У7-С/У6 

2760 A6=C5*(V8-W3) 

2770 V6=V3+.5*(A1+A4)*D3 

2780 V7=V4+.5*(A2+A5)*D3 

2790 V8=V5+.5*(A3+A6)*D3 

2800 B2=SQR((V6-W1)42+V742+(V8-W3)42) 

2810 E2=ABS((B2-U)/B2) 

2820 IF E2>E1 THEN 2670 

2830 REM COMPUTE VALUES AT R2. 

2840 H2=H1+((V4+V7)/(V3+V6))*D3 

2850 D2=D1+((V5+V8)/(V3+V6))*D3 

2860 T2=T1+(2*D3)/(V3+V6) 

2870 V2=SQR(V642+V742+V842) 

2880 REM RESET CONDITIONS AT R1 TO NEW CONDITIONS AT R2. 
2890 R1-R2 

2900 РЕ1-РЕ2 

2910 H1-H2 

2920 D1-D2 

2930 T1-T2 

2940 V3=V6 

2950 V4-V7 

2960 V5=V8 

2970 А1-А4 

2980 А2-А5 

2990 АЗ-А6 

3000 P5=PR2 

3010 P6=12*H2 

3020 P7=12*D2 

3030 КЕМ СНЕСК STATUS ОЕ PRINT CONDITIONS. 
3040 IF L=1 THEN 3190 

3050 IF PR2<PX3 THEN 3190 

3060 Q(N)=P5 

3070 R(N)=P6 

3080 T(N)=P7 

3090 V(N)=V2 

3100 W(N)=T2 

3110 X(N)=V6 

3120 Y(N)=V7 

3130 Z(N)- V8 

3140 PRINT USING U1$;Q(N);R(N); TN); VN); WN); XN; Y (N);Z(N) 
3150 N=N+1 

3160 REM INCREMENT PRINT RANGE. 

3170 PX3=PX3+PR4 

31 be REM CHECK FOR CONDITIONS TO STOP TRAJECTORY CALCULA- 
TION. 

3190 IF PR2>=PR7 THEN 3210 

3200 GOTO 2600 
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3210 IF L-0 THEN 3420 

3220 REM ITERATION TO ADJUST ELEVATION FOR MATCH RANGE 
AND HEIGHT. 

3230 E3-ABS(H2-H3) 

3240 IF E3<.00001# THEN 3370 

3250 J=J+1 

3260 1))=РО 

3270 H(J)-H2 

3280 IF J=? THEN 3330 

3290 E(J+1)=P0+2# 

3300 PO=E(+1) 

3310 GOTO 1920 

3320 REM ALGORITHM TO ADJUST ELEVATION ANGLE. 
3330 IF H(J-1)-H(J) THEN 4100 

3340 E(--1)-EG)-(H3-HQ))*(EQ-1)-EQG))(HQ- 0-HQ)) 

3350 IF 3<20 THEN 3300 

3360 REM RUN FINAL TRAJECTORY WITH PRINTS. 

3370 PR6-0 

3380 GOTO 1920 

3390 REM [CHECK FOR HARD COPY OF OUTPUT] 

3400 REM [SAVE OUTPUT FOR HARD COPY, IF DESIRED] 
3410 REM (N2-NO. OF TRAJECTORY LINES IN OUTPUT) 
3420 N2-N- 1 

3430 PRINT 

3440 PRINT 

3450 PRINT “DO YOU WANT HARD COPY OF THIS OUTPUT?" 
3460 PRINT “ENTER Y FOR YES, М FOR NO:”; 

3470 INPUT K1$ 

3480 IF K1$="N” THEN 3900 

3490 IF K1$="Y” THEN 3510 

3500 GOTO 3440 

3510 REM ECHO INPUT DRAG COEFFICIENT TABLE. 
3520 LPRINT 

3530 LPRINT “DRAG FUNCTION: “;К$ 

3540 LPRINT 

3550 IF LPDC-1 THEN 3610 

3560 LPRINT "MACH NO.”,” CD” 

3570 FOR I-1 TO JJ 

3580 LPRINT M(I,D(I) 

3590 NEXTI 

3600 LPDC-1 

3610 LPRINT 

3620 IF SI$="S” THEN LPRINT “ARMY STANDARD METRO" 
3630 IF SIS-"I" THEN LPRINT “ICAO STANDARD ATMOSPHERE" 
3640 LPRINT 

3650 LPRINT “PROJECTILE IDENTIFICATION: “;К2$ 

3660 LPRINT 

3670 LPRINT “MUZ VEL”,” C”,” НОҒ,” ELEV","DENSITY" 
3680 LPRINT “(FT/SEC)”,”(LB/IN2)”,”(INCHES)”,”"(MINUTES)”,” RATIO” 
3690 LPRINT 

3700 PPO=INT(1000*P0+.5)/1000 

3710 LPRINT VO,C,P4,PPO,RO 

3720 LPRINT 
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3730 LPRINT 

3740 LPRINT * 
TEMP^,"RANGEWIND","CROSSWIND","RMATCH","HMATCH" 
3750 LPRINT “(DEG,F)”,” (MPH)”,” (MPH)",URS$,"(INCHES)" 
3760 LPRINT 

3770 LPRINT PTO,P1,P3,R8,H8 

3780 LPRINT 

3790 LPRINT 

3800 LPRINT 

TAB( 1);"RANGE”:TAB( 1 ;"HEIGHT";TAB(23);" ЕКІ,” 
TTAB3);" VEL";TAB(41);" TIME"; 

TAB(51);"VX" |TAB(60);" VY";TAB(68);" VZ” 

3810 LPRINT 

UR$;TAB(12);"(IN)" ;TAB(24);"(IN)” ;TAB(32);"(FPS)” 
:TAB(40);" (SEC); TAB(50);"(FPS)" ;T 

AB(59);"(FPS)" ;ТАВ(67); (ЕР5)” 

3820 LPRINT 

3830 FOR №1 ТО № 

3840 LPRINT USING U1$;Q(N);RQN); TN); VN); WN); X(N); Y (N);Z(N) 
3850 NEXT N 

3860 REM CHECK FOR ADDITIONAL CASES. 

3870 LPRINT 

3880 LPRINT 

3890 LPRINT 

3900 PRINT 

3910 PRINT 

3920 PRINT “RUN ANOTHER CASE? (ENTER Y FOR YES, М FOR NO:)”; 
3930 INPUT K1$ 

3940 IF K1$="N” THEN 4170 

3950 PRINT 

3960 PRINT “USE SAME DRAG COEFFICIENT TABLE?” 

3970 PRINT “ENTER Y FOR YES, N FORNO:”; 

3980 INPUT K1$ 

3990 IF K1$="N” THEN 460 

4000 GOTO 880 

4010 REM SUBROUTINE FOR INTERPOLATION IN DRAG TABLE 
4020 I=! 

4030 IF (+1)>MMI THEN 4130 

4040 IF Х1<М(1+1) THEN 4070 

4050 I=I+1 

4060 GOTO 4030 

4070 S=(D(+1)-D@)/(Md+1)MQ)) 

4080 X2-D(I^S*(X1-M(D) 

4090 RETURN 

4100 PRINT: PRINT 

4110 PRINT “ELEVATION ANGLE ITERATION DID NOT CONVERGE. “ 
4120 GOTO 3880 

4130 PRINT: PRINT 

4140 PRINT “TRAJECTORY CANNOT REACH THE SPECIFIED MAXIMUM 
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4150 PRINT “TRY A SHORTER MAXIMUM RANGE.” 

4160 GOTO 3880 
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Six-Degrees-Of-Freedom (6-DOF) 
and Modified Point-Mass Trajectories 


9,1 INTRODUCTION 

Six-degrees-of-freedom (6-DOF) trajectory calculations are a rather 
recent advance in the state-of- the-art of exterior ballistics. The foun- 
dations of modern 6-DOF trajectory models for rotationally sym- 
metric, spinning projectiles were laid in the early part of the twen- 
tieth century, with the classical work of the English scientists Fowler, 
Gallop, Lock and Richmond (Ref. 1), published іп 1920. Тһе vec- 
tor notation introduced by Fowler et al. was further refined in the 
early 1950s by R. H. Kent (Ref. 2) at the Ballistic Research Labo- 
ratory (BRL), and in unpublished work by A. S. Galbraith, also of 
the BRL. Kent and Galbraith incorporated the complete aerody- 
namic force-moment system first advanced by Nielsen and Synge 
of Canada (Ref. 3) in 1943, and further refined by J. L. Kelley and 
E. J. McShane (Ref. 4) at the BRL. The modern 6-DOF differential 
equations of motion presented in this chapter are simply an up- 
dated version of those formulated by Kent and Galbraith in the early 
1950s. 

Many exterior ballisticians who worked at Aberdeen Proving 
Ground, and other ballistic research organizations, were very fa- 
miliar with the basic 6-DOF differential equations as early as the 
1930s. However, no numerical (nearly exact) solution of these for- 
midable equations was possible, in the practical sense, until the 
advent of modern high-speed digital computers, and this did not 
occur until the late 1940s. Practical 6-DOF computer programs did 
not appear until the late 1950s and early 1960s, when the memory 
size and computational speed of mainframe computers had advanced 
to the point that solutions could be obtained in a reasonable length 
of time. The largest and fastest modern computers can solve long- 
range 6-DOF trajectories in milliseconds, and such solutions are 
routinely done today in the larger ballistic research and develop- 
ment laboratories. 

The vector 6-DOF differential equations of motion presented 
in this chapter are an updated edition of those published at the BRL 
in 1964 (Ref. 5), and are formulated to solve the projectile pitching 
and yawing motion in terms of direction cosines of the projectile's 
axis of symmetry, rather than the Euler-angle method used in sev- 
eral other 6-DOF computer programs (see References 6 and 7 for 
two examples). One advantage of direction cosines is that no alter- 
nate coordinate system is required for large-angle-of-attack flight; 
the direction cosines method is valid at all angles of attack. In addi- 
tion, the development of the linearized equations of pitching and 


yawing motion, which will be covered in the next chapter, seems to 
flow more naturally from a 6-DOF model specified in terms of the 
direction cosines of the projectile's axis of rotational symmetry. 
However, the two methods are, in principle, equivalent and modern 
6-DOF computer programs using either approach should give es- 
sentially identical answers. 

Modern numerical integration of the 6-DOF differential equa- 
tions of motion gives the most accurate solution possible, for the 
trajectory and flight dynamic behavior of a rotationally symmetric, 
spinning or non-spinning projectile, provided that all the aerody- 
namic forces and moments, and the initial conditions, are known to 
a high degree of accuracy. Scientists and engineers who routinely 
use 6-DOF methods are often heard to say, “GI-GO” (Garbage In - 
Garbage Out!). No computed trajectory or flight dynamic analysis 
can be any better than the quality of its input data. 


9.2 EQUATIONS OF MOTION FOR SIX-DEGREES-OF- 
FREEDOM TRAJECTORIES 

We will adopt a right-handed, rectangular coordinate system, with 
the origin of coordinates located at the gun muzzle. The 6-DOF 
coordinate axis labels are changed to [1,2,3] instead of the [X,Y,Z] 
labels we have used in previous chapters. The reason is that the 
letter symbols will be used to represent other quantities in the 6- 
DOF differential equations, and numbered axis labels are therefore 
used to avoid confusion. In our earth-fixed coordinate system the 
1-3 plane is tangent to the earth's surface at the launch point, the 1- 
axis points downrange, the 2-axis points vertically upward through 
the launch point, and the 3-axis points to the right, when looking 
downrange. Figure 9.1 illustrates the trajectory and the 6-DOF co- 
ordinate system used. 

Newton's laws of motion (Ref. 8) state that the rate of change 
of linear momentum must equal the sum of all the externally ap- 
plied forces, and that the rate of change of angular momentum must 
equal the sum of all the externally applied moments. Our 6-DOF 
equations of motion include a provision for rockets as well as con- 
ventional projectiles; thus forces and moments due to rocket thrust 
and jet damping terms must be included as well. Newton's laws for 
a projectile are: 

аў ЕТЕКТЕ 
m - Y Е + mg + mA «Rocket Thrust Forces (9.1) 
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Figure 9.1 Coordinate System 
for Six-Degrees-Of-Freedom 
Trajectories. 


E ible), and rotationally symmetric about its spin axis; therefore ev- 

= 5 M + Rocket Thrust Moments (9.2) ery transverse axis that passes through the center of mass, and is 
perpendicular to the axis of symmetry, is a principal axis of inertia. 

Given these assumptions, the total projectile vector angular mo- 
where, m = projectile mass mentum may be expressed as the sum of two vectors: (1) the angu- 
б lar momentum about X , and (2) the angular momentum about апу 
V = vector velocity with respect їо the ground-fixed axis perpendicular to х, апа passing through the projectile's center 


ай 
dt 


coordinate axes of mass. 
The angular momentum about X has the magnitude 7, p, where 
t — time L is the projectile's axial moment of inertia (moment of inertia about 
the spin axis), and p is the axial spin, in radians per second. Thus 
ХЕ = vector sum of all the aerodynamic forces the first component of the angular momentum is I, px, where a 
positive axial spin, p, would cause a right-hand screw to advance in 
g 7 acceleration due to gravity the direction of x. 


i The total vector angular velocity about any perpendicular axis 
А = Coriolis acceleration due to the earth's rotation is given by the vector cross product (A). Thus the second compo- 
" nent of the angular momentum is (B) where 1, is the projectiles 
Н = total vector angular momentum of the projec- — transverse moment of inertia, about any axis through the center of 
tile mass. The total projectile vector angular momentum H is there- 
_ fore given by the sum of the two parts: 
ХМ = vector sum of all the aerodynamic moments __ di] 
(referenced to the center of mass) = Є х dr ) В- ZU x A 


We will choose a unit vector, X , along the projectile's axis of к & 
rotational symmetry, directed positive from tail to nose (illustrated Hal, px I, | Xx 2) 
in Figure 9.1). The projectile is assumed to be both rigid (non-flex- at 


A a aa aa Dat to oe costa Roe eee 
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Note that the transverse angular velocities q and rare contained where, 


in the vector dx/dt . We now set 五 - ti ‚ and divide both sides of 
equation (9.3) by /; , 


(9.4) 


The rate of change of the vector angular momentum divided 
by I, , is now given by: 


(9.5) 
In addition to equations (9.4) and (9.5), we will need both the 


vector dot product, and the cross product of h with x . Performing 
the two vector operations, we find: 


(he x)= A | (9.6) 
(i x x) = а (9.7) 


Тһе six-degrees-of-freedom vector differential equations of 
motion, for a rigid, rotationally symmetric projectile, acted on by 
all significant aerodynamic forces and moments, in addition to wind, 
gravity and Coriolis forces, rocket thrust and spin torque, and jet 
damping forces and moments, are now summarized in equations 
(9.8) and (9.9) 


pi *C,) E: 


e t 2s 


iom I 
РУР 
т тг, 


Equation (9.8) is the vector differential equation of motion of 
the projectile's center of mass. The differential equation describing 
the projectile's angular motion (spin, pitch, and yaw) about its cen- 
ter of mass is stated as equation (9.9): 


V = vector velocity of the projectile with respect to 
the earth fixed coordinate system 


W = vector wind velocity, relative to the earth fixed 
coordinates 


V = vector velocity of the projectile with respect to 
the air (5 = V~W 


X =unit vector along the projectile's rotational axis 
of symmetry 


h = vector angular momentum divided by the trans- 
verse moment of inertia, L 


t = time 
p = air density 
d = projectile reference diameter 


S = projectile reference area (usually taken as 
S = nd'/4) 


m - projectile mass 
I = projectile axial moment of inertia 


I= projectile transverse moment of inertia, about 
any axis through the center of mass 


Cp = drag force coefficient 


С, = lift force coefficient 


C w,,7 Magnus force coefficient 


(с м, + С, Na ) = pitch damping force coefficient 


C, = spin damping moment coefficient 
C, = rolling moment due to fin cant 


6, = fin cant angle (radians) 


C, = pitching (or overturning) moment coefficient 
(9.9) С M,a” Magnus moment coefficient 
(c м, + Cu, )= pitch damping moment coefficient 


8 = vector acceleration due to gravity 
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A = vector Coriolis acceleration (see section 8.8 of 
Chapter 8) 


T =rocket thrust force 


T, = rolling moment due to rocket spin torque 


ат 


= distance from projectile center of mass to (һе 
throat of the rocket nozzle (positive if the throat 
is aft of the center of mass). 


ant 


= distance from projectile center of mass to the 
rocket nozzle exit (positive if the throat is aft of 
the center of mass) 


. dm ae 
т = — =rate of change of the rocket projectile's mass 
dt 
1, = а, = га{е of change of the rocket projectile's trans- 
dt verse moment of inertia 


Note that the last two terms in both equations (9.8) and (9.9) 
are rocket thrust and jet damping terms, all of which are to be set 
equal to zero for conventional (non-rocket) projectiles. 

It is also noted that equations (9.8) and (9.9) are intimately 
coupled to each other. The differential equation for the vector ve- 
locity contains many terms involving the vector angular momen- 
tum, and conversely. Therefore the 6-DOF differential equations of 
motion must always be solved simultaneously. 

We now expand the two vector differential equations into their 
respective [1,2,3] components along the coordinate axes of Figure 
9.1, and the result, written in a “shorthand” notation, is the follow- 
ing six ordinary differential equations, one for each degree of free- 
dom: 


4е ор 十 [3 fex — vv, cos a,) - e Nya |х» = ху) 


46, fas — х) + а + A, + PE Ы ШЕ hy) 


(9.10) 


ў = -coh 十 [ ІР» — vv, COS a,) - |б; ЕЎ 一 xv) 


(9.11) 
46, fax - Һх,) +g,+A,+ E 十 [For (raz: hx) 


V,= -ch + [e 5 - vv, COS a.) - (Ca |х» 一 xv) 
Эё, (һә, = hx) *g,*À + Es, + [Jor ns = hx) 
h, -(6, ]-[&.] E * 
деу 


(9.12) 


(6, ч - vx) 十 [č Mya IC -vX cosa,) 


T 


Lp. \ 


li 


Lp. 


e, |+[¢, Jae 46, Jos -wx)* *[&,, |», - v сово, 


P f P SP 3 +8 рь D 


(9.14) 


[5 He 
46 qi 


AE p. Jos - vx,) * (с; IC 


aP \ s-[..] h, E 


"TY +25 


— Vx, cosa, ) 


(9.15) 
where, у = V - W, :v, = И, -W,:v4 = V, -W, 


"ED PRO RN MOV NM DC Ne са 
у= уву = у жур + у?гу = vp жу y? 


cosa, = Ap the cosine of the total angle of attack 
ae eX = х hx, + х, 
y 
pz »( h е x) [Note: p = projectile axial spin rate (radians/ 
I. second)] 
eu [ај 
А 2т ^ 21, 
[с ] DvSCr | 2 | " pvSdC,, 
^l ^ 2m "s 21, 
[ё ]- pSdCy,, Р (с ]- pSd’Cy, р 
"al 2m жа) др 
„ ү prSd{Cy,+Cy,) г. т ses + 6: 
| N, | т 2т | м, | Е 21, 
了 1_(1, тд ; p mmn cu 
Ј |= | — – — 
| | (т Ж ) | ou |= | Т a 
_ pvSd’C, p 
[8,]- 21 


The position of the projectile's center of mass, relative to the 
ground-fixed [1,2,3] coordinate system, is given by the vector X, 
whose components are: 

(9.16) 


t t 
X, = X, + [уа X, = X, + [Vat 
0 t 0 


: X, = X, «(Уа 
0 
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For very long range trajectories, the trajectory relative to the 
spherical earth's surface is usually preferred over the ground-fixed 
[X,, X, X coordinates, that are measured relative to a flat, hori- 
zontal plane, tangent to the earth's surface at the firing site. The 
trajectory coordinates ГЕ, E , E] relative to the spherical earth, are 
given by the following approximations: 


Е, = X, 
E =| E, = X, + X? /(2R) (9.17) 
E, =X, 


R = Average radius of the earth = 6,951,844 yards 
(6,356,766 meters) 


where 


The difference between E, and X, height coordinates (the 1 
and 3 coordinates are unchanged) is illustrated in Table 9.1, below, 
at various ranges to level ground impact: 


Table 9.1 
Effect of a Spherical Earth on the Impact Height of the Trajectory 


[E,-X,] (Inches) 
0.03 
0.65 
2.59 
10.36 
64.73 

258.92 


Table 9.1 shows that at short to moderate ranges, the effect of 
curvature in the earth's surface is insignificant. However, at long 
ranges (e.g., 2000 yards and beyond), the differences between spheri- 
cal and flat-earth coordinates become appreciable. 

The 6-DOF approximation used for the vector acceleration due 
to gravity is given by the following equations: 


X,/R 
4--81-2Х,/В 
0 


(9.18) 


where р = 32.174 [1 - 0.0026 cos (2 L)] (feet/second?) (9.19) 


R = Average radius of the earth 


L = latitude of the firing site (+ for Northern hemi- 
sphere, - for Southern) 


Note that the gravitational constant in equation (9.19) contains 
à correction for the centripetal acceleration due to the earth's rota- 
Поп, The small centripetal correction depends on the latitude, as 
equation (9.19) illustrates. Note also that the value of g-32.174 fU 


sec? occurs at +45 degrees latitude. At the equator (L= 0), g = 32.090 
ft/sec?, and at either the North or South pole (L = + 90°), g = 32.258 
ft/sec’. 

The Coriolis effect was discussed rather extensively in the 
eighth section of Chapter 8, and the reader is referred back to that 
section for a review. A restatement of equation (8.27) is given be- 
low, with conversion to the [1,2,3] coordinate system of the present 
chapter: 


A, = 2Q(-V, cos Lsin AZ - У, sin L) 
А = |А, = 2Q(V, cos Lsin AZ + V, cos Lcos AZ) 
A, = 2Q(V sin L - V, cos Lcos AZ) 


(9.20) 


[See Chapter 8 for the definitions of symbols in equation (9.20)]. 

Before we can discuss the numerical solution of the above dif- 
ferential equations of motion, we must address the problem of ini- 
tial conditions. The next section of this chapter covers the topic of 
6-DOF initial conditions, in some detail. 


9.3 INITIAL CONDITIONS FOR SIX-DEGREES-OF-FREE- 
DOM TRAJECTORIES 

The previous two sections of this chapter covered the six-degrees- 
of-freedom differential equations of motion, and the physical char- 
acteristics of the projectile. The proper specification of the initial 
conditions is equally important for the accurate calculation of 6- 
DOF trajectories. The initial conditions are the initial values, at the 
muzzle of the gun (or at the end of the launcher, for rockets), of all 
the quantities on the right hand sides of equations (9.10) through 
(9.15). The various motion variables, and their initial conditions, 
are listed below. 


COS fy COSA, 


= V,| sing, cos Ө, 


(9.21) 


(9.22) 


where V, = Muzzle velocity vector 


V = [W RV V,,”, the scalar magnitude of the muzzle velocity 


Vo = Initial velocity vector with respect to air [5 =V,- А 


Е | 2 2 2 TN 
Vo =A Ye ЖУ, %У; ,the scalar magnitude of initial velocity 


with respect to air 


ф = vertical angle of departure, positive upward 


C TCR E E en 
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O, = horizontal angle of departure relative to the 1- 
2 plane, positive to the right when looking down- 

range 
In addition to the unit vector, X, we will also need two other 
unit vectors, У and 2 , both of which originate at the projectile's 
center of mass, and are perpendicular toX . The [x,y,z] unit vectors 
form a triad, with the unit z-vector perpendicular to the x-vector, 
and lying in the horizontal plane. The y-vector is then defined as 
the vector cross product, у = (Z x X) . Figure 9.1 illustrates the 
[x,y,z] triad, and shows the direction of the three orthogonal unit 
vectors. The initial components of the three unit vectors are listed 

below. 


x, | |соз(ф, + a)cos(8, + By) 


х= |х, |= |5їп(ф, + о, )cos(O, + By) (9.23) 
X, sin(6, + By) 
у, -cos?(0, + В,)ѕіп(ф, + о„)соз(ф + о) 
= 1, |= 3 cos (8; * B.)cos'( o + ay) + зїп (6, + Bo) (9.24) 
Уз, -sin(6o+ By)cos(, + By)sin( py + a) 
一 sin(6, 十 Bo) 
Ble. ls lio (9.25) 


cos(8, + By )cos( $y + с) 


where Œ = initial pitch angle at the gun muzzle 
В, = initial yaw angle at the gun muzzle 


and, |Q = sin'(8, + f) + cos (6, + By )cos" (加 + @ | 9.26) 


dx | 
The vector —— is given by: 


di,/dt = @ xz, =(B,*%Z,)¥o-(@,*Vo)Zo (лла) 
where the components of the colann vector 0), are а), ,O, , 03, 
апа аге іп ће earth-fixed system. If D, and D, are defined by 
о, =@,°Z,and W, —0,* y, А (9.27b) 
then dx 7 dtis given by: 


where 0, and œ, are the scalar initial components of the ee S 
transverse angular velocity, about the ў andZ unit vectors, respec- 
tively. 
Substituting the y-vector and z-vector components {equations 
(9.24) and (9.25)] into equation (9.27) yields the components of the 
dX vector: 


dt 


-0, cos'(8, * By) sin(¢, + а,)сов(ф, + a,) 
Vo жо, sin(6, + By) 


(9.30) 


т [-@,, sin(8, + By )cos(, + В„)зїп(ф, + a.) 
de т cos(8, * В,)соѕ(ф, + a) | 


It should be noted that a positive o, (radians/second) is an 
initial transverse angular velocity that causes the nose of the pro- 
jectile to rotate (yaw) to the left, when looking downrange. A posi- 
tive vertical angular velocity а), , (also radians/second), causes the 
nose of the projectile to rotate (pitch) upward. In practice, values of 
the initial transverse angular velocities are usually chosen so that 
the correct values of pitch and yaw are obtained at the first maxi- 
mum yaw location along the trajectory. 

The initial, or muzzle value of the h-vector is denoted by h, 
and is given by: 


(9.31) 


2лУ, 
where Po = PEE = axial spin rate (radians/second) at the gun 
па muzzle 


n = rifling twist rate at the gun muzzle (calibers/ 
turn) 


Equations (9.23) and (9.28) through (9.30) can now be substi- 
tuted into equations (9.31), to define the initial h,-vector, and this 
completes our specification of the initial conditions for a six-de- 
grees-of- freedom trajectory. 

Note that equations (9.28) through (9.30) specify only the ini- 
tial values of dx/dt . Along the trajectory, ће time rate of change 
of X is found by expanding equation (9.7) into its [1,2,3] compo- 
nents: 


hyx, — һ,Х 
= Ix, = hx, 0932 


hx, = hx, 
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9,4 NUMERICAL SOLUTION OF SIX-DEGREES-OF-FREE- 
DOM TRAJECTORIES 

The numerical solution of six-degrees-of-freedom trajectories is a 
significantly more complicated problem than the solution of point- 
mass trajectories, discussed in Chapter 8. We have six ordinary dif- 
ferential equations to solve, instead of three, and the specification 
of initial conditions for the 6-DOF problem is considerably more 
complicated, as the previous section indicates. Higher order meth- 
ods of numerical integration are usually required, and the central- 
processing-unit (CPU) time on the computer can be two orders of 
magnitude longer than that required for the solution of a similar 
point-mass trajectory. 

The numerical algorithms ordinarily used for solving a single 
first-order differential equation, with a single initial condition, are 
based on one of two approaches: (1) direct or indirect use of Taylor's 
expansion of the solution function, or (2) the use of open or closed 
integration formulas. There are also one-step and multistep meth- 
ods for the implementation of the above procedures. One-step meth- 
ods are self-starting; i.e., they do not require pre-existing informa- 
tion that lies outside the current integration step. On the other hand, 
the one-step methods require more computation than multistep 
methods, to produce results of comparable accuracy. Both methods 
thus have advantages and disadvantages, and practical experience 
provides the only useful guidance in making the best decision. 

The cumulative experience of six-degrees-of-freedom computer 
program users over the past thirty years suggests that the various 
one-step, fourth-order Runge-Kutta methods (Ref. 9) are essentially 
optimum for this particular problem. Two popular variations of this 
method will be presented in this section. 

Any first-order, ordinary differential equation may be expressed 
in the form: 


dy 
= fix (9.33) 
Tani (х,у) 
where x = the independent variable 


y = the dependent variable 


Rocket forces and moments (which vary with time) are often 
included in 6-DOF trajectories, thus 6-DOF computer programs 
use time as the independent variable, rather than distance. The three 
linear velocities plus the three angular velocities are the six depen- 
dent variables. : 

АП the Runge-Kutta methods use algorithms of the general 
form: 

Жы = Y; + hx; y, h) (9.34) 


where x, = value of the independent variable at the i* inte- 
gration step 
X = value of the independent variable at the (i+1)" 
integration step 
y, = value of the dependent variable at x = x, 
У, = Value of the dependent variable at x = x, , 
h= integration step size 
Ф = the increment function 


The “increment function” is nothing more than a suitably cho- 
sen approximation to f(x,y) over the interval x s X SX, For Runge- 
Kutta (R-K) methods up to and including the fourth-order, the sys- 
tem of R-K equations is always underdetermined (Ref. 9), and one 
of the R-K constants may therefore be chosen arbitrarily. Depend- 
ing on this choice, various R-K algorithms are possible, and two of 
the most commonly used fourth-order equation sets are illustrated 
below. 

The first fourth-order R-K form we will discuss is attributed 
(Ref. 9) to Kutta: 


Yin = у + Aik +2k, + 2k, + ką) (9.35) 
where К = Аяу) 

k, = f(x, + hy, + Y, hk) 

k, = f(x, + l5hy, + l4 hk) 

k, - f(x, thy, + hk;) 


Note that (9.35) reduces to Simpson's rule if f (x,y) is a func- 
tion of x only. 
Perhaps the most widely used fourth-order R-K method is the 
one advanced by Gill (Ref. 10): 
h (1-1 Y 42/144) 
у | +211106 +2, 1+- ik +, | (9.36) 
кез dk иту)” А were 


where k = fn у) 
k f(x + һу» т) 


k= Ах + zx + Е + ap^ + [ |е) 


k, = Дх thy EL * ! өр) 


Equations (9.36) аге referred to as the Runge-Kutta-Gill (RKG) 
method. The RKG constants were originally chosen to reduce the 
amount of temporary computer storage required in the solution of 
large systems of simultaneous first-order differential equations. With 
the advent of computers having large memories, the need for the 
RKG algorithm has largely disappeared, but the Runge-Kutta sub- 
routines found in most computer-program libraries still employ the 
Gill constants. The Ballistic Research Laboratory (BRL) six-de- 
grees-of-freedom computer program (Ref. 5) has used the RKG 
method since its inception, and it is still in use today. 

The final topic of this section involves the integration step. 
Thirty years experience with the fourth-order Runge-Kutta meth- 
ods, applied to the 6-DOF trajectory problem, suggests that roughly 
fifty integrations per yaw cycle are required, in order to achieve a 
numerical solution that is accurate to four or five significant fig- 
ures. A larger time step gives less accuracy, while a smaller step 
gives good results, but requires excessive amounts of CPU time on 
the computer. The method currently in use at the BRL is a variable 


dna AL e aa l a + A ош. _ ыз Rer T мы 
193 


Modern Exterior Ballistics 


time-step approach, in which the time period of the yaw cycle is 
constantly evaluated during the solution, and the integration time 
step is adjusted accordingly. This approach allows an optimum time 
step to be maintained throughout the trajectory solution. 

It is helpful, when running 6-DOF trajectories, to have a quick 
way to check the accuracy of the numerical integration as the solu- 
tion proceeds. One such method has been used for many years at 
the BRL, with excellent results. It consists of integrating equations 
(9.32) at each time step, then calculating the vector dot product of 

X with itself: 
XeXe-xlexlexl (9.37) 

We recall that the vector X is defined as a unit vector, and the 
above dot product should therefore be identically equal to unity. 
The initial value, Ху, was stated earlier in this section, in equation 
(9.23), and it is easily shown that the components of equation (9.23) 
do indeed exactly satisfy equation (9.37), and that X is therefore 
a unit vector. 

If the integration time step selected is too large, the calculated 
components of along the trajectory will not be able to “keep up” 
with the rapidly changing pitching and yawing motion, and the vec- 
tor dot product in equation (9.37) will gradually start to deviate 
from a magnitude of one. Many years experience has shown that if 
this deviation from unity in the dot product, X*X , exceeds 
+0.00001 at any point along the calculated flight path, the integra- 
tion time step is too large, and should be reduced. 


.308", 168 Grain Sierra International Bullet 


( 12" Twist ) 


9.5 EXAMPLES OF SIX-DEGREES-OF-FREEDOM 
TRAJECTORIES 
Example 9.1 

The first example we will discuss is the flight dynamic perfor. 
mance of the .30 caliber (.308" diameter), 168 grain Sierra Interna- 
tional bullet, that is loaded into 7.62mm M852 match ammunition 
for highpower rifle competition shooting. This bullet has been ex. 
tensively tested (Ref. 11) in the BRL Aerodynamics Range; a con- 
tour sketch of the projectile and its aerodynamic properties are given 
in Appendix A of this chapter. We will investigate the gyroscopic 
stability, and the pitching and yawing motion of this bullet, out toa 
range of 1000 yards. The physical characteristics of the .308,” 168 
grain Sierra match bullet are listed in Table 9.2. 


Table 9.2 
Physical Characteristics of the .308,” 168 Grain Sierra 
International Bullet 


Reference Diameter = 0.308" 

Bullet Total Length = 1.226" 

Bullet Weight = 168 Grains (0.024008 Ib.) 
Axial Moment of Inertia = 0.000247 ІҺ.-іп? 
Transverse Moment of Inertia = 0.001838 Ib.-in? 
Center of Gravity = 0.474" from Base 


The initial conditions used for the six-degrees-of-freedom tra- 
jectory were: a muzzle velocity of 2600 feet per second; a right- 


В (Yaw) 
3 (Degrees) 


Figure 9.2 Pitch versus Yaw, Muzzle 0 
15 Yards Range, 
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.308", 168 Grain Sierra International Bullet 
( 12" Twist ) 


« (Pitch) 
(Degrees) 


Figure 9.3 Pitch versus Yaw, 180 Yards 
to 200 Yards Range. 


.308", 168 Grain Sierra International Bullet 
( 12" Twist ) 


a (Pitch) 
(Degrees) 
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Figure 9.4 Pitch versus Yaw, 580 Yards 
to 600 Yards Range. 
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.308", 168 Grain Sierra International Bullet 
( 12" Twist ) 


a (Pitch) 
(Degrees) 
8 


hand rifling twist rate of 12" (38.96 calibers) per turn; a muzzle 
yaw rate, 00, , equal to 25 radians per second, which produced a 
first maximum yaw of 2.0 degrees; and a gun elevation angle of 
14.95 mils (50.46 minutes), which zeroed the trajectory at 1000 
yards range. The muzzle gyroscopic stability factor (S, ), for the 
12" twist of rifling at sea-level, standard ICAO atmospheric condi- 
tions, was 1.70. (Additional 6-DOF trajectories were run for rifling 
twist rates of 10" per turn, and 14" per turn, but the plots of pitching 
and yawing motion are qualitatively similar to those of the 12" twist, 
and are therefore not shown). 

Figures 9.2 through 9.5 illustrate the pitching and yawing mo- 
tion of the .308,” 168 grain Sierra match bullet, at four downrange 
locations, on the way to the 1000 yard target. The graphs show the 
pitch angle, 0, plotted against the yaw angle, f, both in degrees. 
The intersection of the ( В,а) coordinate axes represents the local 
position of the velocity vector (flight path), from the viewpoint of 
someone standing directly behind the gun. The plotted pitching and 
yawing motion is a trace of the changing angular difference (in 
degrees) between the bullet's axis of symmetry and the trajectory, 
but it may also be thought of as the path traced out by the nose of 
the bullet, as it travels away from the observer. 

Figure 9.2 shows the epicyclic pitching and yawing motion, 
from the rifle's muzzle, out to 15 yards range. The motion was started 
by an initial yaw rate, or tip-off rate, of 25 radians per second, that 
started the bullet's nose moving to the left of the line of fire at the 
instant it was released from the muzzle. The result is an initial left- 


Figure 9.5 Pitch versus Yaw, 870 Yards 
to 900 Yards Range. 


ward movement of the bullet's axis of symmetry. However, the axial 
spin imparted to the projectile by the right-hand rifling causes the 
motion to proceed clockwise, in a pattern described as epicyclic, 
with two characteristic frequencies. (A discussion of the geometry 
of epicyclic motion will be deferred until the next chapter, where 
we will go into it in some detail). 

Note that each successive loop in the pitching and yawing 
motion is slightly smaller in amplitude than the previous loop, as 
the motion proceeds clockwise around the origin of the coordinate 
system. This means the yawing motion is damping as the bullet 
travels downrange. There are two frequencies, or “modes,” in the 
motion, and they do not necessarily damp at the same rate. This 
fact is apparent in Figure 9.3, which is a plot of the pitching and 
yawing motion as the bullet approaches 200 yards range. The mo- 
tion appears circular in this figure, which tells us that one of the 
two modes (in this case, the higher frequency one) has damped out 
entirely, and only a circular coning motion remains (in this case at 
the slow-mode frequency). Note that the amplitude of the remain- 
ing slow-mode motion is approximately 1.7 degrees, at a range 0 
200 yards. At this point in the flight, it takes approximately 47 feet 
of downrange distance (from the 12" twist), for the slow-mode con- 
ing motion to make one complete revolution. 

Figure 9.4 illustrates the pitching and yawing motion as the 
Sierra match bullet approaches 600 yards range. The slow-mode 
circular coning motion still persists, but has now grown to an am- 
plitude of approximately 2.3 degrees. As the bullet approaches 
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.308", 168 Grain Sierra International Bullet 
(Muzzle Velocity = 2600 fps) 


10" Twist 
12" Twist 
一 一 - — 14" Twist 


600 


Figure 9.6 Gyroscopic Stablility Factor 
versus Range. 


Range (Yards) 


308", 168 Grain Sierra International Bullet 
(Muzzle Velocity = 2600 fps) 
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Yaw of Repose, В, (Degrees) 


Range (Yards) Figure 9.7 Yaw of Repose versus Range. 
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.308", 168 Grain Sierra International Bullet 
(Muzzle Velocity = 2600 fps) 


Range (Yards) 
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yards range, Figure 9.5 shows that the slow-mode сопіпр ampli- 
tude has grown to 5.0 degrees. At 900 yards, the size of the coning 
motion has levelled off, and it remains at about 5 degrees on out to 
1000 yards range. The distance required for the coning motion to 
complete one revolution (again, from the 12" rifling twist rate) is 
approximately 62 feet at 600 yards, and about 77 feet at 900 yards 
range. 

For flat-fire trajectories, the gyroscopic stability factor of non- 
finned, spin-stabilized projectiles always increases as the projectile 
travels downrange, due to the fact that S, is proportional to the square 
of the spin-to-velocity ratio, and the forward velocity slows down 
much faster than the axial spin. This effect is illustrated for the 
.308,” 168 grain Sierra International bullet in Figure 9.6, for three 
rifling twist rates. For the 12" twist, the gyroscopic stability factor 
at the muzzle is 1.7, but it increases significantly as the bullet trav- 
els downrange, and at 1000 yards, 5, is equal to 5.8. The increasing 
gyroscopic stability factor with range is similar, for the 10" and 14" 
rifling twists, as Figure 9.6 shows. 

The reader may wonder why the slow-mode coning motion of 
the bullet's axis of symmetry around the flight path is increasing 
(Figures 9.3 through 9.5), at the same time the gyroscopic stability 
factor is already greater than 2, and is rapidly growing. The answer 
is, the growth in the slow-mode amplitude, illustrated in Figures 
9.3 through 9.5, is not a gyroscopic instability, it is a small-yaw 
dynamic instability caused by a nonlinear Magnus moment, that 


Figure 9.8 Drift versus Range. 


leads to limit-cycle yawing motion. These phenomena will be dis- 
cussed at some length in later chapters of this book. 

Figure 9.7 is a plot of the “yaw of repose” versus range, for the 
.308,” 168 grain Sierra match bullet, when fired from 10,” 12" and 
14" rifling twist rates. For a right-hand twist, in addition to the tran- 
sient, epicyclic pitching and yawing motion, the bullet's nose points 
to the right of the flight path, in a small, steady-state yaw of repose. 
For flat-fire trajectories, the yaw of repose lies almost entirely in 
the horizontal plane, and is denoted by 2,. Тһе yaw of repose is 
present in Figures 9.2 through 9.6, but it is very small for flat-fire, 
and is masked by the much larger epicyclic pitching and yawing 
motion. Figure 9.7 shows that 5, is only a few hundredths of à 
degree for the flat-fire trajectory of the .308" Sierra match bullet 
The yaw of repose will also be discussed in the next chapter. 

The yaw of repose has one significant effect on the trajectory» 
it produces the right-hand deflection referred to by ballisticians 85 
drift. Drift is illustrated for the .308," 168 grain Sierra match bullet 
in Figure 9.8. For short ranges the drift is very small, but it can 
grow to a significant value at long range. For our .308" Sierra match 
bullet, fired from a rifle with 12" twist of rifling, the drift at 1000 
yards is approximately 9.3 inches. (Corresponding values for other 
twists are 11.1 inches drift for the 10" twist, and 8.0 inches drift for 
the 14" twist). In practice, the small right-hand drift due to yaW of 
repose is usually masked by the trajectory deflection due to cross 
wind, which is often between one and two orders of magnitude 
larger than the drift. 
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Example 9.2 

Asa second example of six-degrees-of-freedom trajectory cal- 
culations, we will look at the flight dynamic behavior of the 105mm, 
High Explosive (HE), М1 spin-stabilized artillery projectile, at both 
low and high muzzle velocities, and at two quadrant elevation (QE) 
angles, 45 degrees (800 mils) and 70 degrees (1244.5 mils). Two 
rifling twist rates were also included in the 6-DOF study. The first 
twist was the standard 1 turn in 18 calibers (1/18) of the M103 
Howitzer, and the second was a slower twist, 1 turn in 25 calibers 

/25). 

Lm aerodynamic characteristics of the 105mm, HE, M1 shell 
have probably been studied more intensely than those of any other 
spin-stabilized artillery shell. Data at small angles of attack were 
published (Ref. 12) in 1955. Free-flight measurements of the aero- 
dynamic forces and moments were made in 1971-72, at angles of 
attack up to 35 degrees at subsonic speeds, and up to 25 degrees at 
supersonic speeds. Also, wind tunnel measurements of the aerody- 
namic forces and moments at subsonic speeds have been made (Ref. 
13), at various ratios of axial spin to forward velocity, for all angles 
of attack up to 180 degrees. A contour sketch of the 105mm MI 
shell, and the aerodynamic properties used in the present study, are 
given in Appendix B at the end of this chapter. 

The physical characteristics of the 105mm МІ projectile used 
in the 6-DOF calculations are summarized in Table 9.3. The values 
listed in this table are averages of several lots of projectiles, fitted 
with different fuzes, and are used only as nominal values for the 
present study. 


105mm, НЕ, M1 Projectile, 


Table 9.3 
Physical Characteristics of the 105mm, HE, M1 Projectile 


Reference Diameter = 104.8 mm 

Projectile Total Length = 49.47 cm 

Projectile Weight = 14.97 kg. 

Axial Moment of Inertia = 0.02326 kg.-m.? 
Transverse Moment of Inertia = 0.23118 kg.-m.’ 
Center of Gravity = 18.34 cm. from Base 


The two muzzle velocities selected for the 6-DOF study of the 
105mm M1 projectile correspond to Charge 1 (M.V. = 205 meters/ 
second), and Charge 7 (М.У. = 493 meters/second). Coincidentally, 
the values of the overturning moment coefficients,C NL! the two 
selected muzzle velocities, are virtually identical. For Charge 1, 
the muzzle Mach number at standard conditions is 0.602, and the 
corresponding value of C,, is 3.75. At Charge 7, the muzzle Mach 
number is 1.449, and the overturning moment coefficient has the 
value 3.76. For both charges, at sea-level standard ICAO atmo- 
spheric conditions, the muzzle gyroscopic stability factor of the 
105mm MI projectile, fired from the 1/18 twist of the M103 how- 
itzer, has the value 5, = 3.1. 

A lower muzzle gyroscopic stability factor for the 6-DOF com- 
puter runs was obtained by assuming a theoretical rifling twist rate 
of 1 turn in 25 calibers. At both Charge 1 and Charge 7, a value of 
muzzle 8 equal to 1.6 is obtained from a 1/25 twist of rifling, again 
at sea-level, standard ICAO atmospheric conditions. A muzzle gy- 
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Figure 9.9 Height versus Range, for 
Charge 1. 
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Table 9.4. 
Initial Conditions for the 105mm, M1 Six-Degrees-of-Freedom Trajectories 


Charge М.У. 
(m/s) ae ) (байыс) 


Run 
Number 


Twist, 
Calibers 


со 1 С tA Ь WN н 
~ ~ 天 一 ~ ~] 一 一 


roscopic stability factor of 1.5 to 1.6 is essentially an optimum value, 
because it is the lowest value that provides sufficient safety margin 
to permit cold weather firing at sea-level. (Incidentally, the lowest 
muzzle 5, for the 105mm M1 projectile occurs for firing at Charge 
5, which gives a muzzle velocity of 322 meters/second. The muzzle 
value of Cy 18 4.45 at Mach 0.946 and the value of S, at the muzzle 
is 1.4, from a 1/25 twist at sea-level standard atmospheric condi- 
tions. If the M1 were the only projectile in the 105mm inventory, a 
1/25 twist would be a satisfactory choice for the M103 Howitzer.) 
A total of eight 6-DOF trajectory runs were made, using the 
Fortran “HTRAJ” computer program (Ref. 5), developed many years 
ago by the Firing Tables Branch of BRL, at Aberdeen Proving 
Ground, Maryland. Four trajectories were computed for each ri- 


1" Max 
Yaw, deg 


Muzzle 


fling twist rate, using Charges 1 and 7, at 45 degrees and 70 de- 
grees quadrant elevation angles. All trajectories used an initial 
(muzzle) yaw rate Ф,, sufficient to produce a first maximum yaw 
of three degrees, which is a typical value observed in field firings 
of the M103 Howitzer. The initial conditions for the eight 6-DOF 
trajectories are summarized in Table 9.4. 

The reason for selecting the 45 degree (800 mil) quadrant el- 
evation angle for the 6-DOF study of the 105mm M1 shell is that it 
represents essentially a maximum range case, yet the yaw of repose 
near apogee (trajectory summit) is not large. The 70 degree (1244.5 
mil) quadrant elevation angle is only a few degrees below the maxi- 
mum trail angle of this shell, when fired from the M103 Howitzer. 
At quadrant elevation angles of 75 degrees (=1333 mils), the first 
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Figure 9.10 Height versus Range, for 
Charge 7. 
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observations of left-drift begin to occur in field firings (Ref. 13), 
which means an occasional shell is failing to trail at this elevation, 
and is descending base-forward on the downleg of the trajectory. 
Thus the 70 degree quadrant elevation angle is essentially a “worst 
case” for the present study. 

Figures 9.9 (p. 199) and 9.10 show the 6-DOF predicted varia- 
tion in trajectory height with range, for the two propelling charges, 
and the two quadrant elevation angles. All the trajectories shown in 
Figures 9.9 and 9.10 are for the 1/18 twist of the M103 Howitzer, 
and they were all started with a first maximum yaw of three de- 
grees (see Run numbers 1 through 4 in Table 9.4). Similar plots for 
the 1/25 twist cannon are insignificantly different in appearance, 
and are therefore not shown. 

Figure 9.9 illustrates the 6-DOF predicted trajectory height 
versus range for Charge 1. It shows that at 45 degrees (800 mils) 
QE, the 105mm М1 projectile, fired at sea-level into a standard 
ICAO atmosphere with no wind, will achieve a level-ground im- 
pact range of 3760 meters. The time of flight of this trajectory is 
slightly over 28.5 seconds, and the maximum height is about 1000 
meters. At 70 degrees (1244.5 mils) QE for the same charge, the 
predicted level-ground range is about 2320 meters; the time of flight 
to impact is approximately 38.5 seconds, and the maximum height 
is about 1750 meters above the altitude of the firing site. 

Figure 9.10 illustrates the same information for Charge 7. At 
45 degrees (800 mils) QE, the predicted range to impact is approxi- 
mately 11,500 meters; the time of flight is slightly greater than 52.5 


seconds, and the maximum height is 3460 meters. At 70 degrees 
(1244.5 mils) QE, the predicted level-ground range is 7300 meters; 
the time of flight to impact is about 70.5 seconds, and the maxi- 
mum height is slightly over 6000 meters. 

Figures 9.11 through 9.14 show the detailed pitching and yaw- 
ing motion of the 105mm M1 projectile, when fired from the 1/18 
twist of the M103 Howitzer, Figure 9.11 is a plot of the total angle 
of attack, @,, in degrees, versus the range in meters, for Charge 1, 
and a quadrant elevation angle of 45 degrees. (Note that for small 
angle of attack,a ~ Ja? + В? , where О is the pitch angle, and f is 
the yaw angle). The high frequency fast-mode pitching and yawing 
motion (often called “nutation”), damps out along the flight path, 
and has virtually disappeared by impact. The slow-mode motion 
(often called “ргесеѕѕіоп”) persists at а 2 to 3 degree amplitude 
throughout much of the flight, with the maximum value of the yaw 
of repose (/), ), contributing approximately 2.1 degrees to the total 
motion at apogee. The dashed curve in Figure 9.11 illustrates the 
variation of the yaw of repose with range. At apogee, the slow- 
mode coning motion with amplitude K, and the yaw of repose com- 
bine, as shown in the inset sketch of Figure 9.11, to produce the 
observed variation of the total angle of attack, @,, with range. On 
the final part of the trajectory downleg, a slow-mode limit-cycle 
yaw of about three degrees amplitude is observed. This slow-mode 
limit-cycle yaw, observed on the final downleg portion of all the 
105mm M1 trajectories, is caused by the behavior of the nonlinear 
Magnus moment at subsonic speeds (see Reference 14, and the 
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Magnus moment coefficient data listed іп Appendix В of this сһар- 
ter). The gyroscopic stability factor, which was 3.1 at the muzzle, 
grows to a value of 7.6 at apogee, then decreases back to the origi- 
nal muzzle value of 3.1 at impact. 

Figure 9.12 is a plot of the total angle of attack, @,, against 
range, for the 105mm M1 shell, fired at Charge 1 and a quadrant 
elevation angle of 70 degrees. After the damping of the initial tran- 
sient epicyclic pitching and yawing motion, a small-amplitude fast- 
mode motion persists throughout most of this flight. The large 
summital yaw of repose, caused by the high quadrant elevation 
angle, is dramatically illustrated in this graph. Near apogee, the 
yaw of repose grows to approximately 26 degrees, then decreases 
rapidly along the downleg of the trajectory! Another view of this 
large amplitude motion is shown in the inset pitch-versus-yaw plot 
of Figure 9.12. Note that for high QE, the total yaw of repose near 
the trajectory summit has a significant vertical (Ор) “pitch of re- 
pose” component, in addition to the horizontal (2, ) yaw compo- 
nent. Also note, on the final portion of the downleg, the persistence 
of a slow-mode limit-cycle yaw of about 4 degrees amplitude, with 
a small fast-mode motion of approximately 1 degree amplitude su- 
perimposed. The gyroscopic stability factor grows from 3.1 at the 
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Figure 9.12 Total Angle of Attack 
verus Range, Charge 1, 70 Degrees 
ОЕ. 


muzzle, to a value of 43 at apogee, then decreases to a value of 3.0 
at impact! 

The decrease in air density at high altitude is part of the reason 
for the large yaw of repose and the huge value of S, , observed at 
the summit of a high QE trajectory. (At 1750 meters altitude, the air 
is 84% as dense as at sea level, and at an altitude of 6000 meters, 
the air density is only 54% of the sea level value). The other major 
contribution comes from the fact that the projectile's forward ve- 
locity slows down much faster on the trajectory upleg than the axial 
spin does, and the result is a large value of the spin-to-velocity ratio 
at apogee. 

Figure 9.13 shows the variation of total angle of attack, Qr» 
with range, for the 105mm М1 shell, fired from a 1/18 twist cannon 
at Charge 7, and at a quadrant elevation angle of 45 degrees. After 
the damping of the initial transient motion, small yaw flight is ob- 
served for the remainder of the trajectory. At apogee, where the 
gyroscopic stability factor has increased from 3.1 to 16, the largest 
value of the yaw of repose is 1.2 degrees. A slow-mode limit-cycle 
yaw of 2 to 3 degrees is present on the downleg of the trajectory. t 
impact, the gyroscopic stability factor has decreased to а value 
4.1. 
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Figure 9.13 Total Angle of Attack 
verus Range, Charge 7, 45 De- 
grees QE. 
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Figure 9.14 illustrates the behavior of the total angle of attack 
for Charge 7, and a quadrant elevation angle of 70 degrees. The 
initial transient motion damps out quickly, and the yaw of repose 
grows to nearly 18 degrees at apogee, where the gyroscopic stabil- 
ity factor has increased from 3.1 to 102! A slow-mode limit-cycle 
yaw of 3 to 4 degrees amplitude again persists for much of the 
trajectory downleg. Note the apparent damping of the limit-cycle 
yaw on the final portion of the downleg. The reason is the increas- 
ing velocity as the projectile approaches impact. For the 105mm 
MI shell fired at Charge 7 and 70 degrees QE, the terminal velocity 
just before impact has increased to Mach 0.92, where the nonlinear 
Magnus moment characteristics allow the slow-mode limit-cycle 
yaw to take on a smaller value. The gyroscopic stability factor at 
impact has decreased to a value of 3.0. 

The next set of plots, Figures 9.15 through 9.18, show the ef- 
fect of changing the rifling twist rate from 1/18 to 1/25. Figure 9.15 
is a plot of the total angle of attack, €t,, in degrees, versus the range 
in meters, for Charge 1, and a quadrant elevation angle of 45 de- 
grees. The in-flight pitching and yawing motion is qualitatively simi- 
lar to that observed in Figure 9.11. The slow-mode limit-cycle again 
persists throughout much of the trajectory, at a 2 to 3 degree ampli- 
tude, and the maximum value of the yaw of repose (8), contributes 
about 1.5 degrees to the total angle of attack at apogee. The gyro- 
scopic stability factor, which was 1.6 at the muzzle, grows to a 
value of 3.9 at the summit of the trajectory, then decreases to the 
muzzle value of 1.6 at impact. 

Figure 9.16 is a plot of the total angle of attack, @,, against 
range, for the 105mm М1 shell, fired from a 1/25 twist at Charge 1, 
and a quadrant elevation angle of 70 degrees. The free-flight pitch- 
ing and yawing motion is similar to that illustrated in Figure 9.12, 
but the peak value of the yaw of repose is smaller, because of the 
lower axial spin rate. Near apogee, the yaw of repose grows to ap- 
proximately 18 degrees, then decreases rapidly along the downleg 
of the trajectory. Another view of the same large-amplitude motion 
is shown in the inset pitch-versus-yaw plot of Figure 9.16. Note the 
persistence of a one-degree amplitude fast-mode motion (two de- 
grees peak-to-peak), throughout the flight. Again, the total yaw of 
repose near the trajectory summit has a significant vertical "pitch 
of repose" (pz ) component, in addition to the horizontal (8) yaw 
component. On the final portion of the trajectory downleg, the total 
pitching and yawing motion damps to a slow-mode limit-cycle yaw 
value of about 4 degrees amplitude, with the small, persistent fast- 
mode motion superimposed. The gyroscopic stability factor grows 
from 1.6 at the muzzle, to a value of 20 at apogee, then decreases to 
a value of 1.5 at impact. 

Figure 9.17 shows the variation of total angle of attack, c, , 
with range, for the 105mm M1 shell, fired from a 1/25 twist cannon 

at Charge 7, and at a quadrant elevation angle of 45 degrees. After 
the damping of the initial transient motion, the remainder of the 
trajectory shows predominantly small yaw flight. At apogee, where 
the gyroscopic stability factor has increased from 1.6 to 8.2, the 
largest value of the yaw of repose is about 1.0 degree. А slow-mode 
limit-cycle yaw of 2 to 3 degrees amplitude is present on the downleg 


of the trajectory. At impact, the gyroscopic stability factor has de. 
creased to a value of 2.1. 

Figure 9.18 illustrates the behavior of the total angle of attack 
for the 105mm M1 shell, fired from a 1/25 twist at Charge 7, and ü 
quadrant elevation angle of 70 degrees. The initial transient motion 
damps out rapidly, and the yaw of repose grows to a peak value of 
12 degrees at apogee, where the gyroscopic stability factor has in. 
creased from 1.6 to 50. А slow-mode limit-cycle yaw of 3 to 4 de- 
grees amplitude again persists for much of the trajectory downleg. 
The decreasing amplitude of the slow-mode limit-cycle yaw, on 
the final portion of the downleg, is again due to increasing velocity 
as the projectile approaches impact. The gyroscopic stability factor 
at impact has decreased to a value of 1.5. 

Figures 9.19 and 9.20 are the last two figures for this projec- 
tile, and they show the effect of the yaw of repose on the right-hand 
drift of the 105mm M1 shell, for the various charges, rifling twist 
rates, and quadrant elevation angles. (Note that the drift would be 
to the left, if the guns were rifled using a left-hand twist). The ri- 
fling twist rate affects the drift in approximately inverse proportion 
to the twist, in accordance with linearized exterior ballistic theory 
(Ref. 14). At a fixed charge, quadrant elevation angle, and range, 
the drift from a 1/25 twist cannon is about 72 percent (18/25 = 
0.720) of the drift observed from a similar cannon with a 1/18 twist. 

Figure 9.19 illustrates the variation of drift with range, for fir- 
ing at Charge 1, and Figure 9.20 presents the same results for Charge 
7. The effect of rifling twist rate has already been noted in the pre- 
vious paragraph. Both figures show the dramatic effect of high quad- 
rant elevation angles on the drift of spin-stabilized artillery shell. 
For the 105mm M1 shell, given a fixed charge and rifling twist 
rate, firing at 70 degrees quadrant elevation angle produces between 
1.8 and 2.4 times the amount of drift observed at 45 degrees QE! 
The enormous drift values observed at high quadrant elevation 
angles are a direct result of the aerodynamic lift force, acting on the 
large yaw of repose that the shell experiences at high QE angles. 
The drift predicted by the 6-DOF model for the 1/18 twist agrees 
closely with the observed drift from field firings of the M103 How- 
itzer. 

The six-degrees-of-freedom calculations done for this chapter 
indicate that for quadrant elevation angles up to 70 degrees, the 
105mm М1 projectile "trails properly" from the 1/18 twist of the 
M103 Howitzer, which launches this shell at sea-level standard at- 
mospheric conditions, with a muzzle gyroscopic stability factor of 
3.1. A comparison of the plots for the 1/18 twist with those for the 
1/25 twist, shows that the 105mm M1 shell does not fly signifi- 
cantly, if any, better from the slower twist of rifling, that gives 65: 
sentially an optimum muzzle gyroscopic stability factor (S, = 1.6). 
The only notable effect of the slower twist is to give a smaller yaw 
of repose near the summit of the trajectory, and a consequent re- 
duction in the right-hand drift. 


Example 9.3 sla 
As final example of six-degrees-of-freedom trajectory € = 
lations, we will look at the flight dynamic behavior of а family 
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Figure 9.15 Total Angle of Attack verus 
Range, Charge 1, 45 Degrees QE. 


Figure 9.16 Total Angle of Attack verus 
Range, Charge 1, 70 Degrees ОЕ. 
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Figure 9.17 Total Angle of Attack verus 
Range, Charge 7, 45 Degrees QE. 
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120mm mortar projectiles, consisting of the HE, M934, the Ilumi- 
nating, M930, and the Smoke, M929 rounds. Three quadrant eleva- 
tion angles, at both low and high muzzle velocities, were included 
in the 6-DOF study for this chapter. 

The aerodynamic characteristics of the non-rolling, finned 
120mm mortar shell were obtained from firings in the BRL Tran- 
sonic Range, and were reported in Reference 15. A contour sketch 
of a typical 120mm finned mortar shell, and the average aerody- 
namic properties used in the present study, are given in Appendix C 
of this chapter. The physical characteristics listed in Table 9.5 are 
averages for the three types of mortar projectiles, and are used only 
ав nominal values for the present study. 

Table 9.5 
Average Physical Characteristics of 120mm Mortar Projectiles 
Reference Diameter = 119.56 mm 
Projectile Total Length = 70.49 cm 
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Figure 9.20 Drift versus Range, for Charge 7. 
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(Left) Figure 9.19 Drift versus Range, for Charge 1. 


Projectile Weight 2 13.585 kg 

Axial Moment of Inertia = 0.02335 kg-m? 
Transverse Moment of Inertia = 0.23187 kg-m? 
Center of Gravity = 42.29 cm from Base 


The two muzzle velocities selected for the 6-DOF study of the 
120mm mortar rounds correspond to Charge 0 (М.У. = 102 meters/ 
second), and Charge 4 (M.V. = 318 meters/second). Trajectories 
were run at three quadrant elevation angles: 45, 65, and 85 degrees. 
A total of six trajectories were calculated, using initial (muzzle) 
pitch rates (w, ) sufficient to produce first maximum yaw (actually 
1" maximum “pitch,” іп this case) values of 8 degrees at Charge 0, 
and 3 degrees at Charge 4. The above values of first maximum yaw 
were average values, measured in the field by means of yaw card 
firings. Initial conditions for the six 120mm mortar trajectories are 
listed in Table 9.6. 
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Table 9.7 
Time of Flight to Impact, Impact Range, and Maximum Ordinate 
(Six-Degrees-of-Freedom, 120mm Mortar Trajectories) 


(meters) 


M.V. 
(m/s) 


QE ti 
(deg) (seconds) 


Max. Ord. 
(meters) 


45 
65 
85 
45 
65 


Table 9.6 
Initial Conditions for 120mm Mortar 6-DOF Trajectories 
Run Charge | M.V. QE 0, 1* Мах Yaw 
Number (m/s) (deg.) | (rad/sec) 
45 


(deg) 


1 0 

2 0 65 
3 0 85 
4 4 45 
5 4 65 
6 4 85 


The time of flight to level-ground impact, the impact range, 
and the maximum altitude predicted by the 6-DOF trajectory model 
are listed in Table 9.7 for the 120mm mortar shell fired at sea-level 
into an ICAO standard atmosphere with no wind. 

Figures 9.21 through 9.23 show the planar pitching motion of 
the 120mm mortar rounds, when fired at three quadrant elevation 
angles, and with a muzzle velocity corresponding to Charge 0. (Re- 
call that the 120mm mortar projectiles have uncanted fins, and do 
not roll or spin at any point along the trajectory. Since the angular 
motion was started at the muzzle by an upward pitch rate, and there 
is no axial spin, the observed motion starts and remains as purely 
planar pitching for the entire trajectory. There is no horizontal, or 
yawing, motion at any point in the flight). 

Figure 9.21 is a plot of the pitch angle versus time, for a QE 
angle of 45 degrees. Note the relatively slow damping of the sinu- 
soidal pitching motion, due to the low velocity flight, and the cor- 
respondingly low dynamic pressure (/ 2 pv’) . Near the summit of 
the trajectory (around 7.5 seconds), a small “pitch of repose” (Œ p), 
of about 0.6 degree in magnitude, appears. It dies out, along with 
the transient planar pitching, on the downleg of the flight. 

Figure 9.22 is a similar plot, for the same propelling charge, 
but at 65 degrees quadrant elevation angle. Note the slightly larger 
(approximately 2.5 degrees) pitch of repose at apogee, which oc- 
curs at about 9 seconds time of flight. Even at 65 degrees QE, the 

mortar shell is flying very well. 


85 


The flight dynamic performance of the 120mm mortar at Charge 
0, and 85 degrees quadrant elevation angle, is illustrated in Figure 
9.23. Note the dramatic effect of high QE on the observed planar 
pitching motion, near the maximum ordinate of the trajectory, which 
occurs at about 10.5 seconds time of flight. The pitch angle at the 
trajectory summit grows to a peak value of 47 degrees! The large- 
amplitude pitching motion then begins to damp as the mortar starts 
on the downleg of its trajectory. However, it takes a considerable 
amount of time for such a large angular motion to damp out; at 
ground impact (20.5 seconds time of flight), a pitch-amplitude of 
approximately 3 degrees still remains! 

Figures 9.24 through 9.26 show the dynamic behavior of the 
120mm mortar rounds, when fired at Charge 4. Figure 9.24 is a plot 
of the planar pitch angle against time, for Charge 4, and 45 degrees 
quadrant elevation angle. The initial peak amplitude of 3 degrees 
damps very rapidly at this high subsonic speed (high dynamic pres- 
sure), Two seconds into the flight, the initial transient motion is 
essentially gone, and the projectile flies the remainder of its trajec- 
tory with extremely small planar pitching motion. There is no evi- 
dence of any pitch of repose (Œ x), near the maximum ordinate. 

Figure 9.25 is a similar plot for Charge 4, and for a quadrant 
elevation angle of 65 degrees. Again, the initial transient pitching 
motion damps quickly, and is gone by two seconds of flight. Near 
apogee (25.5 seconds time of flight), the pitch of repose has grown 
to its maximum value of about 0.2 degree! This tiny value then 
damps to zero on the final part of the trajectory downleg. 

The flight dynamic performance for Charge 4, at 85 degrees 
QE, is similar to that observed at lower muzzle velocity for the 
same quadrant elevation angle. Comparison of Figure 9.26 with 
Figure 9.23 (for Charge 0), shows that the effect of high QE on the 
planar pitching motion is qualitatively similar, at low and high 
muzzle velocities. The peak pitch angle at apogee (27.5 seconds 
time of flight, for Charge 4), is only 13 degrees, compared with the 
47 degree peak pitch amplitude observed for Charge 0, at the same 
quadrant elevation angle. The higher dynamic pressure on the 
downleg of the Charge 4 trajectory causes the sinusoidal, planar 
pitching motion to damp faster than it did for the low muzzle Ve 
locity case. At impact, the amplitude of the pitching motion has 
essentially damped to zero. 
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120mm Mortar, Chg 0, QE=85 Deg, 151 Мах Yaw=8 Deg 
Pitch vs Time 
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120mm Mortar, Chg 4, QE=65 Deg, Ist Max Yaw=3 Deg 
Pitch vs Time 
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9.6 SUMMARY AND COMMENTS ON SIX-DEGREES-OF- 
FREEDOM TRAJECTORIES 

It was noted in the first chapter of this book, that 6-DOF trajecto- 
ries are not required for routine work in exterior ballistics. If the 
total angle of attack is small everywhere along a projectile's flight 
path, a point-mass trajectory is often sufficiently accurate for all 
practical purposes. If a drift solution is required, in addition to the 
height versus range profile, the modified point-mass method, dis- 
cussed in the next section, gives a very accurate trajectory for all 
but the highest quadrant elevation angles. 

In general, six-degrees-of-freedom methods are required any 
time a projectile experiences large-yaw flight. The three examples 
used in section 9.5 of this chapter illustrate this fact very well. The 
flight dynamic analysis for the .308,” 168 grain Sierra International 
match bullet, along a flat-fire trajectory, can actually be done by 
simpler methods, as we will demonstrate in later chapters of this 
book. Figures 9.2 through 9.5 show that the amplitude of the pitch- 
ing and yawing motion never exceeds 5 degrees, which is certainly 
not large-yaw flight. (If the .308" Sierra match bullet were fired at 
a gun elevation angle of 70 degrees, it would also fly at large yaw 
near the apogee of its trajectory, and would require a 6-DOF analy- 
sis. Likewise, if the 168 grain .308" match bullet were fired side- 
wise from a high-speed aircraft, a six-degrees-of-freedom calcula- 
tion would be needed to handle the large-yaw flight induced by a 
“several hundred mile per hour” crosswind). 

The second two examples considered in section 9.5 show that 
the 105mm MI, and the 120mm mortar projectiles, when fired at 
the highest quadrant elevation angles, do experience large pitching 
and yawing motion for a substantial portion of their flight, and there- 
fore they require a 6-DOF analysis for best results. The modified 
point-mass trajectory model has often been used to predict the flight 
of spin-stabilized artillery shell, even at very high quadrant eleva- 
tion angles, where the model itself is no longer valid, and has started 
to break down. The only correct way to determine a proper upper 
bound on quadrant elevation angle for the modified point-mass 
model, is to first do a six-degrees-of-freedom study for the artillery 
or mortar shell in question, then use the 6-DOF results to guide the 
modified point-mass trajectory model. 


9.7 THE MODIFIED POINT-MASS TRAJECTORY MODEL 
The six-degrees-of-freedom equations, (9.8) and (9.9), are the start- 
ing point for the modified point-mass equations of motion. We be- 
gin by restating these two vector differential equations, using the 
*shorthand" notation for the aerodynamic forces and moments in- 
troduced in equations (9.10) through (9.15). АП rocket motor forces 
and moments have been dropped, and the very small pitch damping 
force is neglected. 


аў _ -co 4, IE x (zxv)] 80, I x X)- g + А (9.38) 


dh LPs WE Са а Та ее, yo 
й I, ay 1, at? а?) “NC -| „+6, en 


5 = Ay. dx 
46, ГЕ х(Ух x)| + |6, js x 2) 
The unit vector X is always perpendicular to its derivative with 
respect to time; therefore the dot product of X and dX/dt is 
identically zero. We now take the vector dot product of X with 
equation (9.39), and multiply both sides by the табо(1, IL): 


eeke 


For a rotationally symmetric projectile, equation (9.40) illus- 
trates one of the most important consequences of that symmetry; 
the spinning, or rolling motion is uncoupled from the pitching and 
yawing motion. The spin history is readily obtained from the nu- 
merical solution of the scalar differential equation (9.40). 

Substituting equation (9.40) into equation (9.39) yields the 6- 
DOF differential equation for the pitching and yawing motion: 


(9.39) 


(9.40) 


Ip ( dx "nU S. d^ Y 
(a) (Fa) Na 
(9.41) 
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Equations (9.38), (9.40) апа (9.41) аге ап ехасі restatement of 
equations (9.8) and (9.9), with all rocket forces and moments 
dropped, and the pitch damping force neglected. . 

The general solution of these 6-DOF differential equations 
yields the high-frequency, epicyclic pitching and yawing motion 
illustrated in section 9.5 of this chapter. The small integration time 
step required for numerical solution of these equations, translates 
into long computer run times for six-degrees-of-freedom trajecto- 
ries. In the early 1960s, the long run times required for 6-DOF cal- 
culations led to the development and use of the modified point- 
mass trajectory model (Ref. 16). 

For small yaw, and short segments of the trajectory, Murphy 
(Ref. 14) gives an approximate analytical solution of the six 
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grees-of-freedom differential equations, that describes the pitching 
and yawing motion of any rigid, rotationally symmetric projectile. 
The solution of the approximate second order differential equation 
consists of a complimentary function (epicyclic motion) plus a par- 
ticular solution (the quasi steady-state yaw of repose). The modi- 
fied point-mass approach is to extract the particular solution, and 
neglect the transient epicyclic solution, thus preserving the yaw of 
repose, the drift, and at least part of the yaw-drag effect. Therefore, 
the primary assumption of the modified point-mass model is that 
the epicyclic pitching and yawing motion is small, everywhere along 
the trajectory. 

Six-degrees-of-freedom calculations have repeatedly demon- 
strated that the yaw of repose of a rotationally symmetric projectile 
is usually a slowly varying quantity along the trajectory. The only 
known exception to this rule is the region near apogee, for a projec- 
tile fired at a very high quadrant elevation angle. We will define a 
vector yaw of repose, @ р , and will assume that (4а,/Ф) is 
everywhere negligible in comparison with a в · Ош definition of 
the vector yaw of repose is: 

Op =i x (xxi) = x - (cosa, )i (9.42) 
where i = aa ‚ а unit vector in the direction of the velocity, V . 
V (9.43) 


The reader will recall the definition, У = V — W, where W is 
the vector wind. If W is very small in comparison with V , then 
the vector velocity relative to the ground is also well approximated 
by У у. 

The vector yaw, Œ p , has the magnitude ( sin О, ), where Œ, is 
the total angle of attack; CRis perpendicular to the trajectory, and is 
directed from the flight path toward the projectile's axis of rota- 
tional symmetry. We now differentiate equation (9.42) with respect 
to time: 


da, dx. (cosa, | 4) + (ѕіпа, i (9.44) 


at at 


For small yaw, ѕіпо, << COS@,, and the reader will recall our 
assumption that the time rate of change of the yaw of repose, 
dà, /dt) ,is everywhere negligible in comparison with & mi 
these approximations are substituted into equation (9.44): 


(9.45) 


Differentiating equation (9.45), we find: 


Zt osa) 
ай “ай 


If equation (9.42) is solved for X : 


(9.46) 


Хай, (cosa, )i 


Equations (9.45) through (9.47) are now used to eliminate the 
unit vector X and its time derivatives from equations (9.38) and 
(9.41): 

x ы {é, pi + (ё, ba, + lev, М xà,) (948) 


ЕТЕТ 
+в + Ле М +V— 
ы “ға 
TE 27 27 = а 
„АР БЕ % (а, х a + rli x 2 -[6,, (7 ха,) 0.49) 


I, V dt dt 
(а, + yi) x e 


|, Ма, Е (sin? aji] + ©, 


where y = (i ° 3) = созо, 


We will neglect the very small Coriolis term in comparison 
with g , and we also neglect the small (sin? a,) term on the right 
hand side of (9.49), in comparison with y . The vector cross prod- 
uct of í with equations (9.48) and (9.49) yields two linear equa- 
tions in the vector unknowns, € and ixa r). Solving the linear 
system for ©. and converting back from our shorthand notation, 
we obtain the solution for the quasi steady-state yaw of repose: 


г _G,+G,+G,+G, 


£ ‹ 9.50 
ТЕЕ +h +f, ne 


where А = 2 р lc, 
2 У " 


1 


Б, xd sas (P) ҮСм 
2 y ne 


1 
ms Б psv°C,, |$ pSdv*Cy, 


> d 
"(rs 
E 2.2 pd ii dV rs 
G, = appe y pes. a-i EJ 

di f- d'i. 
d? V an] 
"PORE 
х dt 

di 


1 1 
б, =-ү? р pSv'C,, | 5 PSAP Cy, +С, ). 


к-а] 


G, - y? I, 5 esc, | 


1 
С, = osa, | 


й 
Taking the vector dot product of i with equation (9.48), and 
neglecting the small Coriolis term: 
yr) pSC,v" 7.2 
А 2т * | ) 


(9.51) 


SR 
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Substituting into equation (9.48) and simplifying: 


4 © 50, у? às [ «(Ex i) (9.52) 
Е Б | | А er _ (i ; Jr (9.53) 


Substituting equation (9.43) into equations (9.52) and (9.53): 
di ps С, у? = 


ОРУ аа 2 (9.54) 
dr 5 à, *[v x (gx v)]/v 
ат ЖС z ERN 
p ~ [25 eg) Гу? - “|в»)- (v “2)(#/ъ) (9.55) 


We now substitute equations (9.43), (9.54) and (9.55) into equa- 
tion (9.50). With the help of the classical size assumptions, and 
after considerable simplification, we find: 


. dV 2 
-21,С,, of vx A) - 2md* DC, 。 


(9.56) 


Equation (9.56) is the yaw of repose for spin-stabilized projec- 
tiles. The classical form is found by neglecting Magnus forces and 
moments in (9.56) in comparison with the much larger lift force 
and pitching moment terms. The classical form of the yaw of re- 
pose is: 


(9.57) 


For a positive overturning moment (statically unstable projec- 
tile), the yaw of repose points to the right of the trajectory, for right- 
hand spin. 

For a non-spinning, statically stable (finned) missile, a good 
approximation to equation (9.50) is: 


(9.58) 


If the missile is non-spinning, or very slowly rolling, then the 
overturning moment coefficient, C,, , must be negative for static 
stability. The value of the pitch damping moment coefficient, Cu, 5 
must also Бе negative for dynamically stable flight. If the overturn- 
ing moment coefficient and the pitch damping moment coefficient 
are both negative, the yaw of repose of a non-spinning, statically 
stable missile points slightly above its trajectory. 

An appropriate estimate of the yaw of repose, from equations 
(9.56), (9.57) or (9.58) is now substituted into equation (9.48). Equa- 
tion (9.48) is then numerically integrated, along with the differen- 


tial equation (9.40) for axial spin. The final modified Point-mass 
equations are: 


рас e 
э P(V x Gg) +B + À (9.59) 


4 $4%у Sdy? 
Pee + Боас, (9.60) 


dt 2f. 


Bradley (Ref. 17) has derived an expression for the vector yaw 
of repose that does not contain the acceleration (a/ai) on the right 
hand side of the equation. Reference 17 contains a complete deri- 
vation of Bradley's equation, and only his final results are presented 
in this chapter. 

Bradley's equation for the yaw of repose of a spin-stabilized 
artillery shell is: 


à, = B(G, x v) (9.61) 
where B= ale pa (5) 
Sd^C, \ v Лу 
z _ һҺ(#ёху+Ахў 
G,= l gaga tE + Ах) 
1+h, (1- A,)v 
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hy = ( 5 | ee (e) 
md! A Cy, ) У 
2 
h, = {л -h, 
1- hy 


Order of magnitude estimates show that h,<<1 and h,<<1 in 
Bradley's approximation, and the yaw of repose predicted by equa- 
tion (9.61) therefore reduces to the simple result: 


(9.62) 


Equations (9.61) and (9.57) are essentially equivalent. Equa- 
tion (9.61) is a better choice than (9.57), if it is desired to fit the 
model to known trajectory data, and thereby determine the para" 
metric values that give a best fit. In fact, equation (9.62) is a suffi- 
ciently good approximation for nearly all practical purposes. 


9.8 EXAMPLES OF MODIFIED POINT-MASS 
TRAJECTORIES . 

For the combination of spin-stabilized projectiles, flat-fire trajecto- 
ries, and small transient epicyclic pitching and yawing motion, 
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Six-Degrees-Of-Freedom (6-DOF) and Modified Point-Mass Trajectories 


105mm, HE, M1 Projectile 
Charge 1, QE = 45 Degrees, 1/18 Twist 


6-DOF 
— — — — Mod. Point Mass 


2000 
Range (Meters) 


105mm, HE, М1 Projectile 
Charge 1, QE = 70 Degrees, 1/18 Twist 


105mm, HE, Mt Projectile 
Charge 1, QE = 70 Degrees, 1/18 Twist 


6-DOF E 
— —— – Mod. Point Mass / 
/ 


Pr (ер) 


1000 2000 


Range (Meters) 


Figure 9.27 Yaw of Repose ver- 
sus Range, Charge 1, 45 De- 
grees QE. 


Figure 9.28 Yaw of Repose ver- 
sus Range, Charge 1, 70 De- 
grees QE. 


215 


Modern Exterior Ballistics 


modified point-mass method provides an essentially exact solution. 
Earlier in this chapter, Figures 9.7 and 9.8 illustrated the 6-DOF 
predicted yaw of repose and the right-hand drift, respectively, for 
the .308,” 168 grain Sierra International match bullet. Modified 
point-mass trajectories were also run for the same three rifling twist 
rates, and the results were compared against the six-degrees-of- 
freedom solutions. The modified point-mass values and the 6-DOF 
values agreed so closely that the plots showed no significant differ- 
ence, 

At higher quadrant elevation angles, typical of cannon artil- 
lery firing, the modified point-mass method gives excellent results, 
up to gun elevation angles near the maximum trail angle. The next 
example shows comparisons of modified point-mass and six-de- 
grees-of-freedom calculations, for the 105mm, HE, М1 shell, fired 
at Charge 1, from the 1/18 twist of the M103 Howitzer. 


Example 9.4 

Figure 9.27 compares the 6-DOF and modified point-mass pre- 
dicted yaw of repose, for the 105mm M1 projectile, fired at Charge 
1, and at 45 degrees quadrant elevation angle, from the 1/18 twist 
howitzer. The six-degrees-of-freedom trajectory was run with no 
initial pitch or yaw rate at the muzzle, so there was no initial tran- 
sient pitching and yawing motion. Note the excellent agreement of 
the two methods in the prediction of the yaw of repose, which is 
essentially a риге 3; the largest “pitch of repose” at any point along 
this trajectory is of order of 0.04 degree. The only significant dif- 
ference between the modified point-mass and the 6-DOF predic- 
tions is a small phase shift; the modified point-mass estimate of fj. 
“leads” the six-degrees-of-freedom yaw of repose, by about 100 
meters in range. The peak value of the yaw of repose occurs at 
about 2000 meters range for the modified point-mass estimate, com- 
pared with a peak value at approximately 2100 meters for the more 
nearly exact 6-DOF calculation. 

The same comparison, for a quadrant elevation angle of 70 
degrees, is shown in Figure 9.28. The peak amplitude of the total 
yaw of repose, la " , predicted by the modified point-mass method 
is about 24 degrees, which occurs at a range of 1250 meters; the 6- 
DOF predicted peak value of l& | is 26 degrees, at a range of 1400 
meters. The phase shift is more pronounced at 70 degrees QE than 
it was at 45 degrees, and the amount of shift varies with the range. 

The inset in Figure 9.28 shows that at 70 degrees QE, the 6- 
DOF calculation for the 105mm МІ shell predicts a significant Œ p, 
or “pitch of repose,” in addition to the larger yaw of repose, Jp The 
modified point-mass estimate shows a smaller CR at any point 
along the flight path. The projectile nose moves slightly up and 
mostly to the right, according to the modified point-mass model, 
until the shell reaches apogee. The yaw of repose then re-traces 
essentially the same path back to the origin on the trajectory 
downleg. The 6-DOF calculation shows that the total yaw of re- 
pose traces out distinctly different paths, on the upleg and the 
downleg portions of the trajectory. Nevertheless, the range, time of 
flight, and the right-hand drift estimated by the modified point-mass 
model agree very closely with the values calculated by the 6-DOF 
method. This fact confirms the validity and usefulness of the modi- 


fied point-mass method, for calculation of spin-stabilized cannon 
artillery projectiles fired at high quadrant elevation angles, 


Example 9.5 

The final modified point-mass trajectories we will do for this 
chapter are for the 120mm mortar shell, fired at Charge 0, and quad- 
rant elevation angles of 45 degrees, 65 degrees, and 85 degrees, 
The results of 6-DOF calculations for the same cases were shown 
earlier in this chapter, as Figures 9.21, 9.22, and 9.23, respectively, 
For the non-spinning 120mm mortar projectile, the total yaw of 
repose, la al ‚ is actually equivalent tod, , since the shell's angular 
motion is totally confined to the vertical plane, hence is a pure pitch- 
ing motion. 

Figure 9.29 illustrates the modified point-mass estimate of the 
“pitch of repose” for the 120mm mortar shell, at quadrant elevation 
angles of 65 degrees and 85 degrees. (No plot of the 45 degree 
elevation case is included, because the peak value of la xl at the 
apogee of this trajectory is less than 0.6 degree). At 65 degrees QE, 
the peak la rl at the summit is approximately 2.4 degrees, which 
compares very well with the 6-DOF result, plotted in Figure 9.22. 

The situation changes dramatically for the 85 degree quadrant 
elevation case, as the solid curve of Figure 9.29 shows. The peak 
value of la М ‚ Which occurs at the summit (about 10.4 seconds into 
the flight) of this extremely high angle trajectory, is approximately 
47 degrees! It is instructive to compare this plot with the 6-DOF 
motion for the same case, shown earlier as Figure 9.23. The first 
large up-swing in the 6-DOF plot, which begins at about 8 seconds 


Modified Point-Mass, Yaw of Repose 
(120mm Mortar Projectile, Charge 0) 


QE = 85 Deg. 
一 一 一 一 QE = 65 Deg. 


10 15 


Time (Seconds) 


Figure 9.29 Yaw of Repose versus Time, for Charge 0. 
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of flight and ends at apogee, is due to the rapid growth of the yaw 
of repose. The yaw (actually pitch) of repose grows to its peak value, 
then falls off very quickly; it has virtually disappeared after 14 sec- 
onds of flight. 

The 6-DOF calculation for the 85 degree QE case, plotted in 
Figure 9.23, shows a large amplitude pitching motion that is ini- 
tially induced by the rapid upward surge in the yaw of repose near 
apogee, then damps slowly as the finned mortar shell begins the 
downleg of its trajectory. This oscillatory motion cannot be pre- 


dicted by the modified point-mass model, because it assumes a 
steady-state solution in the first place. However, the modified point- 
mass method (Figure 9.29) does correctly capture the large value 
of la «| at the apogee of the 85 degree QE trajectory, which permits 
it to calculate part of the induced drag due to the summital angle of 
attack. The range and time of flight to impact agree very closely 
between the two methods, which verifies that the modified point- 
mass model is also useful for the calculation of trajectories for non- 
spinning, or slowly rolling, finned mortar shell. 


APPENDIX A 
Tabulated Aerodynamic Characteristics of the .308,” 168 Grain Sierra International Bullet 
(BRL Aeroballistic Nomenclature) 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 7.82 тт ) 


Mach No. Cp, Mach No. C Dy Mach No. 
0 140 0 2.9 0 
8 140 95 2.9 5 
55 142 1.0 3.0 8 
90 .160 1.05 3.1 85 
95 2% 11 3.6 .90 
1.00 .430 12 6.5 95 
1.05 449 14 7.6 1.00 
11 A41 1.6 13 1.05 
12 434 1.8 6.8 14 
14 410 2.0 6.1 12 
16 385 22 54 14 
18 365 2.5 44 1.6 
20 .350 1.8 
22 339 2.0 
25 .320 2.2 
2.5 

Mach Мо. См, Mach No. (Cu, + Cu, ) 
0 43 0 12 
95 -43 1.05 12 
10 -435 11 0.5 
1.05 44 12 -3.6 
25 44 14 -7.3 

1.6 -8.2 

2.5 -8.2 


Contour Sketch of the 308,” 168 Grain 
Sierra International Bullet. 


С, Mach No. C, MachNo. См. 
-0150 0 175 0 3.05 
-0125 .5 163 .5 3.26 
-.0108 .8 145 8 3.38 
-0107 85 140 85 3.40 
-0105 90 1.35 .90 3.43 
-0103 95 1.30 .95 3.45 
-.0100 10 135 10 3.24 
-.0099 1.05 155 105 3.17 
-0098 11 170 11 3.15 
-.0095 1.2 190 12 3.12 
-.0088 1.4 2.15 14 3.06 
-0083 1.6 232 16 2.98 
-0080 18 245 1.8 2.88 
-.0075 20 258 20 2.79 
-0073 22 268 22 2.69 
-.0068 2.5 285 25 2.56 
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Mach No. 


Mach No. 


0 
875 
925 
.965 
.990 
1.025 
1.085 
1.19 
1.35 
1.80 
2.0 
2.5 


о2(рев?) 


0 
29.2 
400 
0 
29.2 
400 
0 
18.4 
400 
0 
9.9 
400 
0 
5.6 
400 
0 
5.6 
400 
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Notes: 
For small values of pitch and yaw, С, ~ 4 а? + В? » the total angle of 
attack. 


The drag force and pitching moment coefficients vary with the total an 
of attack, according to the following equations: 


+42 
Cp = Cp, + С, sin’ a, 


:-2 
См, = См, + Су, біп а, 


gle 


For the .308,” 168 Grain Sierra International bullet, note that the spin damp- 
ing moment coefficient, С, ‚ the lift force coefficient, С Ly? and the pitch 
damping moment coefficient, (2% +С, SE do not vary with total angle 
of attack. 


APPENDIX B 


Tabulated Aerodynamic Characteristics of the 105mm, M1 Projectile 


Mach No. 


0 
.88 
97 
.99 
1.15 
1.25 
1.3 
2.5 


Ср 


42 
3.2 
32 
6.3 
40 
5.0 
5.4 
5.5 
5.5 


(BRL Aeroballistic Nomenclature) 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 104.8 mm) 


Contour Sketch of the 105mm, HE, М1 
Projectile. 


Mach No. С, Mach No. C Ж Mach No. Cr 
0 -.0178 0 1.63 0 0.1 
.43 -.0149 4 1.63 2 0.1 
70 -.0135 Л 1.41 6 3.5 
.91 -.0126 .89 1.22 .8 6.6 
1.4 -.0110 .99 1.73 .985 9.2 
1.75 -.0101 1.09 1.57 1.09 8.8 
2.1 -.0094 1.5 1.97 1.3 12.0 
2.5 -.0087 2.0 2.25 1.5 13.7 

2.5 2.50 2.0 16.0 
2.5 17.0 
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Mach No. Cun Mach No. Cu, Mach No. (cy, +С ) Mach No. a?(Deg.”) С м, 
0 3.55 0 -2.9 0 -3.15 0 0 10 
A6 355 4 290009 -3.15 0 403.6 .173 
“1 3.76 45 -3.1 1.15 -9.1 0 630.2 .345 
78 3.92 .65 -4.4 1.55 -9.5 0 1316 2.35 
7] 396 .78 -345 е 22 0 .10 
925 485 885 -178 Мас Мо. a@7(Deg”) С, 22 403.6 173 
ra 40 .98 -3.0 22 630.2 345 
109 3.83 1075 -2.1 0 0 -34 22 1316 2.35 
1.5 3.75 1.25 -3.325 0 632 -.91 .31 0 10 
2.5 3.75 1.5 -4.45 0 908 -1.42 .31 410.8 133 

2.0 -4.6 0 1316 -2.63 31 637.7 471 
2.5 -4.6 22 0 -.34 .31 915.9 1.276 
22 632 -.91 31 1316 2.35 
22 908 -1.42 48 0 -.46 
22 1316 -2.63 .48 21.5 08 
31 0 -.125 .48 375.2 022 
31 214 -.465 48 1316 94 
31 364.5 -.503 81 0 -.46 
31 638 -1.015 .81 27.5 08 
31 1316 -2.92 81 375.2 022 
48 0 -.34 81 1316 94 
48 348.5 -.591 87 0 4175 
48 1316 -2.45 .87 315.3 053 
999 0 -.34 .87 743.9 285 
999 348.5 -.591 92 0 4175 
999 1316 -2.45 92 315.3 053 
1.001 0 -.36 92 743.9 285 
1.001 706 -1.68 .96 3747 
1.55 0 -.36 96 322.2 05 
1.55 706 -1.68 96 1316 665 
995 0 3747 
995 322.2 05 
995 1316 665 
1.02 0 20 
1.02 375.2 301 
11 0 20 
1.1 375.2 301 
1.21 0 193 
1.21 403.6 50 
1.21 705.7 445 
1.28 0 193 
1.28 403.6 50 
1.28 705.7 445 
1.46 0 215 
1.46 410.8 495 
1,55 0 215 
1.55 410.8 495 
Notes: 


For small values of pitch and yaw, Œ, = + а? + В, the total angle of attack 


The drag force, lift force, and pitching moment coefficients vary with the total angle of attack 
according to the following equations: 


= 542 
Ge Cp, + Co, sn æ, 
C, = Сы + Сы sin’ о, 
Cy, = May 十 Ch sin’ a, 


For the 105mm, HE, M1 am 
projectile, note that the spin damping moment coefficient, С, , and the pitch d (cy, һа 
ПОЇ vary with total angle of attack. ak ly ш ping moment coefficient, (См, + Cj, do 


rape SS ны ш ыз a ша сш шш ы. сз. ECCE NE RR 
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APPENDIX C 
Tabulated Aerodynamic Characteristics of the 120mm Mortar Projectile 
(BRL Aeroballistic Nomenclature) 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 119.56 mm) 


Mach No. Co, Mach No Cy, Mach No. 
6 

0 119 0 2.32 0 
Л 119 4 2.44 6 
85 120 .0 2.66 .8 
.87 122 7 2.87 .9 
.90 .126 15 3.01 95 
93 148 85 3.55 
95 182 .90 4.03 

.95 5.20 
Mach Мо. May Mach No. (Cu, +С, ТА Mach No. (Cu, + Cu, |, Notes: 
0 -15.1 0 -22.0 0 
.45 -15.1 .8 -21.1 5 
6 -12.7 85 -21.9 6 
.7 -8.5 .9 -24.2 
‚75 -4.5 .92 -26.8 8 
8 1.5 ‚95 -31.5 85 
85 13.9 .9 
.90 30.2 95 
95 59.9 
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Contour Sketch of the 120mm Mor- 
tar Projectile 


С, Lag Mach Мо. Су, Mach No. Cu, 

1.75 0 14.8 0 -.02 

1.95 5 14.8 .4 -1.02 

2.02 .6 4.5 6 -1.62 

2.06 .63 1.4 .8 ` -2.41 

2.08 .7 0.4 .9 -2.72 
.8 8.8 .92 -2.15 
9 28.3 95 -2.71 
‚95 40.0 


[. .g 
а, AO +B the total 


For small values of pitch and yaw, 


46 angle of attack 
-86 The drag force, lift force, pitching moment, and pitch damping 
144 moment coefficients vary with the tota] angle of attack accord- 
= ing to ће following equations: 
-259 C 2-2 
-357 р = Co, + Сы, sin a, 
-468 = 2 
745 C, = Cr + С, зїп а, 
Cu, = С, + См, Sin’ or, 
Cu, +С, =( ) +( | sin? 
м, * Cu, =\См, + Cy, се Cu, + См, ; t 


For the non-rolling 120mm Mortar projectile, all the aerody- 
namic coefficients vary with total angle of attack. 
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10 


Linearized Pitching апа Yawing Motion of 
Rotationally Symmetric Projectiles 


10.1 INTRODUCTION 

In Chapter 9, the six-degrees-of-freedom trajectory model was pre- 
sented and discussed. It was noted there that if the aerodynamic 
forces and moments and the initial conditions are accurately known, 
an essentially exact calculation of the projectile's pitching and yaw- 
ing motion is readily obtained by numerical methods. A linearized 
analysis of the same problem implies an approximate solution, and 
the reader might well ask why anyone would want an approximate 
result when a nearly exact numerical solution is available. 

The great value of a linearized solution lies in the fact that it 
gives an analytical result, as opposed to a table of numbers. Sup- 
pose you ran a 6-DOF trajectory for a new artillery shell, using 
accurately known aerodynamic and initial condition data, and dis- 
covered that the pitching and yawing motion grew to enormous 
size at long range. (Of course, you would want to fire the shell in 
the field, and verify that the calculations are correct!). Given only 
the table of numbers produced by the six-degrees-of-freedom cal- 
culations, could you identify the particular aerodynamic forces or 
moments that would be the most likely cause of the problem? With- 
out an analytical solution that tells you which physical and aerody- 
namic parameters affect the gyroscopic and dynamic stability, you 
would have no idea where to start. 

In this chapter, the projectile is assumed to be a rigid (non- 
flexible) body. It is further assumed to be either a body of revolu- 
tion whose spin axis coincides with a principal axis of inertia, or a 
finned missile with three or more identical fins, spaced symmetri- 
cally around the circumference of a body of revolution. The 
aeroballistician describes such a missile as having "at least trigonal 
symmetry." The projectile may be either spin-or fin-stabilized, but 
it is assumed to fly at small yaw along a flat-fire trajectory, with no 
wind, 


10.2 EQUATIONS OF MOTION FOR THE LINEARIZED 
PROBLEM 

The vector differential equations of motion we will use are abbre- 
Viated versions of equations (9,1) and (9.2) from the previous chap- 
ter. We will drop all rocket forces and moments from consideration, 
and will neglect the small Coriolis effect, in comparison with the 


acceleration due to gravity. Our simplified vector differential equa- 
tions of motion are: 


Н т (10.1) 
dt 
ан _ УМ (10.2) 
dt 


where m = projectile mass 


V - vector velocity with respect to the ground-fixed 
coordinate axes 


t = time 


XF = vector sum of all the significant aerodynamic 
forces 


g = acceleration due to gravity 


Н = total vector angular momentum of the projec- 
tile 


2M = vector sum of all the significant aerodynamic 
moments (referenced to the center of mass) 


In addition to the ground-fixed [X,Y,Z] coordinate system, with 
its | Z, J, К | triad of unit vectors (see Figure 10.1), we will also need 
anon-rolling coordinate system that is attached to, and moving with, 
the projectile's center of mass. This new coordinate system is a triad 
of orthogonal unit vectors, |, ў, | ‚ where the unit vector i moves 
so that it is always tangent to the trajectory. The perpendicular unit 
vector k initially lies in the horizontal plane, and points to the right, 
if the observer is standing behind the gun, and looking downrange. 
(Later in this chapter, we will verify that ve PA] coordinate 
system is non-rolling, and show that the departure of the vector 

k from the horizontal plane is very small). The third orthogonal 
unit vector is defined as j = k x i . For a flat-fire trajectory, j is 
a unit vector directed essentially upward. 

Since j is a unit vector in the direction of V, we may write: 


(10.3) 
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Figure 10.1 Ground-Fixed and Non-Rolling Coordinate System. 


Figure 10.2 Non-Rolling and 
Body-Fixed Coordinate Systems 
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We next define the unit vector X along the projectile's axis of 
rotational symmetry (see Figure 10.2). By definition, the axis of 
rotational symmetry is a principal axis of inertia. Since we have 
assumed both rigidity and rotational symmetry, every transverse 
axis that passes through the center of mass, and is perpendicular to 
the axis of symmetry, is a principal axis of inertia. Given these as- 
sumptions, the total projectile vector angular momentum may be 
expressed as the sum of two vectors: (1) the angular momentum 
about X, and (2) the angular momentum about any axis perpendicu- 
lar to X , and passing through the projectile's center of mass. 

The angular momentum about x has the magnitude I,p , 
where J, is the projectile's axial moment of inertia (moment of 
inertia about the spin axis), and p is the axial spin, in radians per 
second. Thus the first component of the angular momentum is 

I px ,wherea positive axial spin, p, is clockwise, to an observer 
behind the gun, and looking downrange. 

The total vector angular velocity about any perpendicular axis 
is given by the vector cross product (x x а/а). Thus Ше second 
component of the angular momentum is J, (x x dx/dt), where J, is 
the projectile's transverse moment of inertia about any axis perpen- 
dicular to X, and passing through the center of mass. The total рго- 
jectile vector angular momentum is therefore given by the sum of 


the two parts: 


трат (хх E 
Н=1рх+ D x a) (10.4) 
In this chapter, we will retain only the most significant aerody- 
namic forces and moments that act on spin-stabilized and fin-stabi- 
lized projectiles. A significant force or moment is defined as one 
that produces a measurable effect on the flight. Fifty years of aer- 
oballistic research in wind tunnels and spark photography ranges 
has taught us that certain aerodynamic forces and moments have 
significant effects on the flight of projectiles, and others do not. 
The aerodynamic forces and moments that are important for pro- 
jectiles are listed below (see chapter 2 for a more detailed discus- 

sion of the forces and moments): 


Drag Force = -5 pSC,VV - -; pSC,V7i (10.5) 
" = 1 — m = 1 217 一 Ж 

Lift Force = > psc, |? x (x 9) = 3 PSC, V [i «(екі ) (10.6) 

Spin Damping Moment = ; psav (dc X (10.7) 

Rolling Moment = 5рба V?ó rC% (ога finned missile with 


canted fins) (10.8) 
Overturning Moment = 


2 PSACy, V(V x x) = 5 PSdCy, үңіх3) ao» 


Magnus Moment = 5 sav( 24 Cy ale Ж (ў ^ х) 


2 ; sav (Ah, [ x (i x 3) (10.10) 


Pitch Damping Moment = 


di 


1 [zx Æ) 41 psa? (2x) (x 4) 10.11 
5 9d Cu, V х) 7 pSd UE ЕР ( ) 


where 


V =vector velocity of the projectile with respect to 
the earth-fixed coordinate system (also the vec- 
tor velocity with respect to air, since we have as- 
sumed there is no wind) 

i = V/|V] , a unit vector in the direction of V 


X =a unit vector along the projectile's rotational 
axis of symmetry 


t- time 
p= projectile axial spin (radians/second) 
p = air density 
d- projectile reference diameter 


S= projectile reference area (usually taken as 
5-л47/4) 


m= projectile mass 
I, = projectile axial moment of inertia 


I = projectile transverse moment of inertia, about 
any axis through the center of mass 


Co= drag force coefficient 
C, = lift force coefficient 
C, = spin damping moment coefficient 
C, = rolling moment due to fin cant 
б, = fin cant angle (radians) 
С. = pitching (or overturning) moment coefficient 
Cy,, = Magnus moment coefficient 


Cy, = pitch damping moment coefficient due to trans- 
verse angular velocity, 4 


С, M, = pitch damping moment coefficient due to rate 
of change of angle of attack, & 
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.. Referring to Figure 10.1, the angle ф between the unit vector 

i|, which is always tangent to the trajectory, and the unit vector 

I ,is the local inclination of the trajectory, relative to the hori- 
zontal plane tangent to the earth's surface at the firing point. The 
vector K is defined to lie in the horizontal plane, and we will show 
later in this chapter that the departure of k from the horizontal is 
very small. Thus the angle between the unit vectors k and К, 
is the local azimuth of the trajectory relative to the 7 , or down- 
range direction. We will need the Eulerian angular, or rotational 


relationships between the i,jk| and the [7 J,K | coordinate 

Systems Several times in thls chapter: 

i = cos фсо$ ӨЇ + sin фсов Ө] + ѕіпӨК (10.12) 

j =-singl + cosdJ (10.13) 

k = - cos фвіп 0l -sin фвіп ӨЈ +cosOK (10.14) 
Тһе inverse transformations аге: 

I -совфсовбі -віпф) - созфвіп ӨК (10.15) 

J =sin фсовбі + cos dj —singsin Ok (10.16) 

К =sin6i + cos6k (10.17) 


At this point, a subtle distinction must be made between the 
capital [7 _J,K | and the lower-case |i,j,k| coordinate systems. 
We note that the [1 J .K] coordinate system is attached to the 
surface of the earth at the firing site, and if the proper Coriolis and 
centripetal terms are added to the vector differential equations of 
motion [see equations (9.8), (9.9) and (9.18) of the previous chap- 
ter], the ! ,J,K| system becomes close enough to a Newtonian 
(inertial) frame of reference for all practical purposes. For the nu- 
merical solution of the six-degrees-of-freedom equations, the vec- 
tors V and X were both specified in this inertial reference frame. 
However, in this chapter, we will specify the vector X relative to 
the |i,j.k| coordinate system, which moves with the projectile 
center of mass, so that the vector i is always tangent to the local 
flight path. Thus ШІ the coordinate System is rotating with 
respect to a Newtonian frame of reference, and when we differenti- 
ate either X or Н ina rotating coordinate system, we must use the 
rule (Ref. 1) from classical mechanics: 


Ei 220 EO (10.18) 
(NIS) 


dt dt 


where Q can be any vector quantity, and @ is the vector angular 
velocity of the rotating coordinate system relative to inertial space. 
The time derivative on the right-hand side of equation (10.18) is 
the value relative to moving coordinates, and the left-hand side [(N/ 
S) subscript], is the time derivative with respect to a fixed, or 
Newtonian Space. 


The vectors V, i , and g have all been specified in the earth- 
fixed coordinate system, and they must now be expressed in the 
body-fixed, nonrolling E ,j.k | coordinates. With the help of equa- 
tion (10.16), the vector acceleration due to gravity becomes: 


£--8 = -g(sin фсовбі + cosj —sin фѕіп ok) (10.19) 


But the elevation angle and the azimuth angle are both very 
small for flat-fire trajectories, and equation (10.19) reduces to: 

8 ~ -gcosġj (10.20) 

Substituting equations (10.3), (10.5), (10.6) and (10.20) into 

equation (10.1), and dividing both sides by the projectile mass, m: 

аў di _ -PSC,V? =, PSC, V? 
2m 


—=Vi+V 


di a В х (Xx i) - gcosj 


m (10.21) 


We now take the dot product of the unit vector i with both 
sides of equation (10.21): 


SED y2 (10.22) 


Substituting equation (10.22) into equation (10.21), and divid- 
ing both sides by V: 


di pen vii x(Xx nj- £595 
dt 2m V 

Following C. H. Murphy (Ref. 2), we will adopt the “starred 
convention” for aerodynamic coefficients for the remainder of this 
chapter. [Note: the star (an asterisk) is appended as a superscript to 
the symbol for each coefficient. Some of the stars appear quite small, 
and unfortunately the word processor used to type this text does not 
allow the use of a larger star]. 

The definition of a starred coefficient is the product of the co- 
efficient and the dimensionless quantity, (054/2т). The starred 
coefficients for drag and lift become: 


. psd 


(10.23) 


С, T Съ ‚апа С, 一 psd 2 (10.24) 
т а 2т а 

Equations (10.22) and (10.23) may now be written in the form: 

y- -c;(=) y (10.25) 
d 

di (VY. ==] &созф- 
— =C, |—-|[x-(i*X)i|-9——j 10.26) 
de us | 2i G xi] V j ( 


If the independent variable is changed from time to dimen- 
sionless arclength, the equations that determine the pitching ай 
yawing motion become independent of the size of the project!® 
which turns out to be very convenient in the analysis of free-flight 
range data. A large artillery shell will then have the same period of 
yaw, measured in calibers of travel, as a smaller scale model. We 
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now change the independent variable from time to dimensionless 


arclength, 5, measured in calibers of travel: 
(10.27) 
(10.28) 
wee [У (a) (10.29) 


For the remainder of this chapter, a prime ( ^) or double prime 
(") superscript will denote a first or second derivative with respect 
to dimensionless arclength, s. (Note that for a flat-fire trajectory, 
arclength s is insignificantly different from downrange distance, in 
calibers, along the X-axis). 
We now substitute equation (10.28) into equation (10.25): 


G= 545050 


(10.30) 


Let (10.31) 


Equation (10.31) is now substituted into equation (10.26), апа (V/ 
d) is factored ош: 


а (Nc, [#-@+ ®ї]-О]} (40.32) 


d 


The vector angular velocity of the moving [2,7 ads k] coordinate 


= 一 一 


system, relative to the Newtonian |7,J,K| frame of reference, is 


given by: 
di (V 
«d (pe. G x X)- Gk] 


The vectors X and H may now be differentiated, using equa- 


(10.33) 


tion (10.18): 
Fi -Z бух (10.34) 
El н (10.35) 
dt |u at 


Substituting equation (10.34) into equation (10.4), we find: 
A=1,pi+1 [® х z) +1[8-(@* | 0.36) 


We now use equation (10.35) to differentiate equation (10.36): 


dH р 22 А 
| Cu*9xHelLpxeLp 4.1), гаа 
(N/S) dt dt 


-1 (29, -\- -. dX T ЖЕЛГЕ: 
dri 21,6 +S e px -1 (G+ Hx) 
(10.37) 


The vector differential equation describing the projectile's an- 
gular momentum is now obtained by setting equation (10. 37) equal 
to the sum of all the significant aerodynamic moments: 

do 


dx ax 
— +I 了 — -I 
1,px+1,p— + {x d? A » dr | at 


аё № сас! 
А ә 


+1,р(@хх)- 1,00 • esed P, 无 十 一 1 psdv 26 rC, 


+ pSdCy У? хх) += 1 руу (Eo, [; -G * s] 


m umi 
dt dt 


We now take the vector dot product of X with both sides of 
equation (10.38), which allows us to uncouple the roll equation 
from the equations for the pitching and yawing motion: 


2 p5aV^8, G; 


1 


十 二 рѕаС, КЕ х E + = pSd! C, Ух (10.38) 


(10.39) 


x 


1b == psav*( Pac, + 


Dividing both sides of equation (10.39) by the axial moment 
of inertia, we obtain: 


(10.40) 


[ЖЫ С, B pi 
2m ^" ^ 2m * 
Equation (10.40) is the differential equation of rolling motion. 
We will proceed with the derivation of the differential equation of 
pitching and yawing motion, and will return to the spin, or roll 
equation, later in this chapter. . 
We now substitute equation (10.40) into equation (10.38), di- 
vide both sides by 1, and collect terms: 


-2 
where, А, = ‚ С, 


|. do 
°х)(охх)+-— 
( ) di 


了 


Gre entm wre, [ida] 


У\,›,. [- ғ: V\ ozm |- [хо di 
{кс я х z) + МИЙ Е х B - = 中 (10.41) 
* Sd ж ж 
where, С,, Cu Cy - 2с, „Си _ 054 M, 
. _ pSd ә mÈ ,, md? 
А ш Чек 
МЕЛ (24 (10.42) 
(,ЛУ 


We will now define the components of the vector X , in the 
rotating |;,j.k| coordinate system: 


lar ea gs = чы. „ 
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X = cosa cos fi + ѕіпо сов Bj + sin Bk (10.43) 

Note that the above definition does not assume small yaw; equa- 
tion (10.43) is valid for large as well as small pitch and yaw angles. 
However, this chapter does assume small yaw, and we will there- 
fore adopt the following small angle approximations to equation 


(10.43): 
¥=yi +aj + Вк, (10.44) 
where y = соѕасоѕВ =1:a = 5іпа соѕ В esina : В = ѕіп В 


We will also need the following definitions and арргохіта- 
tions: 


a yi + Gj + ВЕ (10.45) 
dt 

dx dy- da- dB. 

Sie Е 一 一 天 10.4 
d? а? ар “ай кш 


Хх = = (ов 一 ва) + (ву - 8) + (yc -ау )к (10.47) 


dà ( dB do (dy df 
Xx—--|a—--B-—-|i-B|—--y-—-|j (10.48 
Хх? (a dr? В ай ji | аё! ae y eem 
4,98 а); 
а? dt? 

i xX--plj + ak (10.49) 

_ (VY > 

à- (с. Éj + (Ci a-G)k] (10.50) 

0%Х- -(%) GB (10.51) 


ave (“Есе *C; o? -Gali + y[Ci «-6]] + 1c; pk) 
d (10.52) 


We will neglect terms involving the products of starred coeffi- 
cients with the squares of pitch and yaw angles, in comparison with 
first order terms. [Note: this will be discussed in more detail later in 
this section]. Dropping the small second order terms, equation 
(10.52) becomes: 


Oxx= us 十 (Ci, а- суі * yG;, pk | (10.53) 


In obtaining the time derivative of @ , we will also neglect the 
term Gin comparison with G: 


d @ V * "t M 
e» Ус, [-B + ax] T 
The scalar quantity (аз, ex ) also vanishes under the same 
size assumptions used in obtaining equation (10.53). 
The final quantity we need to calculate is: 


Xx—- МЕ = (Cz, В ш оу) Ж YC; ok] (10.55) 


Substituting equation (10.42), and equations (10.44) through 
(10.55) into equation (10.41), we obtain three scalar ordinary sec» 
ond-order differential equations (one equation for each of the three 
unit vectors). These equations are transformed into new equations 
with non-dimensional distance, s, as the independent variable, in- 
stead of time. The transformation equations are: 


«(96-и 
ОСА 


(10.57) 


(10.56) 


The three ordinary, second-order differential equations that 
describe the linearized pitching and yawing motion of the projec- 
tile are given below: . 

Еог Ше i-component: 


(8&' - СВ)о - (a - Соо) + (Р +2GP)y' + (Р + GB)Ga = 
k^ PC, 。 (1 - y) 十 bc, (ap - Ва’) + КС, (aB' - 2 


For the j-component: 
("-Сыв-(в-сыв)у«(Р + 2GB)o 
+y(P + GB(C; a - G)-C; B'- -k/C, B- К?РС, Ya 
ас, (Ву —Y8) + 6С, By -Y8 + Y( CL B- GJ 


(10.59) 
For the k-component: 


(o" - Со) - (y" - Coy’ or + (P +2СВ)8' 
*Y(P + GB)C;, B C; a' = КС a-k? PCa 10 
+ 好 Cu (yo ay’) + 2С (ж -ау- yC a) 
(10.60) 
The above three formidable differential equations will now be 
considerably simplified, by means of the small yaw assumption 


and the classical size assumptions of exterior ballistics, The 
yaw assumption will be discussed first. 
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The term y is of order of cos , where 6 is defined here as 
T, В anda, f and 6 are all of the order of [10 '] for small yaw. 

4 ding со5б іп series gives y -1-l58* then y’ ~ óó' 
Expanding COSO, Nord ab 
н 6'? — 66". Thus when we write Y = 1 we are neglecting 
a term of order of ó?in comparison with unity. We will now make 
the small yaw approximation,y = 1. Products of a orf with y 'and 
" gre of order of Ó '8? and (86 - 6"6") respectively, and are 
negligible in comparison with terms of order of 6 . Following the 
above argument we will also neglect products and squares оғо and 
,and products with their derivatives, in comparison with a or £. 

The classical size assumptions are based on the fact that the 
relative density factor, (pSd/2m)is of order of [105], and since the 
largest aerodynamic coefficients themselves are of order of [107], 
all starred coefficients are of order of [10°], and may therefore be 
neglected in comparison with unity. Products and squares of starred 
coefficients may also be neglected in comparison with a starred 
coefficient alone. Note that the term G in equations (10.58) through 
(10.60) is of the order of a starred coefficient. However, the term P 
can be of order of [10°] for very high axial spin rates, thus the 
product of P with a starred coefficient will be retained. (We also 
note that the above classical size assumptions do not apply to tor- 
pedoes in water, or dirigibles in air). 

Application of the small yaw assumption and the classical size 
assumptions to the above three differential equations show that equa- 
tion (10.58), for the i-component of the motion, vanishes entirely. 
Many small terms vanish in equations (10.59) and (10.60), and we 
are left with two differential equations that are considerably sim- 
pler: 


-f' - C)B' + Pa' - PG + PC; a - C; B'--k/C,, B 


PC, a- С, +С, jp (10.61) 
a' -Cya' « РВ'+ PC; В+ С; а = КС, а 
“KPC, В+ к (Су, +С, e (10.62) 


Note that the pitch damping moment due to angular velocity, 
q, and the pitch damping moment due to rate of change of angle of 
attack, & , which started out as two independent quantities, end up 
in combination for small yaw and flat-fire trajectories. This means 
thatthe two coefficients are inseparable in free flight ballistic ranges, 
and are therefore usually expressed as the pitch damping moment 
coefficient sum, Cy, + Cy, J. [See section 2.10 of Chapter 2]. 

We now introduce complex variables into our linearized equa- 
tions of pitching and yawing motion. Complex notation is not only 
mathematically convenient; it also takes advantage of the rotational 
Symmetry we have assumed for the projectile. We will now multi- 
ply both sides of equation (10.61) by the quantity 一 = -У-1 . 
[Note that the complex number і--/-1 is unrelated to the unit 
Vector į we have used throughout this chapter]. The product of -i 
and equation (10.61) is: 


ip" -iC;B' - iPa' + iPG - iPC; a + iC; B' = ik,’ C, p 

Hk? PC a+ ik (Cy, + Cy, 2 (10.63) 
Equations (10.62) and (10.63) are now added: 

(a" ig") - C; (a' + iB)  P(B' - ia") + PC; (B - io) 

+С; (a' ip) -iPG = k, ^C, (a + iB) - КРС, (8-іс) 

ek" (C. Cy, (о e ig) (10.64) 


The lower case Greek symbol, E [written in English as (xi)], is 
now introduced to denote the complex yaw. Our definition of 5 and 
its derivatives are given below: 


Let£2 a * if : then £' = а “ІР” ,ana 5" =a" « ip" 
Also, -i€ = В —ia , and -i§' = B' —ia' 


Substituting the above definitions into equation (10.64), we 
obtain: 
Е" -C;E' -iPE' -iPC; E« C; E eiPG = ^C, E 


+ik PC, Ek" (C, + Cu, JE (10.65) 


Collecting coefficients of 5 and its derivatives, we find: 


E" + (H - iP)£' -(M +іРТ)Е = -iPG (10.66) 


where Н = Ci. -Co - k (Ch, + Chu.) 


au 
AV 
M =k; Cu。 


T«C *E'C,. 
g = 825580 
and É-a «if 


Note that the author's definition of & = € +18 differs from 
Murphy's (Ref. 2) definition, § = В + ia . Both definitions are 
classical, but the reasons for the difference need to be explained. 

Murphy's definition follows Kelley and McShane (Ref. 4 and 
7) and is usually preferred by mathematicians. If the observer is 
initially positioned behind the gun and is looking downrange, the 

@ axis is positive upwards, the f axis is positive when pointing 
to the left, and the two epicyclic pitch and yaw arms rotate clock- 
wise for standard right-hand twist of rifling. 

The observer now moves downrange, and looks back toward 
the gun. From this new viewpoint the projectile is flying straight at 
the observer; the О axis remains positive upwards, but the fi axis is 
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now positive when pointing to the right, and the two epicyclic arms 
rotate counterclockwise for right-hand twist. If we define the axis 
(now pointing to the right) as the real axis, and the upward-directed 

О: axis as the imaginary axis, the representation of any complex 
number follows the classical mathematical definition found in any 
textbook on complex variable. In addition, multiplication of any 
vector (complex number) by 6” rotates the vector by an angle 0, 
and the direction of rotation is from the real axis toward the imagi- 
nary axis, which is counterclockwise for Murphy's coordinate sys- 
tem. 

The author's definition of Ё = 2 +18 was first chosen by 
Fowler et al., and was adopted by R. H. Kent (Ref. 3). This defini- 
tion is usually preferred by gunners and engineers. The gunner- 
observer looks downrange from a position located just behind the 
gun. Upward and to the right are always considered as the positive 
directions. Thus it is natural for the gunner to define the a axis as 
positive upward; the fj axis as positive to the right; and the clock- 
wise direction of all rotations as positive, for right-hand twist of 
rifling. But the last definition requires that the upward-pointing 

© axis be chosen as the real axis, and the £ axis (pointing to the 
right) be designated as the imaginary axis, so the axial spin and the 
two clockwise epicyclic turning rates will all have positive values 
for right-hand twist. 

Except for the definition of £ , equation (10.66) is equivalent 
to Murphy's equation (6.12), in Reference 2. The only other differ- 
ence is the inhomogeneous term on the right hand side. Murphy's 
inhomogeneous term is real, whereas the author's corresponding 
term is imaginary. Also, Murphy includes the axial spin term, P, in 
his definition of the gravity term, G. The author prefers to keep the 
P and the G terms separate [as in equation (10.66)], to highlight the 
effect of spin on the yaw of repose. 

In general, the term P changes slowly along the trajectory. This 
means that equation (10.66) is a linear, second order differential 
equation, with "almost constant" complex coefficients. It describes 
the pitching and yawing motion of spinning and non-spinning pro- 
jectiles, flying at small yaw along flat-fire trajectories. Later in this 
chapter, we will demonstrate the fact that equation (10.66) is, in 
fact, a very good approximation to the actual flight of symmetric 
projectiles. 

Before we solve equation (10.66), and discuss its solution, we 
will briefly return to the differential equations describing the down- 
range velocity and axial spin. After solving these two equations, 
we will return to the pitching and yawing motion described by equa- 
tion (10.66). 


10.3 SOLUTION OF THE DIFFERENTIAL EQUATIONS 
FOR VELOCITY AND SPIN 

The solution of the first order differential equation (10.30) may be 
found in any textbook on ordinary differential equations: 


4 
fc^ 


V = Ме? (10.67) 


where V, is the muzzle velocity. 


For relatively short segments of flat-fire trajectories, the varia- 
tion of the drag coefficient over the flight is small, and we may 
write equation (10.67) in a simpler form with sufficient accuracy; 


Equation (10.68) tells us that the velocity decays exponentially 
with increasing downrange distance. 

The solution of the differential equation (10.40) for spin, or 
roll, is somewhat more difficult. We first define the roll angle, ġ , 
and its derivatives, noting that the roll rate or axial spin, p, is the 
time derivative of the roll angle. (The symbol ф has previously 
been used to denote the local vertical inclination of the trajectory, 
but since these equations are never used together, no confusion 
should result). 


+ (10.68) 


(10.69) 


oS mal De (um 


Substituting equations (10.30), (10.69) and (10.70) into equa- 
tion (10.40), and dividing both sides by (V/d)? : 


9" - K,9' - K, =0 (10.71) 
where К,- с i, +С, | (10.72) 
К, =k,°6,C;, (10.73) 


The solution of this linear, second-order differential equation, 
with "almost constant" coefficients, is also found in elementary text- 
books: 

ф=ф +05 + A(e 5 1) (10.74) 
where Фу») is the steady-state spin, or rolling velocity, measured 
in radians per caliber of travel: 


bias) = К/К, (10.75) 
and А = Шы; _ Pus 7 o (10.76) 
K, K, 


For a spin-stabilized body of revolution, or a finned missile 
with uncanted fins, there is no rolling moment, and K;, is therefore 
zero. For this case, equation (10.74) reduces to: 


ф=ф- ze T 1) (10.77) 
P 


If equation (10.77) is differentiated with respect to non-dimen- 
sional distance, s: 
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ра 


Ga 


For a body of revolution with no fins, K, is usually negative, 
and pa/V (measured in radians per caliber of travel) increases ex- 
pone ntially as the projectile travels downrange. However, the ex- 
ponent К is usually of order -[10*], and the actual increase in pd/V 
is not significant over a short segment of the flat-fire trajectory. For 
а finned projectile with uncanted fins, C, can be of order of -[10], 
and K may then be of order of +[10°]. The axial spin of a finned 
missile with uncanted fins will damp exponentially (and rapidly), 
with increasing downrange distance. 


d\ -k, 
E^ e^ (10.78) 


Vio 


10.4 SIMPLIFIED PITCHING AND YAWING MOTION OF 
ASPINNING PROJECTILE 
The best way to introduce the reader to epicyclic pitching and yaw- 
ing motion is to start with a simplified version of equation (10.66). 
We will neglect all aerodynamic forces, and retain only the largest 
aerodynamic moment (the pitching, or overturning moment) in our 
simplified analysis. Under these assumptions, equation (10.66) re- 
duces to: 

Е"-ІРЕ-МЕ--ІРС (10.79) 

Тһе solution of this simplified differential equation of motion 
will be used to demonstrate the fundamental nature of epicyclic 
pitching and yawing motion, to study the concept of gyroscopic 
stability, and to examine the yaw of repose for flat-fire trajectories, 
without the added complication caused by the presence of other 
aerodynamic forces and moments. Later in this chapter, we will 
return to the solution of the complete differential equation (10.66), 
and will investigate the damping (or undamping) of the epicyclic 
motion, and the related topic of dynamic stability. 

Equation (10.79) is a linear, second-order differential equation 
with complex coefficients, and its solution may be found in stan- 
dard textbooks on ordinary differential equations. The solution of 
equation (10.79) is: 


E=K,e + Koe + iB, 


E=a+iB 


(10.80) 


where 


K, = amplitude of the fast epicyclic yaw mode (or 
arm) 


K, = amplitude of the slow epicyclic yaw mode (or 


Pr, = initial phase angle of the fast epicyclic yaw 
arm 


ps, = initial phase angle of the slow epicyclic yaw 
arm 


фь = Hp + VP? -4M | ,the fast arm turning rate (radians/cali- 
2 Бег) (10.81) 
ф; = Дір -4P -4M | , the slow arm turning rate (radians/cali 
2 ber) (10.82) 


PG : 
Вр =—— , the steady-state yaw of repose (the particular 
solution) (10.83) 


Equation (10.80) shows that the pitching and yawing motion 
of a symmetric projectile consists of two modes, or arms, that ro- 
tate at different angular velocities, or frequencies. Some authors 
refer to the fast mode as "nutation," and the slow mode as "preces- 
sion." As an historical note, Dr. F. W. Mann, in his classical text- 
book The Bullet's Flight from Powder to Target (Ref. 5), refers to 
the fast-arm motion as "oscillation," and to the slow-arm motion as 
"gyration." 

If (P? - 4M) > 0, ће exponents іф, andi, in equation (10.80) 
are pure imaginary, and the fast and slow epicyclic arms therefore 
rotate with angular velocities фр and фу , respectively. Since the 
exponents contain no real parts, the lengths of the fast and slow 
arms, K, and K, , remain fixed; they neither damp nor grow as the 
projectile flies downrange. Equation (10.80) thus provides an ex- 
cellent example of undamped epicyclic pitching and yawing mo- 
tion, illustrated in Figure 10.3 for a rotationally symmetric projec- 
tile with right-hand spin. 

The flight path, or direction of the velocity vector, is repre- 
sented by the intersection of the coordinate axes. The slow arm 
rotates clockwise, tracing out a circular motion whose center lies at 


« (Pitch) 


‘Flight ee 


Figure 10.3 Geometry of Undamped Epicyclic Pitching and Yawing Mo- 
tion, 
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the right end of the yaw of repose, А, The fast arm also rotates 
Clockwise, and it also traces out a circular motion, whose center 
lies at the moving outer end of the rotating K ; агт. The motion of a 
point on a circle, whose center moves along the circumference of 
another circle, is geometrically described as an epicycle, hence the 
name "ерісусіс motion" for the pitching and yawing motion of 
spinning projectiles. (Note that for a left-hand twist of rifling, P 
would be negative; the fast and slow epicyclic arms would both 
rotate counterclockwise, and the yaw of repose would point to the 
left of the trajectory). 

The geometry of undamped epicyclic pitching and yawing 
motion for a spin-stabilized projectile is further illustrated in Fig- 
ure 10.4, for right-hand twist of rifling. This figure shows that the 
complex yaw, Е-а- iD  , traces ош a series of loops, as the 
projectile travels along the trajectory. The initial phase angles, and 
the lengths of the fast and slow epicyclic yaw arms depend on the 
initial conditions, as we will see presently. Either arm can be the 
larger of the two, or they may be the same size. The center of the 
epicyclic pitching and yawing motion lies at the right end of the 
yaw of repose, so that the "average" of the total motion is displaced 
by an amount £, to the right of the flight path. The yaw of repose 
will be discussed in more detail in section 10.6 of this chapter. 

Equations (10.80) through (10.83) show that for a spinning 
finned missile (M « 0), the two epicyclic pitch and yaw arms rotate 
in opposite directions. The fast arm rotates in the direction of spin, 
just as it does for a spin-stabilized projectile. However, the slow 
arm for a finned missile rotates in the opposite direction to that of 
the spin and the fast epicyclic pitch and yaw arm. In addition, the 
yaw of repose for a finner points to the left for right-hand spin. 
These observed flight characteristics highlight some of the inter- 
esting differences between fin-stabilized and spin-stabilized pro- 
jectiles. 


10.5 THE CLASSICAL GYROSCOPIC STABILITY 
CRITERION 
It was noted in the previous section that the quantity (P? - 4M) in 
equations (10.81) and (10.82) must be greater than zero. Consider 
what would occur if this were not true. If (P? - 4M) < 0, its square 
root will be imaginary, and both epicyclic turning rates will have 
imaginary components. If complex values for $, and ф; are substi- 
tuted into equation (10.80), the exponents will have real parts, one 
of which will cause the slow epicyclic yaw arm (K,) to grow expo- 
nentially, without bound. This is the definition of an unstable mo- 
tion, and we are thus led naturally to the concept of gyroscopic 
stability: 
(P -4M)>0 (10.84) 

Classical exterior ballistics defines the gyroscopic stability fac- 

tor, S, , as: 


Р? Гр? 


СБЖ M (10.85) 
€ AM 2p1SdV С, 


Figure 10.4 Pitch versus Yaw for a Typical Spin-Stabilized Projectile. 


Equation (10.85) may be written in another way, by noting [see 
equations (10.81) and (10.82)] that the sum of the epicyclic turning 
rates is equal to P, and the product of the rates is equal to M. We 
may therefore write equation (10.85) in the equivalent form: 


PO (¢ +94) 


4%,0; 


(10.86) 


£ AM 


Spark photography range or yaw card firings provide measure- 
ments of the fast and slow arm turning rates, and equation (10.86) 
illustrates the method used to measure the gyroscopic stability fac- 
tor, from free-flight range firing data. Data reduction techniques 
will be discussed in a later chapter of this book. | 

Eliminating Р? between equation (10.84) and equation 
(10.85): 
4М(5,-1)>0 (1087) 

For a statically unstable (spin stabilized) projectile, M > 0, and 
equation (10.87) reduces to the classical gyroscopic stability crite- 
rion: 

5,>1 (10.88) 

Equation (10.84) is a more general result than equation (10.88), 
because equation (10.84) shows that a statically stable missile (M< 
0), is gyroscopically stable without spin! We state the two general- 
ized gyroscopic stability criteria in Table 10.1: 
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Table 10.1 
Generalized Gyroscopic Stability Criteria 


Projectile Type Gyroscopic Stability Criterion 
& 
Gyroscopically Stable 
Regardless of Spin 


It is also noted here, with some emphasis, that gyroscopic sta- 
bility does not guarantee that a projectile will fly with small yaw. 
For a linear pitching moment, the criterion for gyroscopic stability 
does not depend in any way on the amplitude of the epicyclic mo- 
tion, and conversely. Thus a projectile can fly with an enormous 
pitch and yaw amplitude, and still be gyroscopically stable. Gyro- 
scopic stability merely insures that the projectile will not immedi- 
ately tumble in front of the gun, and that it will exhibit periodic 
pitching and yawing motion as it travels downrange. 


Spin Stabilized (M>0) 


Fin-, Flare-, or 
Mass-Stabilized (<0) 


10.6 THE YAW OF REPOSE FOR SPIN-STABILIZED 
PROJECTILES 

The yaw of repose for spin-stabilized projectiles is given by the 
particular solution of equation (10.79), and it is caused by the inter- 
action of axial spin and the acceleration due to gravity. Gravity 
constantly pulls the trajectory downward, and the projectile's spin 
axis always lags very slightly behind. The result is a tiny overturn- 
ing torque, caused by the pitching moment, that tries to rotate the 
shell's nose upward. But the spin-axis of a gyroscope rotates in the 
direction of the vector applied torque (Ref. 1), thus the nose moves 
slightly to the right for right-hand spin, and conversely. [Note that 
for spinning, statically stable projectiles, such as fin, flare, or mass 
stabilized shell (M « 0), the yaw of repose would point to the left of 
the flight path, for right-hand spin!]. 

Equation (10.83) defined the yaw of repose, 2, , for a spin-sta- 
bilized projectile flying along a flat-fire trajectory. For flat-fire, both 
P and G increase slowly, and therefore the yaw of repose increases, 
as the projectile travels downrange. A good illustration of the very 
small yaw of repose for a modern match-grade rifle bullet was shown 
in Figure 9.7 of the previous chapter. As an example problem using 
the linearized equations, we will calculate the gyroscopic stability 
factor and the yaw of repose for the .308,” 168 Grain Sierra Inter- 
national bullet, fired at a muzzle velocity of 2600 feet/second, from 
a right-hand, 12" twist of rifling, at ranges of 600 yards and 1000 
yards. The standard air density used for the 6-DOF calculations 
was 0.076474 ]b./f&. Values of the moments of inertia were given 


Velocity 
(Ft./Sec.) 


1503 .2500 
1019 3373 


Range 
(Yards) 


600 
1000 


Table 10.2 
Gyroscopic Stability and Yaw of Repose for 168 Grain Sierra Match Bullet 
(pd/V) Cu, P 
(rad./cal.) (rad./cal.) 
3.07 .0336 00008046 
3.42 ‚0453 00008963 


in section 9.5 of the previous chapter, and are re-stated here for 
completeness: І, = 0.000247 1b.-in?; and I, = 0.001838 Ib.-in?, The 
remaining values we will need are listed in the first four columns of 
Table 10.2 (below), and values of P, M, and G are calculated, using 
the definitions following equation (10.66). 

We may now compare the values from the linearized theory 
with the results from 6-DOF calculations. The values obtained for 
the gyroscopic stability factors and the yaw of repose are listed in 
Table 10.3: 


Table 10.3 
Comparisons of Linearized Theory with 6-DOF Calculations 


Range (Yards) 


Eqs. (10.85), (10.83) 
6-DOF 

Eqs. (10.85), (10.83) 
6-DOF 


The agreement between the linearized equations and the six- 
degrees-of-freedom calculations is excellent, for a spin-stabilized 
small arms bullet, along a flat-fire trajectory. 


10.7 INITIAL CONDITIONS FOR SIMPLIFIED 
EPICYCLIC MOTION 

The amplitudes and the initial orientations of the fast and slow epi- 
cyclic yaw arms depend on the initial conditions, i.e., the initial 
yaw and initial yaw rate that exist at the instant the projectile leaves 
the muzzle of the gun. The first step in obtaining the initial condi- 
tions is to neglect the very small yaw of repose in equation (10.80), 
then differentiate the remainder with respect to s: 


E' = id Kye + ig; K e^ (10.89) 
At the muzzle of the gun, s = 0, and we have: 

& = Куе" Қ,” (10.90) 

& -іф Ke ^ + igi Ke (10.91) 


The values § and Ё) are the initial yaw and the initial yaw 
rate (radians/caliber), respectively, at the gun muzzle. The quanti- 
ties 5, and & are physically introduced by projectile dynamic 
unbalance, in-bore yaw, balloting in the gun, sabot discard effects, 
and crosswinds at the muzzle. The causes of initial yaw and yaw 
rate will be discussed in more detail, in a later chapter of this book. 


3.66х107 
7.95х107 
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Equations (10.90) and (10.91) may be solved for the initial 
amplitudes and phase angles of the fast and slow arms, in terms of 
the initial yaw and yaw rate: 


Kec n- Goes (10.92) 
F — Ys 
ЖЫ Ж (iE 十 $E) (10.93) 


$r - 9s 


Most projectiles are launched with very small initial yaw (в, ), 
and the initial yaw rate, 5) , is usually the major cause of the ob- 
served epicyclic pitching and yawing motion. Equations (10.92) 
and (10.93) show that for very small initial yaw, 5, , the fast and 
slow arms are nearly equal in magnitude, and are almost oppositely 
directed. On the other hand, if the projectile is fired sidewise from 
a high speed aircraft, then & would be very small in comparison 
with the large initial yaw, 5, , due to crosswind. For this case, the 
ratio (K, [К г) is proportional to (o; / $1). If the projectile happens 
to be gyroscopically overstable, so that (фр >> $; ), the result is 
one-arm, slow-mode coning motion around the flight path. 


10.8 COMPLETE LINEARIZED PITCHING AND 
YAWING MOTION OF PROJECTILES 

We now return to the solution of equation (10.66), for the complete 
linearized pitching and yawing motion of symmetric projectiles. 
Equation (10.66) is re-stated here for convenience: 


Е" « (H - iP)£' (M * iPT)5 = -iPG (10.66) 
whee H= e -С,- EC * Су.) 


(5069 
ЛУ 

М = 6 Cy, 

Т-С,7% k Cu, 


G = EE 
and Е-а-ірВ 


This differential equation contains all the significant aerody- 
namic forces and moments that affect the pitching and yawing 
motion of a spinning or non-spinning symmetric projectile, and we 
should therefore expect its solution to give a good approximation 
to the complete six-degrees-of-freedom motion, for small yaw am- 
plitudes and flat-fire trajectories. Such is indeed the case, as we 
will demonstrate later in this chapter. 

The solution of equation (10.66) is basically the same as the 
solution of the reduced equation (10.79), but with modified coeffi- 


cients: 


F i 5 7 
E= Куе + Koe” if, (10.94) 


where &=a+if 


Кр= К қ ен , the amplitude of the fast epicyclic yaw mode (or 
arm) 


A 
K; = Куе ® ,the amplitude of the slow epicyclic yaw mode (or 


arm) 

br = br. + Prs 

ф; = Ps, + ss 

Or = initial phase angle of the fast epicyclic yaw arm 
bs, = initial phase angle of the slow epicyclic yaw 

arm 
Bp = _ PG _ (10.95) 
^  M+iPT | 


Ap +1ф, = Ден» iP + [4M + Н? - Р? + 2iP(2T - 可 | (10.96) 
Ay + ib) = E +іР- ЈАМ+ Н? - P? +21Р(2Т - 可 ] (10.97) 


In general, |PT| << |М|, and we observe that the more general 
expression for the yaw of repose [equation (10.95)] is insignifi- 
cantly different from the earlier estimate, stated in equation (10.83). 
The first two terms in equation (10.94) describe the epicyclic pitch- 
ing and yawing motion of the projectile, which is qualitatively simi- 
lar to the motion discussed in section 10.4. Note that the ampli- 
tudes, or lengths, of the fast and slow arms are now multiplied by 
real exponential terms, which tells us that either arm can damp or 
grow exponentially, with increasing distance along the trajectory. 
The resulting motion is called "damped epicyclic motion," if both 

A,and A, are negative, and "undamped epicyclic motion," if ei- 
ther damping exponent, A, or А; , is positive. 

Murphy (Ref. 6) has solved equations (10.96) and (10.97) for 
P, M, H, and PT. We will omit the lengthy algebra involved, and 
will merely state the results: 


Р=фь+ф, (10.98) 
M = $1.65 - АА; (10.99) 
H - 4А, +А,] (10.100) 
PT =-[ф;35 + b5Ap| (10.101) 


Equations (10.98) through (10.101) may be inverted, and solved 
for the epicyclic turning rates, and the damping exponents. ы 
product of the damping exponents in equation (10.99) is neglected, 


LI 
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e it is two orders of magnitude smaller than the product of 


becaus 
the turning rates. 
p= ДІР «P - am| (10.102) 
ф, = Hp Р? – 4M | (10.103) 
joe pete (10.104) 
2 P -4M 
aa _1[к„Р@Т-Н) (10.105) 
2 P?-4M 


10.9 GYROSCOPIC AND DYNAMIC STABILITY OF 
SYMMETRIC PROJECTILES 

Note that equations (10.102) and (10.103) are identical to equa- 
tions (10.81) and (10.82), in section 10.4. This result tells us that 
the epicyclic frequencies, or turning rates, depend only on P and M, 
and are unaffected by any of the other aerodynamic forces and 
moments. The gyroscopic stability criteria for the complete linear- 
ized solution are therefore the same criteria we derived earlier, in 
section 10.5. Equations (10.84) through (10.88), and Table 10.1, of 
section 10.5, accurately describe the gyroscopic stability criteria 
for any spinning or non-spinning symmetric projectile. 

Dynamic stability requires that both damping exponents, Àp and 

A, ,be negative throughout the projectile's flight. If either damp- 
ing exponent becomes (and remains) positive, that yaw mode will 
begin to grow, which is the definition of instability. In practice, one 
of the 人 s can become slightly positive for a short time, then return 
to a negative value, with no significant adverse affect on the flight. 
[Note that it is always undesirable to launch a projectile at a Mach 
number where it is dynamically unstable, because the initial pitch- 
ing and yawing motion can then quickly grow to a large ampli- 
tude]. 

For a non-spinning (or very slowly rolling) statically stable 
missile, M « 0, and P is either zero, or is small enough to be ne- 
glected. Equations (10.104) and (10.105) show that for this case, 
the only requirement for dynamic stability is that H > 0. For finned 
or flare-stabilized missiles, the pitch damping moment coefficient 
sum, (C, +С, |, is usually negative. The lift and drag force 
coefficient are both positive, and C, > C; therefore H is nearly 
always greater than zero, and the dynamic stability is assured. 

For spin-stabilized projectiles, equations (10.104) and (10.105) 
tell us that both damping exponents will be negative if and only if: 


P(2 
1 - PUTEH) >0 (10.106) 


The dynamic des factor, S, , is now defined (Ref. 2) and 
introduced: 


(10.107) 


Substituting equation (10.107) into equation (10.106) leads to 
two inequalities, both of which must be satisfied for dynamic sta- 


bility: 
(10.108) 
2 
Р(5,-1) |, (10.109) 
P -4M 
Solving equation (10.109) for (4M/P?): 
aM 25 25) (10.110) 
Р? 
Substituting equation (10.85) into equation (10.110): 
= < S,(2-S,) (10.111) 


8 


Equations (10.108) and (10.111) are the generalized dynamic 
stability criteria for any spinning or non-spinning Symmetric pro- 
jectile. Nearly all projectiles fall into one of two distinct classes; 
(a) statically stable, non-spinning or slowly rolling missiles, or (b) 
statically unstable projectiles, which must be spin-stabilized. The 
detailed criteria for both classes are listed below. 


Statically Stable Missiles (M < 0) 


(1) A statically stable missile is always gyroscopically stable, re- 
gardless of spin. 


(2) If the dynamic stability factor, S, , lies within the interval (0 < 5 : 
< 2), a statically stable missile is always dynamically stable, re- 
gardless of spin. 


(3) If the dynamic stability factor, S, , is greater than two, or less 
than zero, too much spin will make a statically stable missile be- 
come dynamically unstable! The upper bound on axial spin, for 
dynamic stability, is: 


Р? < Seg) (10.112) 
d d 


=) 


Statically Unstable Projectiles (M > 0) 


(1) Fora statically unstable projectile, gyroscopic stability is a nec- 
essary, but not a sufficient condition for dynamic stability! Stated 
another way, a gyroscopically stable projectile may or may not be 
dynamically stable, but a gyroscopically unstable projectile is al- 
ways dynamically unstable! 
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(2) If the dynamic stability factor, $ „» lies within the interval (0 < S : 
« 2), a statically unstable projectile may always be spin-stabilized. 
The amount of axial spin required for dynamic stability is: 

4M | 


(3) If the dynamic stability factor, S ,: 18 greater than two, or less 
than zero, a statically unstable projectile cannot be made dynami- 
cally stable, with any amount of axial spin! 


(10.113) 


(4) For a statically unstable projectile, a more useful form of equa- 
tion (10.111) is: 


(10.114) 


Figure 10.5 is a plot of equation (10.114), and it illustrates the 
interaction between the gyroscopic and dynamic stability factors, 
for statically unstable, spin-stabilized projectiles. If the dynamic 
stability factor, S, , happens to have a value near unity, e.g. (0.8 « S, 
< 1.2), then S, > 1 is sufficient for dynamic stability, as well as 
gyroscopic stability. However, if the dynamic stability factor, as 
defined in equation (10.107), is equal to 0.5 (or 1.5), the value of S 
would have to be greater than 1.33, to insure dynamic stability. If S, 
equals 0.1 (or 1.9), the projectile would not be dynamically stable 
unless 5, > 5.26! As McShane, Kelley, and Reno point ош in Exte- 
rior Ballistics (Ref. 7), equation (10.114) may be considered as a 


GYROSCOPIC STABILITY FACTOR, 5, 


SLOW ARM LESS STABLE 
рған 


DYNAMIC STABILITY ҒАСТОВ, 5, 


"sharpening" of the classical gyroscopic stability criterion, Instead 
of requiring only that S, > 1, we require that S, be greater than the 
right hand side of equation (10.114), which is, by reason of its form, 
always greater than unity. 

Figure 10.5 shows that it is dangerous to select a rifling twist 
rate for a particular projectile, based solely on the classical require- 
ment that S, > 1. For a given projectile design, intended for use 
over a wide velocity region, the probability is very low that the 
dynamic stability factor, S, , will always be close to one. In particu- 
lar, if the dynamic stability factor is unknown, and the projectile 
must be launched at a transonic or subsonic speed, a value of the 
gyroscopic stability factor in the range (1.5 < S, < 2.0) should be 
selected, to provide an adequate flight dynamic safety factor. 


10.10 INITIAL CONDITIONS FOR DAMPED EPICYCLIC 
MOTION 
The damping exponents in equation (10.94) have a small effect on 
the initial conditions. In section 10.6 of this chapter, equations 
(10.90) through (10.93) defined the relationships between the ini- 
tial complex yaw and yaw rate, and the amplitudes of the fast and 
slow epicyclic yaw arms. We will again neglect the very small yaw 
of repose, and differentiate the remainder of equation (10.94) with 
respect to s: 
E'=(A, tipp) Kre + (A, + i; )Kse ^ (10.115) 

At the muzzle of the gun, s = 0, and the initial complex yaw 

and yaw rate become: 


Figure 10.5 Gyroscopic Stability Factor 
versus Dynamic Stability Factor. 
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(10.116) 


El = (Ap +10) Кее +(As +10) Кое? (10.117) 


Equations (10.116) and (10.117) may be solved for the initial 
amplitudes and phase angles of the fast and slow arms, in terms of 
the initial yaw and yaw rate: 


(O8 - (As +19), 
А-А tilh- 5) 


(10.118) 


& - (A, + ib; )& 


= (10.119) 
А-А + il; E Ф.) 


In general, the damping exponents are between опе and two 
orders of magnitude smaller than the turning rates, and very good 
approximations to equations (10.118) and (10.119) are given by: 


ЖЫ B Бы sa) (10.120) 
Е Ys 

Кеч E (8: кы (10.121) 
F' Ws 


Note that the only difference between equations (10.120) and 
(10.121), and those derived previously as equations (10.92) and 
(10.93), is the zero-subscript on the amplitudes of the fast and slow 
epicyclic yaw arms. 


10.11AN EXAMPLE OF THE LINEARIZED PITCHING AND 
YAWING MOTION 
In Example 9.1 of Chapter 9, a six-degrees-of-freedom trajectory 
for the .308,” 168 Grain Sierra International Bullet was illustrated. 
The muzzle velocity was 2600 feet/second, and the rifling twist 
rate used was 12 inches/turn. An initial yaw rate of 25 radians/sec- 
ond (which produced the experimentally observed average first 
maximum yaw of 2 degrees) was used. Using the physical proper- 
ties listed in Table 9.2, and the aerodynamic characteristics listed in 
Appendix A of Chapter 9, we will calculate the gyroscopic and dy- 
namic stability factors of the Sierra match bullet at the instant the 
bullet separates from the gun muzzle. Finally, we will plot the pitch- 
ing and yawing motion predicted by the linearized equations over 
the first fifteen yards of flight, and compare the result against the 6- 
c calculation that was shown as Figure 9.2 in the previous chap- 
L 

Atamuzzle velocity of 2600 feet/second, the ICAO (see Chap- 
ter 8 for the definition of this atmosphere) sea-level launch Mach 
number is 2.33, and the air density is 0.076474 pounds per cubic 


foot. The maximum yaw amplitude over the first fifteen yards of 
flight is 2.0 degrees, and only the Magnus moment coefficient shows 
significant nonlinear behavior at this small angle of attack. Values 
of the physical and aerodynamic characteristics we will need are: 


K? = 9224: = 1.238;C,, = 0.33€, = 2.63;С, = 2.75; 
(c, +С„.)= -8.2;| AverageC, > -0.22}( 25) =0.16127rad./ cal. 
“ a ра Я 


4; ; 
P- 0.021645; 054 = 0,000021158;8 = -ii = -i-, Ё = -0.000246795i 
m 


Values of M, H, T, and 5, are now readily obtained: 
М = 0.000068889; Н = 0.00026597; 了 = 0.000015249; S, = 1.70 


The dynamic stability factor, 5, ,is now calculated, using equa- 
tion (10.107), and we find that S, = 0.1147. Substituting this value 
into equation (10.114) shows that S, must be greater than 4.6, for 
dynamic stability! (Note that the launch gyroscopic stability factor 
is only 1.7). Furthermore, Figure 10.5 indicates that the dynamic 
instability will occur in the slow mode. Calculating the required 
epicyclic parameters, we obtain: 


Кре = 0.017767, Куе" 0.017767 

Pr, =180°; $, =0° 

$p = 0.017768 ғаШапв!/саПВеғ;ф; = 0.003877 radians/caliber 
A, = —0.00031645 per caliber;A, = +0.00005048 per caliber 


The slow arm shows a mild small-yaw dynamic instability, as 
predicted. This case is an excellent example of the dynamic stabil- 
ity criteria of this chapter. The value of 5, at launch is 1.7; yet the 
bullet is dynamically unstable, and the slow epicyclic yaw arm is 
undamped! At first glance, it might appear desirable to increase the 
rifling twist rate, from 12 inches/turn to perhaps 7 inches/turn, which 
would increase the muzzle gyroscopic stability factor to 5.0, and 
force the match bullet to be dynamically stable. However, benchrest 
and match shooters know from long experience that a faster-than- 
necessary twist of rifling usually has an adverse effect on the accu- 
racy of fire. (In fact, benchrest shooters generally prefer a 14-inch 
twist, that gives a muzzle S, of 1.25, for the .308,” 168 Grain Sierra 
International bullet). It turns out that it is better for accuracy, in this 
case, to live with the mild small-yaw dynamic instability. Note: the 
slow arm does not actually continue to grow without bound, as equa- 
tion (10.94) predicts for this case. The nonlinear Magnus moment 
coefficient for this Sierra match bullet becomes less negative at 
larger yaw levels (see Appendix A of Chapter 9), which leads to 
limit-cycle yaw behavior. [A discussion of the limit-cycle yaw is 
deferred until a later chapter, on nonlinear aerodynamic forces and 
moments]. 

With the above values for the epicyclic parameters, the pitch- 
ing and yawing motion over the first fifteen yards of flight was 
calculated, using equation (10.94). The result is plotted in Figure 
10.6. In chapter 9, Figure 9.2 showed the epicyclic pitching and 
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yawing motion for the same case, calculated by a modern six-de- 
grees-of-freedom computer program. An overlay of the two figures 
shows no discernable difference between the 6-DOF results and 
the linearized method. Many years experience in modern exterior 
ballistics has confirmed that, in general, the linearized equations 
provide very accurate results, for flat-fire trajectories and small- 
yaw flight. 

10.12 THE MOTION OF THE ROTATING ШЕ: | 
COORDINATE SYSTEM ғыт 

Тһе уесіог angular velocity of the moving [i А j.k] coordinate 
system, relative to the inertial |7,J,K| frame of reference, was 
given in section 10.2 of this chapter as equation (10.33), and is re- 
stated here for convenience: 

a-is- Мс. (i xz)-Gk] 
d а 


If we take the vector dot product of i with both sides of 
equation (10.33): 


(10.33) 


wei =0 (10.122) 

Equation (10.122) tells us that the Е | coordinate system 
has no component of vector angular velocity in the direction of the 
unit vector i (tangent to the trajectory); therefore the |i, 7, | system 
is a non-rolling coordinate system, relative to earth-fixed coordi- 
nates. With the help of equation (10.50): 


.308", 168 Grain Sierra International Bullet 
(12" Twist) 


[Linearized Equations of Pitching and Yawing Motion} 


œ (Pitch) 
(Degrees) 


2 


-. 


dj A - V * > 
ET = (0х ј = {са 一 б] (10.123) 


dk 一 V * 57 

di xk | С, Ві 

If the departure of k from the earth-fixed horizontal (Х-2) 

plane is small, then j will also remain close to the earth-fixed 

vertical (X-Y) plane, because we have restricted the problem to 

small yaw and flat-fire trajectories. If the independent variable in 

equation (10.124) is changed from time to dimensionless arc length, 
5: 


(10.124) 


k' » -C; рі (10.125) 
Our only concern is the departure of the vector k from the 
earth-fixed horizontal plane; therefore we need the component of 
equation (10.125) in the earth-fixed J , or vertical direction. Equa- 
tion (10.16) is re-stated here for convenience: 
J -віпфсовбі + cos 6j — sin фвіп ok (10.16) 
The vector dot product of equation (10.125) and equation 
(10.16) yields: 


k's J = -C;, Бвіпфсов0 (10.126) 


Figure 10.6 Pitch versus Yaw (Linear ized 
Theory), Muzzle to 15 Yards Range. 


236 


Linearized Pitching and Yawing Motion of Rotationally Symmetric Projectiles 


Finally, from equation (10.94), we have: 


. [А А * , 
sinp = B = Ке" sino, фе)» Ko e™ зіп(ф, + фз) + Br 
(10.127) 


Now, the vertical and horizontal flight path angles, @ and 0, 
are very small angles for flat-fire trajectories that lie in close prox- 
imity to ће earth-fixed X-axis. Therefore the quantity ( Ввіпф) is 
of order of a starred coefficient, and the right hand side of equation 
(10.126) is of the same order as the product of two starred coeffi- 
cients, or [10°]. CE 

Integrating the above expression for k'e J over the length 
(say, 10° calibers) of a typical aeroballistic firing range, we find 
that the departure of the unit vector k from the earth-fixed horizon- 
tal plane is of the order of sin* (10°), or about 0.06 degree. This a 
negligible value, and our non-rolling |і, /,К | coordinate system 
is therefore essentially equivalent to fixed-plane coordinates, for 
small yaw and flat-fire trajectories over moderate ranges. 


10.13 PITCHING AND YAWING MOTION OF A SLIGHTLY 
ASYMMETRIC MISSILE 
No actual projectile is ever exactly rotationally symmetric, although 
many are close enough for all practical purposes. The missile may 
have a small control surface deflection, or a small wing and/or tail 
incidence. Structural damage due to rough handling may result in a 
bent fin, or a slightly bent projectile body. In addition to configura- 
tional asymmetries, the projectile may be slightly mass-asymmet- 
ric, due to such factors as runout in the shell wall thickness, or 
voids in the shell casing or the payload. Regardless of the physical 
cause, any of the above mass or configurational asymmetries will 
cause the missile to fly with a small trim angle of attack. Both fin- 
and spin-stabilized projectiles can exhibit tricyclic yawing motion, 
but spin lock-in and catastrophic yaw (to be discussed later in this 
section) have only been observed for finned missiles. 

J. D. Nicolaides introduced the tricyclic theory in 1953 (Ref. 

8) to account for several flight-dynamic phenomena that had been 
observed for statically stable finned projectiles. For example: (1) 
non-rolling finned projectiles usually have large dispersion, and 
adding even a slow roll reduces the dispersion; (2) even for gener- 
ally well-performing finned missiles, occasionally one goes ber- 
serk, and is observed to tumble in flight, and (3) peculiar pitching 
and yawing motion is often observed when the roll frequency and 
the pitch frequency approach coincidence. 

А We will make the fundamental assumption that the contribu- 
tion of the asymmetry is sufficiently "slight" that it may be added 
linearly to our differential equations of motion, without significantly 
Violating the previously-made assumptions of trigonal or greater 
Totational symmetry. In practice, it turns out that most mass and 
configurational asymmetries that have been observed in spark pho- 
tography range firings over the past forty years do indeed fall within 
the "slight" asymmetry requirement. 

In this chapter, the derivation and solution of tricyclic motion 
parallels that of Nicolaides (Ref. 8) and Murphy (Ref. 2). Nicolaides 
and Murphy show that the general effect of a small asymmetry is to 


add a "trim normal force and side force," and a "trim pitching mo- 
ment and yawing moment" into the aerodynamic force-moment 
system. Neglecting the very small yaw of repose, the differential 
equation for the pitching and yawing motion of an "almost sym- 
metric" missile is given by a modified form of equation (10.66): 


"+ (H - iP)£' - (M + iPT)§ = Ae" (10.128) 


pSd i Қ r , | 
where = a VS (Co. * iC, ) -(ф- су, 十 iC; ) 
Сы t IC, is the complex sum of the trim pitching moment 
and the trim yawing moment coefficients 
C, * iC; is the complex sum of the trim normal force and 


the trim side force coefficients 


D 

ф = г ‚ and ф= f фаз, , the roll angle 
0 

The remaining symbols were defined below equation (10.66). 

For aconstant roll rate, the aerodynamic asymmetry introduces 
an exponential forcing function. A particular solution to this inho- 
mogeneous equation is readily obtained by assuming a solution of 
the same form (see any textbook on ordinary differential equations): 


E = Ke ^*9 where ф, is the initial roll angle at s = 0. (10.129) 


The general solution of equation (10.128), for constant roll rate 
is: 


E - K,e + Куе + К.е" (10.130) 


! -A 
К.е = 
тё Ue P) *M-(9H-PT) 


where (10.131) 


The denominator of the right hand side of equation (10.131) is 
usually dominated by the real part, which is the same quadratic 
expression we observed earlier for the epicyclic pitch and yaw fre- 
quencies. Thus, if the spin rate is equal to one of the two character- 
istic pitching frequencies, the amplitude of the trim arm, K, , can 
grow to alarge value. For most rolling missiles, this spin-pitch reso- 
nance phenomenon occurs when the spin rate equals the fast epicy- 
clic turning rate. 

Note that if the roll rate is zero throughout the flight, the tricy- 
clic arm will maintain a fixed orientation in space. The aerody- 
namic lift force, acting on this constant-direction trim angle of at- 
tack, will then produce a lateral trajectory deflection that increases 
quadratically with increasing downrange distance. Thus, finned 
missiles should always be given at least a slow roll rate, to average 
out the effect of small asymmetries, and thereby reduce the disper- 
sion. 


оаа EN 


237 


Modern Exterior Ballistics 


Most missiles do not, in general, have constant roll rates. If the 
roll rate happens to be rapidly passing through resonance, equation 
(10.130) turns out to be a very poor approximation. Murphy has 
studied the case of a varying roll rate, using the method of variation 
of parameters. The interested reader is encouraged to study the de- 
tails of this derivation in Reference 2. 


Spin-Pitch Lock-In and Catastrophic Yaw 

Nicolaides first introduced the concept of aerodynamic moments 
that depend on the roll orientation angle (Ref. 9), and he demon- 
strated the possibility of spin-pitch lock-in, and large amplification 
factors for the trim angle. In this section, we will follow Murphy's 
treatment (Ref. 2) of the catastrophic yaw phenomenon. 

The complex angle of attack, Ё , may be described in polar 
coordinates by an amplitude, ô, and an orientation angle, W, which 
is the angle between the plane of the angle of attack, and a fixed 
plane on the missile, such as one containing a fin. Nicolaides' model 
assumed that there is both a roll moment and a side moment, de- 
pending on 6 and W. The revised form of the rolling moment 
coefficient becomes: 


C, = 6rC + (24 с, + ôC, (¥,8) (10.132) 


If the missile has an angle of rotational symmetry, Ч; , then 
С, is periodic with period Ф, . If there is a differential fin cant,Ó,, 
used to generate roll, then no plane of mirror symmetry can exist. If 
none of the fins are differentially canted (6, = 0) , and the missile 
has a plane of mirror symmetry, then the rolling moment due to 
orientation must be zero when the angle of attack plane lies in the 
plane of symmetry. (This follows from the fact that if we measure 
W from a plane of mirror symmetry, and transform coordinates 
by a mirror reflection, the missile maps onto itself. The rolling 
moments are reversed, but otherwise unchanged). 

Application of the Maple-Synge analysis (Ref. 10) to a missile 
with n identical, equally-spaced fins, leads (see Ref. 2) to the sim- 
plest expression for С, : 

C, = b," ѕіп ту (10.133) 

Substituting equation (10.133) into the expression for the gen- 
eral rolling moment [equation (10.132)], the differential equation 
for the rolling motion [equation 10.71)] assumes the revised form: 


9" «K,d' - K, К. - 9,8) 0 (10.134) 
Sd? 
where K, = Е 1 


x 


Ü =Y + ф isthe orientation of the angle of attack plane with 
respect to a fixed plane 


During conventional spin-pitch resonance, a missile performs 
a circular yawing motion at the constant frequency, Ф”. For a mis- 


sile in circular constant frequency motion, equation (10.134) pre- 

dicts a constant rolling motion when Y- =’, a constant, an " 

K, * K, (w",6) 
Kp 

When this occurs, the rolling motion is "locked" to the circular 
pitching motion, and the missile performs "lunar motion" (the moon 
rotates about the earth in such a way that it always presents the 
same face to our view). For many pitching and yawing motions 
that are nearly circular, lock-in can occur and a resonance situation 
can exist. The occurrence of lock-in depends on the roll frequency 
and the pitch frequency being close to each other at some point of 
the flight, because widely different frequencies will make C, vary 
rapidly with a nearly-zero average, and it will then have little effect 
on the pitching and yawing motion. 

If we now consider the possibility of a side moment dependent 
on roll orientation, a Magnus-like moment could exist for very small 
roll rates. If we add this term and an asymmetric moment term (see 
Ref. 2) to our differential equation of pitehing and yawing motion, 
we find: 


Pag (10.135) 


E" +(H-iP)Ẹ' -|M +i(PT + M,)E=ide* (10.136) 


Sd 
where М, = ud om 
m 

For circular pitching and yawing motion that is "locked-in" 
with the rolling motion: 


A 


Ke ^ = 一 _ 
ф'Н-РТ- М,(% га 


If we have an unfortunate value of М, that makes the denomi- 
nator of equation (10.137) nearly zero, a very large amplification 
factor is possible. This can cause the situation that Nicolaides de- 
scribed as "catastrophic yaw." 


(10.137) 


10.14 SUMMARY 
The linearized differential equations of pitching and yawing mo- 
tion for spinning and non-spinning symmetric projectiles, flying at 
small yaw along flat-fire trajectories, have been derived and solved 
in this chapter. The solution shows that the pitching and yawing 
motion of symmetric projectiles is epicyclic in nature. Criteria for 
gyroscopic and dynamic stability are derived. If the projectile 1s 
dynamically stable, the epicyclic motion is damped, and eventually 
the transient pitching and yawing motion will disappear. For a dy- 
namically unstable shell, the epicyclic motion will grow, sometimes 
without bound, or in other cases, to a limit-cycle yaw value. The 
solution shows that there is also a small, steady-state yaw of re- 
pose, in addition to the epicyclic motion. 
The differential equation for roll, or axial spin was derived and 
solved, for bodies of revolution and for finned missiles, with сап 
ог uncanted fins, The solution shows that there are three distinct 
cases of rolling or spinning motion. For unfinned, spin-stabilized 
bodies of revolution, the spin per caliber of travel always increase? 
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as the projectile travels downrange, along a flat-fire trajectory. For 
finned missiles with uncanted fins, the spin per caliber of travel 
ysually damps rapidly along the flight path. For finned missiles 
with canted fins, the spin per caliber of travel approaches a steady- 
state value along the trajectory. 
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Linearized Swerving Motion of 
Rotationally Symmetric Projectiles 


11.1 INTRODUCTION ^ os _ psSC,V^r. s. us 

In the introduction to Chapter 8, we noted that the point-mass tra- 242 一 21414 V+ шыла x (x xi || -8J (111) 
jectory is a practical and accurate approximation to the flight of dt 2m 2m 

any projectile whose pitching and yawing motion is very small at 2 

all points along the flight path. In the present chapter, the point- where, V =vector velocity of the projectile with respect to 
mass trajectory (with aerodynamic drag and gravity as the only sig- earth-fixed [7 ,J,K | coordinates 

nificant forces), is regarded as a “first approximation” to the actual es ы вы 
trajectory. If the projectile is pitching and yawing, the aerodynamic i= v/ | V| ,aunit vector in the direction of V ; 2 is always 
lift force “pulls” the center-of-mass in a direction perpendicular to tangent to the flight path 

the flight path. The motion of the projectile's center-of-mass, per- 

pendicular to the point-mass trajectory, is called the swerving mo- X =a unit vector along the projectile's rotational 
tion. axis of symmetry 

11.2 THE DIFFERENTIAL EQUATION OF SWERVING V = scalar magnitude of the vector velocity 
MOTION 

The vector differential equation that describes the projectile's cen- g = acceleration due to gravity 

ter-of-mass motion, along a flat-fire trajectory with no wind, was 

derived as equation (10.21) in Chapter 10. We re-state that equa- t =time 


tion here, in slightly different form, as equation (11.1): 


Figure 11.1 Non-Rolling and Body-Fixed Соо 
dinate System. 


240 


Linearized Swerving Motion of Rotationally Symmetric Projectiles 


p таш density 
d = projectile reference diameter 


S = projectile reference area (usually taken as 
S = nd?/ 4) 


m - projectile mass 
C, = drag force coefficient 
С, = lift force coefficient 


Figure 11.1 illustrates the |7 ,J,K ] and [ „j,k | coordinate 
systems used їп this chapter. une 

The unit vector X , in the rotating [ Jk | coordinate system, 
was defined as equation (10.43) in Chapter 10. We re-state that 
equation for this chapter, as equation (11.2): 

X =cosacos Ві + sina cos fj + sin Bk (11.2) 

Equation (11.2) does not assume small yaw; it is valid for large 
as well as small pitch and yaw angles. However, our linearized flat- 
fire equations do assume small yaw, and we will therefore adopt 
the same small angle approximations that were used in Chapter 10: 


i-yi + aj + Pk (11.3) 


where y =cosacosB = 1:0 = 5іпасоѕ В esina : B сіп) 


Then i*X= y , and the vector triple product in equation 
(11.1) reduces to: 


ix(zxi)- x (i +z) = оў + pk (11.4) 

We will again adopt the “starred convention” (Ref. 1) for aero- 
dynamic coefficients, for the remainder of this chapter. The defini- 
tion of a starred coefficient is the product of the coefficient and the 
dimensionless quantity, ( pSd/ 2m) . The starred coefficients for 
drag and lift become: 


* 54 * Sd 
Ca p ,and C, EE L (11.5) 
2m a a 
For flat-fire trajectories that remain everywhere close to the 
earth-fixed X-axis, the flight path elevation and azimuth angles, 

ф and 0, respectively, are very small. Substituting the small 
angle approximations into equations (10.13) and (10.14) of Chap- 
ter 10, we find that j = J ‚апа k = K . The vector triple product in 
equation (11.4) may therefore be written as: 

Hx(xi)- oJ + pK (11.6) 
In equations (5.4) and (5.5) of Chapter 5, the vector velocity 
and acceleration were expanded into components: 


VaVI+V,J+V,K (11.7) 
А =V,I+V,I+V,K (11.8) 
t 


With the help of the small angle approximations, and the defi- 
nitions of equations (11.5) through (11.8), equation (11.1) may be 
written in vector component form, in the earth-fixed | J, J, К| co- 
ordinate system: 


dV. ы қылы ұлы қ cr 

MW VIVE Cv evi + VR] (11.9) 
Vr- „1 5 

+С," ај + В| af 


Equating coefficients of the unit vectors on both sides of equa- 
tion (11.9): 


V, = ary (11.10) 
d 
„V V’ 
pesce pi. (11.11) 
.V ‚Уу? 
Ў, = -Co 及 C, E. (11.12) 


The independent variable is now changed from time to dimen- 
sionless arclength along the trajectory, s, measured in calibers of 
travel: 

1 t 
5-2 f Vdt (11.13) 

For the remainder of this chapter, a prime () or double prime 
(") superscript will denote a first or second derivative with respect 
to dimensionless arclength, s. (Note that for a flat-fire trajectory, 
arclength s is insignificantly different from downrange distance, in 
calibers, along the X-axis). 

The components of velocity and acceleration, with arclength, 
s, as the independent variable, are: 


V 

V, = 2 ',and V, = AZ (11.14) 
> V 

V =—ү' 

x а” (11.15) 
>. ËY uy V! 

V, = p = (2) Y" «(5 y’ (11.16) 
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„ 42 (VW (Ж 

ш г | Z" -|—J|Z' 11.1 

* dh Ха V, nd 
For flat-fire trajectories, whose departure at any point from the 

earth-fixed X-axis is small, we may replace Vi with V, without sig- 

nificant error. Equations (11.14) through (11.17) are now substi- 


tuted into equations (11.10) through (11.12), and we obtain: 


ЖАУ .У ， 
uay шш СУ, or V' = -CV (11.18) 
› „(У\ [py (Ml ce rac (V 
?- (5) И "(7)" |--e2) PEL (e-e a1» 


ела \v) 


The solution of equation (11.18) for constant С, was given as 
equation (10.68) in Chapter 10, and is re-stated here as equation 
(11.21): 


We now substitute the definition (V'/ V) nis 7 into equations 
(11.19) and (11.20), and divide both sides of these equations by 


vu (5) е Қан z! Е (7) 2 + c, (5s (11.20) 


(11.21) 


( Vid): d? 
, * 8 
Y" - C, "ad - = 
„ Й (11.22) 
2" = C, pa 
(11.23) 
Let Y=yd,andZ=zd, (11.24) 
where y =vertical component of swerve (sometimes called 


“Һеахе”), measured in calibers 
z = horizontal component of swerve, measured in 
calibers 
Note that the vertical and horizontal components of swerve, y 
and z, are unrelated to the y and 2 unit vectors used in the 
nonrolling coordinate system attached to the projectile. 
Substituting equations (11.24) into equations (11.22) and 
(11.23): 


(11.25) 


"= С, "В (11.26) 


We now multiply equation (11.26) by i = ү-1 , add it to 
equation (11.25) and define §=@+ifB ‚аз was done in the 
previous chapter: 

у" +iz" = С," (11.27) 


Equation (11.21) is now substituted into equation (11.27): 


(11.28) 


Equation (11.28) is the complex, second-order differential equa- 
tion that describes the point-mass motion plus the swerving motion 
due to lift, for a spinning or non-spinning symmetric Projectile, 
flying at small yaw along a flat-fire trajectory. Integrating equation 
(11.28) twice, we obtain: 


_ gds? "n _ 2С] -1 
2W БҰР 


y+iz= (y iz) (x; + iz; )s 


sh 


«с, f fEdnar, (11.29) 
00 


where y, = initial value of y (calibers) 


2, = initial value of z (calibers) 


yo = tan ф, , the tangent of the trajectory's vertical angle of 
departure (positive upward) 


Z = tan@, , the tangent of the trajectory's horizontal angle 
of departure (positive to the right, when looking downrange) 


The first three terms on the right-hand side of equation (11.29) 
describe the flat-fire, point-mass trajectory, which accounts for the 
forces of aerodynamic drag and gravity. The last term (with the 
double integral) in equation (11.29) is the center-of-mass swerving 
motion, caused by the aerodynamic lift force acting on the pitching 
and yawing motion. 


11.3 SOLUTION OF THE DIFFERENTIAL EQUATION FOR 
SWERVE 

The solution of the differential equation of pitching and yawing 
motion was given as equation (10.94) in the previous chapter. We 
re-state that equation, in slightly different form, as equation (11.30): 


E 2. К, e? e +їфр)$ + K, её е(% +igs)s + Ре (11.30) 
0 0 М 
where §=a+iB 
K қ, = the initial amplitude of the fast epicyclic yaw 
arm 


Ks, =the initial amplitude of the slow epicyclic уа“ 
arm 


Pr, = initial phase angle of the fast epicyclic yaw am 


фу, = initial phase angle of the slow epicyclic ya¥ 
arm 
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Ar = damping rate of the fast epicyclic yaw arm 
As = damping rate of the slow epicyclic yaw arm 
фр = turning rate of the fast epicyclic yaw arm 


ф; = turning rate of the slow epicyclic yaw arm 


re one 
= фф; 


М 
M =k? Cu, 

d d с 
С- ae Ж oon 
0 


Equation (11.30) is now substituted into equation (11.29). The 
evaluation of the double integral in equation (11.29) is straightfor- 
ward, and may be found in any textbook on integral calculus. 

2 


= f fSdrar, 


Performing the indicated double integration, we find: 


Let (11.31) 


іф ig 2-19; i 
aue) em шз 
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2C55 ^. 
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M (2655) 

2 2 _ $7 
where Ry = 5 — е ror Ag <<, (11.33) 

Greer) 9r 

22-9: 
Кр = Pe 0 (11.34) 
(2,2 +o) 

2 2 aq? 

Қ = 一 一 一 for A,” <<,” (11.35) 

(Aj +0) 

2240: 
5, : shs ;-0 (11.36) 

(A, + Os ) 

_ 84 
G, = D (11.37) 


In general, the damping exponents are between one and two 
orders of magnitude smaller than the epicyclic turning rates, and a 
very accurate approximation to equation (11.32) is given by: 


E Куе“ | Е Кре" Бы NUN i] 
ds F 


- Lk, e [е *i$s)s p 1] + (28), 
$ M 


1, = {> 1 Кре" + 
ф 


, e» -2С5-1 
(2055) 


(11.38) 


The product of the starred lift force coefficient, C, e and equa- 
tion (11.38), is the complete swerving motion, caused by the aero- 
dynamic lift force acting on the pitching and yawing motion. The 
first term on the right-hand side of equation (11.38) is a linear term; 
e.g., the quantity in brackets in the first term is a "slope." The sec- 
ond and third terms on the right-hand side of (11.38) are swerve 
components that resemble the epicyclic pitching and yawing mo- 
tion, but with modified amplitudes. The last term in the above equa- 
tion grows slightly faster than a quadratic dependence on s, as a 
Maclaurin series expansion of the final bracketed term in (11.38) 
shows: 


2С,8-1 


| E 


ОТО E. 
- 21 (См) «s (653) + 到 (Co + Я 


(11.39) 


We observe that the product [с Ld Я is composed of three 
separate parts, and these parts have been given special names in 
classical exterior ballistics. The first part is called “Aerodynamic 
Jump,” and it is given by the expression: 


is: 


$ 


(11.41) 


The third part of the total swerving motion is called “Drift,” 
and it is given by: 


where 


J, = Aerodynamic Jump (J 418 the tangent of an 
angle) 
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5, = Epicyclic Swerve (5,15 an oscillatory motion 
about the mean flight path) 


D, = Drift (a deflection to the right or left of the flight 
path, for spinning projectiles) 


11.4 DISCUSSION OF THE LINEARIZED SWERVING 
MOTION 

If a projectile is statically unbalanced, e.g., its center-of-mass lies 
laterally off the axis of rotational symmetry, an additional compo- 
nent of swerve, called "Lateral Throwoff" is also present. (Note 
that a saboted projectile may also have a “Sabot-Discard Jump.” 
However, the sabot-discard jump can usually be treated as an addi- 
tional lateral throwoff effect. Lateral throwoff will be discussed in 
the next chapter). Including the lateral throwoff, the complete flat- 
fire trajectory consists of five separate and distinct parts: 


The Complete Flat-Fire Trajectory = The Flat-Fire Point-Mass 


Trajectory + Lateral Throwoff + Aerodynamic Jump + Epicy- 
clic Swerve + Drift 


(11.43) 


Equation (11.43) states a general result, that is actually true 
for all symmetric projectile trajectories, regardless of the gun el- 
evation angle, or the amplitude of the pitching and yawing motion. 
However, our linearized equations, presented in Chapters 10 and 
11, are only valid for flat-fire, and small amplitude pitching and 
yawing motion. For high quadrant elevation angles, and/or large 
yaw flight, a numerical six-degrees-of-freedom trajectory caclulation 
is required. 


Discussion of Aerodynamic Jump 

The aerodynamic jump is readily expressed in terms of the initial 
conditions of the pitching and yawing motion. Equations (10.120) 
and (10.121) of the previous chapter provide the relationships be- 
tween the initial yaw and initial yaw rate, and the initial amplitudes 
and phase angles of the epicyclic solution. Those equations are re- 
stated here for the reader's convenience: 


(i& + ф,5,) 


dy 2120 Ғ550/ 
Кре а 


(10.120) 


Pr- Ф 


К. e = _(& + PrE) 
ar фф 


Substituting equations (10.120) апа (10.121) into equation 
(11.40), we obtain: 


o 160-965, 5+0 
| (фЬ-ф) olor- 05) 


(10.121) 


Тш (11.44) 


But ф,ф,-М-Қ2С,” (11.45) 


and P = фь + ф; (11.46) 


Substituting equations (11.45) and (11.46) into equation (11.44), 
and simplifying: 


(11.47) 
2 也 
where k, = сті (11.48) 


Тһе causes of aerodynamic jump will be studied іп some detail 
in the next chapter. However, before we move on to a discussion of 
epicyclic swerve, a geometric interpretation of aerodynamic jump 
may be helpful to the reader. We will use the non-rolling “Basic 
Finner" model as an illustrative example. 


Example 11.1 

The aerodynamic properties of the 20mm Basic Finner were 
reported by L. C. MacAllister (Ref. 2) in 1955. One of the model 
types tested in the BRL Free Flight Aerodynamics Range (Ref. 3) 
was a symmetric, cruciform-finned, homogeneous aluminum alloy 
projectile, launched at Mach 1.8, from a special "rail gun" with a 
cruciform-shaped bore. Yaw induction was accomplished by em- 
bedding a small, high strength magnet in the projectile, and firing it 
through an 18,000 Gauss electromagnetic field, located just down- 
range of the gun muzzle. First maximum yaws up to 10 degrees 
were obtained, using the electromagnetic yaw-induction technique. 

The Basic Finner configuration was 10 calibers long, with a 
20-degree included angle conical nose. The cruciform tail fin sec- 
tion was located at the base of the body, and it consisted of four 
uncanted wedge-airfoil sections, each with 8% thickness. Each fin 
panel had a 1 caliber chord, and the overall span of the model was 
3 calibers. Figure 11.2 is a contour sketch of the Basic Finner model, 
showing the relevant dimensions. The physical and aerodynamic 
characteristics we will need are listed in Table 11.1, below. 


Table 11.1 


Reference diameter = 0.786" 

Projectile weight = 0.3256 lb. 

Axial moment of inertia = 0.0299 Ib.-in.? 
Transverse moment of inertia = 1.217 Ib.-in.? 
Center of gravity = 3.96 calibers from base 


At Mach 1.8, the following average aerodynamic coefficients 
were obtained: 


C,=0.61;Cy, =-23.0;С, =11.6; (Cu, +С }=155Cu, =0 
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Figure 11.2 Sketch of the 20 mm Non-Rolling Basic Finner Configuration. 


Using the methods of the previous chapter, we can now calcu- 
late the flight motion parameters, and check the dynamic stability. 
The quantities we will need are listed below: 


P=$, +6520; ^d = -фв 
M = KC, = -0.00009854 
$r = -ф; = 0.009927 radians/caliber 


H= C," -Ch =k? (Cu, + Cu, ) = 0.0009489 ; 
T= Ce = 0.0003007 A, = А; = —0.000474 per caliber 


We will assume that the initial yaw, & ‚ is zero, апа that the 
yaw inducer “kicks” the model in the horizontal plane (to the right 
when looking downrange). For a first maximum yaw of 10 degrees, 
the following values are obtained for the initial amplitudes and phase 
angles of the two epicyclic yaw arms: 


К, = К. = 0.093594; ф, =0; ф, =180° 


Since the Basic Finner is statically stable (M < 0) at Mach 1.8, 
it is also gyroscopically stable (see Chapter 10). The dynamic sta- 
bility factor turns out to be 0.63 [see equation (10.107) of Chapter 
10], therefore the projectile is also dynamically stable. (Note that 
both damping exponents are negative, which also confirms the dy- 
namic stability), 

With the help of equations (10.120) and (10.121), and the fact 
that Ё = 0, we find: 


E = 0.0018582i; J, = 0.0056694i (remember that |7, is 
the tangent of an angle) 

The tip-off rate (or yaw rate, in this case), is in the horizontal 
plane, and points to the right. The aerodynamic jump is calculated 
using equation (11.47), and it is also to the right, in the horizontal 
plane. 

Figure 11.3(a) illustrates the planar yawing motion (the mo- 
tion is all 2 for this case; Œ = O ) for the demonstration example. 
The yawing starts off to the right just after launch, and the ampli- 
tude damps from 10 degrees at the gun, to about 2.5 degrees, at a 
point 200 feet downrange. At Mach 1.8, this aluminum Basic Finner 
model completes one cycle of the yawing motion in about 42 feet 
of travel. 

Figure 11.3(b) is a plot of the swerving motion versus down- 
range distance, and it illustrates both the aerodynamic jump and the 
epicyclic swerve very well. In fact, the epicyclic swerve and the 
aerodynamic jump are closely interrelated. The Basic Finner's ini- 
tial direction of flight is along the X-axis, which is taken to be the 
true line of departure. However, the yawing motion shown in Fig- 
ure 11.3(a) causes the projectile's center-of-mass to fly in the damped 
sinusoidal planar path (epicyclic swerve), shown as the solid curve 
in Figure 11.3(b). The dashed curve in Figure 11.3(b) is the aerody- 
namic jump, and it is seen to be the mean, or the average direction 
of the damped sinusoidal motion. 

The initial amplitude of the sinusoidal center-of-mass swerv- 
ing motion is only 0.45 inch, or 0.57 caliber. This very small initial 
harmonic motion is further attenuated as the flight continues, and 
at 200 feet (3053 calibers) downrange distance, the swerve ampli- 
tude has damped to 0.11 inch, or 0.13 caliber. At the same range, 
the aerodynamic jump (dashed curve) has deflected the Basic 
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Finner's center-of-mass J, s calibers [(0.0056694)(3053) — 17.31 
calibers], or 13.61 inches to the right of where it would have im- 
pacted, had it followed its initial line of departure! Figure 11.3(b) is 
an excellent illustration of the fact that the aerodynamic jump gen- 
erally has a much more significant effect on the flight of projec- 
tiles, than does the epicyclic swerve! 

The geometric interpretation of Aerodynamic Jump may 
be stated as follows. When a projectile is forced into epicyclic 
swerving motion by the action of aerodynamic lift, the average 
of the sinusoidal (or helical) center-of-mass motion must liter- 
ally “go off on a tangent" to the initial direction of departure, 
at the muzzle of the gun. Aerodynamic Jump effectively changes 
the line of departure of the trajectory, so that it coincides with 
the mean, or average, of the epicyclic center-of-mass swerving 
motion. - 

An examination of equation (11.47) shows that for a statically 
stable missile (M « 0), such as the Basic Finner, the aerodynamic 
jump takes the same direction as the initial complex tip-off rate. 
However, the direction of aerodynamic jump for a statically un- 
stable (M » 0), spin-stabilized projectile, is reversed! If the initial 
yawing motion of a spin-stabilized shell starts out to the right, the 
aerodynamic jump will deflect it 180 degrees out of phase, or to the 
left of the initial line of departure! This effect will be demonstrated 
in the next section, and will be further discussed in Chapter 12. 

Equation (11.47) also shows that for spinning projectiles, a 
second component of aerodynamic jump can exist, proportional to 


Deflection, Z (Inches) 


Figure 11.3 Yaw and Deflection 
versus Range for the 20 mm Non- 
Rolling Basic Finner. 


the product of the non-dimensional axial spin, and an initial com- 
plex yaw (as opposed to an initial yaw rate). This part of aerody- 
namic jump acts in a direction perpendicular to the initial complex 
yaw, and it gives rise to such phenomena as the port/starboard jump 
effect, when firing into a crosswind. The effect of initial yaw on 
aerodynamic jump will also be discused in Chapter 12. 


Discussion of Epicyclic Swerve 

The epicyclic component of swerve was stated earlier as equation 
(11.41). An alternate form of this equation, which is often more 
useful, is found by making a simple substitution for C, * With the 
help of equation (11.45) we may write: f 


C," ( €, Y 
C, * =| ———|M = k? — o'o! 11.48) 
La | 7 5i С |н ( 


Equation (11.48) is now sutstituted into equation (11.41), and 


we obtain: 
% K, et^ [e +idp)s _ 1] 


Sp = 4 
Cu, № 


Equation (11.49) is the most generally useful form for the epi- 
cyclic swerve. However, there are two special cases that frequently 
occur in practice, in which even simpler swerve equations exist. 


К $r к, E 9-1) 
% 


(11.49) 
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These two special cases are: (A) Non-rolling, statically stable mis- 
ziles; and (В) Spin-stabilized projectiles, whose launch gyroscopic 
stability factors exceed 1.5. We will now examine these two special 
cases of epicyclic swerving motion. 


Case A. Non-Rolling, Statically Stable Missile 
{M<0;P=0; ..ф;--ф.) 
Since the turning rates of the two epicyclic pitch and yaw arms are 


equal in magnitude and opposite in sign, both the yawing and swerv- 
ing motions are always coplanar. Equation (11.49) reduces to: 


Ж pl C, \ К ef^ gre) -1!+К 2% gltstids)s -1 
Sp = Ку | С | қ So 
Ma 
(11.50) 
Since Р = 0 , equation (11.30) reduces to: 
E= Кебе) у K, etm elders (үү ву, 
ats=0, 80) = & = К.е + Ке (11.52) 
Substituting equations (11.51) апа (11.52) into equation (11.50) 


leads to the very simple, but highly useful, result for non-spinning, 
statically stable missiles: 


(11.53) 


An example of epicyclic swerve for a non-spinning, statically 
missile has already been introduced [see Figure 11.3(b)], which 
illustrated the planar sinusoidal swerving motion for the Basic Finner 
configuration. It was noted that the planar yawing, with a 10-de- 
gree first maximum yaw, produced a coplanar epicyclic swerving 
motion, whose initial amplitude was 0.57 caliber (or 0.45 inch). 
Two-hundred feet downrange, the swerve amplitude has damped to 
0.13 caliber (0.11 inch). [Note: Equation (11.53) shows that for a 
non-spinning, statically stable missile, the amplitude of the swerv- 
ing motion is directly proportional to the amplitude of the yawing 
motion; therefore the swerve and the yaw amplitudes always damp 
at the same rate]. 


Case B. Spinning, Gyroscopically Stable Projectile 
2 2 
M>0; S, » 1.5; and (фь) >> (95) | 


The following inequality can be shown: 


2 
3 4 2 
ff S > 二 шеп 此 | > (2 + ҮЗ) (11.54) 
2 ф$ 
The lengthy algebra tequired in the derivation of equation 
(11.54) is omitted for the sake of brevity. 


We recall from equation (11.41) that the lengths of the two 
epicyclic swerve radii are inversely proportional to the squares of 
their respective frequencies. Inequality (11.54) thus tells us that if 
the amplitudes of the two epicyclic pitch and yaw arms are compa- 
rable in size, then for 5, > 1.5, the ratio of the fast epicyclic swerve 
radius to the slow mode swerve radius is less than 0.07. Thus for a 
spin-stabilized projectile, whose gyroscopic stability factor exceeds 
1.5, we may neglect the fast component of the swerving motion 
without incurring significant error. For a spin-stabilized projectile, 
whose 5 > 1.5, an excellent approximation to equation (11.49) is 
given by the simpler expression: 


: (11.55) 
Ф; 


Comparison of equation (11.53) with equation (11.55) shows 
that there is a fundamental difference between the epicyclic swerv- 
ing motions of non-rolling, statically stable missiles, and statically 
unstable, spin-stabilized projectiles. For the non-rolling missile, both 
the complex yawing and swerving motions are coplanar. The spin- 
stabilized projectile demonstrates epicyclic pitching and yawing 
motion, and equation (11.55) shows that its swerving motion is 
helical; e.g., the projectile's center-of-mass describes a spiral, or 
helix, about the mean flight path. 

For a projectile whose swerving motion is accurately described 
by equation (11.55), we observe that the swerve amplitude, or ra- 
dius of the helix, is given by: 


S,= |с (% К, е Сч - | 


(11.56) 
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Ф; 
where 


R, = swerve radius (measured in calibers), due to 
the aerodynamic lift force 


The swerving motion is “in phase” with the slow arm of the 
pitching and yawing motion, and the swerve amplitude damps ( for 
negative A, ), or grows ( for positive A, ) at the same rate as the 
slow frequency epicyclic yaw arm. 


Example 11.2 

In Chapter 9, six-degrees-of-freedom trajectory results were 
presented, that illustrated typical epicyclic pitching and yawing 
motion of the .308,” 168 grain Sierra International bullet (Ref. 4), 
at several downrange distances. The angular motion near the gun 
was shown as Figure 9.2, reproduced in this chapter as Figure 11.4 
(p. 248). The 6-DOF calculated deflection-plane (X-Z plane) com- 
ponent of the epicyclic swerve is plotted for this bullet in Figure 
11.5 (р. 249), which illustrates the combined effects of aerodynamic 
jump, epicyclic swerve, and a small drift contribution. 

The first maximum yaw of the .308,” 168 grain Sierra match 
bullet is 2.0 degrees, when fired at a muzzle velocity of 2600 feet/ 
second, from a 12" twist of rifling, with an initial yaw rate of 25 
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.308", 168 Grain Sierra International Bullet 
( 12" Twist ) 


a (Pitch) 
(Degrees) 


radians/second. The initial swerve amplitude (initial radius of the 
helix) produced by this pitching and yawing motion is 0.07 caliber 
(0.02 inch). The 168 grain Sierra International bullet has a very 
mild small-yaw, slow-arm dynamic instability (A,is a very small 
positive quantity), that causes a slow growth in K, along the flight 
path. The result [see equation (11.56)] is a slowly increasing swerve 
amplitude, illustrated in Figure 11.5. At a range of 300 feet, the 
swerve radius has increased to 0.10 caliber (0.03 inch). Note that 
for the left-directed initial yaw rate shown in Figure 11.4, the aero- 
dynamic jump produces a deflection of 0.75 inch to the right at the 
same range, and the drift carries the bullet an additional 0.05" to 
the right, giving a total deflection to the right of 0.80 inch, at 300 
feet range. Again we observe that the contribution of epicyclic 
swerve is very small, in comparison with the effect of aerodynamic 
jump. 

If a second shot was fired with the same initial yaw rate, but 
directed to the right instead of the left, the pitching and yawing 
motion would be the mirror image of Figure 11.4. This shot would 
strike -0.75" + 0.05" = -0.70,” to the left of the initial flight line, 
and the two bullet holes in the 100 yard target would be 1.50" apart! 
We see that the aerodynamic jump can cause significant spreading 
of groups at the target, even for relatively small pitching and yaw- 
ing motion. If a small group at the target (small dispersion) is 
required, either the amplitude of the pitching and yawing mo- 
tion for all shots must be very small, or both the direction and 


Figure 11.4 Pitch versus Yaw (6-DOF), 
Muzzle to 15 Yards Range. 


magnitude of the initial yaw rates must be very consistent, from 
one shot to the next. 

Inspection of equations (11.47) and (11.56), with consideration 
given to the relative magnitudes of their various component parts, 
leads to a general conclusion regarding the epicyclic swerving 
motion and the aerodynamic jump, for statically unstable, spin-sta- 
bilized projectiles: 

If a spin-stabilized projectile has an 5 > 1.5, is dynamically 
stable, and is launched at small yaw along a flat-fire trajectory, 
the contribution of epicyclic swerve to the total center-of-mass 
motion will be of second order, and may usually be neglected. 
At long range, the effect of aerodynamic jump on the trajec- 
tory is much larger than the effect of epicyclic swerve, and in 
general, the aerodynamic jump must always be retained. 

The small epicyclic swerving motion is routinely measured 
today, in modern high-precision ballistic test ranges, and this mea- 
surement is used to determine C, from free-flight spark range fit- 
ings. The determination of C, from a swerve reduction will be 
discussed in the last chapter of this book. 

Large yaw flight will generally produce an epicyclic swerving 
motion that is too large to neglect. The aerodynamic jump effect 18 
also large, for spin-stabilized projectiles with high-amplitude pitch- 
ing and yawing motion. The large pitching and yawing motion 1 
to high aerodynamic drag, and the large aerodynamic jump leads to 
high dispersion. The usual result is unsatisfactory flight performance, 
and the projectile must be redesigned so it flies with small yaw. 
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308", 168 Grain Sierra International Bullet 
( 12" Twist ) 
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0.5 
Deflection, Z (Inches) 
Figure 11.5 Deflection versus Range, Showing Aerodynamic Jump, Epicy- 
clic Swerve and Drift. 


Discussion of Drift 
If the definition, M = k, vC is substituted into equation (11.42), 
an alternate form of the drift e equation is obtained: 


ES 


Equation (11.57) shows that there are five distinctly different 
Possibilities for the drift; these five cases are listed in Table 11.2. 
Note that В. Н. means “Right Hand" and L. Н. means “Left Hand” 
in the table, Cases 1 and 2 are statically unstable, spin-stabilized 
Projectiles, with right and left hand spin, respectively. Cases 3 and 
4 are statically stable configurations, which may be fin, flare, or 


mass stabilized, with right and left hand spin. Case 5 is a non-roll- 
ing, statically stable missile, which has no drift. 


Table 11.2 
Direction of Drift for Different Types of Projectiles 
Case Sign of P Direction of 
Drift 


M>0 P>0 (R.H. Spin) To the Right 
M>0 P«0 (L.H. Spin) To the Left 
M<0 Р>0 (Е.Н. Spin) To the Left 
M<0 Р<0 (L.H. Spin) То the Right 
Either Sign of M | P=0 (Zero Spin) Zero Drift 


For short ranges, where (Cys) << 1, equation (11.57) shows 
that the drift of a spinning projectile, along a flat-fire trajectory, 
increases approximately in proportion to the square of the distance 
travelled. We say “approximately” because the quantity P may also 
vary with s, Equation (10.78) of Chapter 10 tells us that for a body 
of revolution, with no two-dimensional lifting surfaces (such as 
fins), the spin per caliber of travel usually increases slowly along a 
flat-fire trajectory. The same equation, with order estimates for 
finned missiles, shows that the spin per caliber of travel, for a finned 
projectile with uncanted fins, usually decays rapidly along the flight 
path. (See section 10.3 of Chapter 10). 

The roll behavior of a finned missile with canted fins depends 
on the magnitude of the initial spin, relative to the steady-state roll- 
ing velocity. We will differentiate equation (10.74) of Chapter 10, 
set @' = ( pd/ 2) and multiply both sides of the result by the ratio 


(1./1,) 


(11.58) 


= К?ё„С, 
к? " md? 
: I 


Since K is usually of order of +[103] for a finned missile, we 
observe that if P, < Pp the spin per caliber of travel will increase 
until it reaches the steady-state value. If P > Р» the nondimensional 
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spin rate will decrease until it reaches the steady-state value. If, by 
chance, the initial value of P happens to coincide with the steady- 
state rolling velocity, then P will be constant along the trajectory, 
for a finned missile with canted fins. 

At long range, equation (11.57) shows that the drift increases 
faster than a simple quadratic dependence on the distance travelled. 
However, no simple, analytical equation gives a truly accurate pre- 
diction of drift at long range. We have already noted that, in gen- 
eral, the nondimensional spin term, P, varies slowly with increas- 
ing range. In addition, the three aerodynamic coefficients that ap- 
pear in equation (11.57) also vary with Mach number along the 
trajectory. 

Equation (11.57) is sufficiently accurate for spark photogra- 
phy range data reduction, because the trajectory is flat, and the dis- 
tance travelled is relatively short. For a long-range drift calcula- 
tion, a much better method, even for flat-fire trajectories, is to nu- 
merically integrate the modified point-mass differential equations 
(9.59), (9.60), and (9.62) of Chapter 9. Examples of six-degrees- 
of-freedom drift predictions were shown in figures 9.8, 9.19, and 
9.20, and the modified point-mass method was found to agree very 
closely with the 6-DOF calculations, for all quadrant elevation angles 
below the maximum trail angle. 

Several examples of modified point-mass drift calculations for 
modern small arms bullets are illustrated in Figures 11.6 and 11.7. 
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Figure 11.6 Drift versus Range for Two 5.6 mm Projectiles. 


The calculations have been done for ranges out to 2 kilometers, for 
several 5.56mm, 7.62mm, and .50 caliber military projectiles [good 
quality aeroballistic data are available for these bullets; (see Refer. 
ences 4 through 8, at the end of this chapter)]. Figure 11.6 is a plot 
of the right-hand drift versus range to the target, for two boattailed 
5.56mm (.22 caliber) bullets. The solid curve in Figure 11.6 is for 
the 62-grain, M855 NATO Ball projectile, fired from an M16A2 
rifle, with a rifling twist rate of 1 turn in 7 inches. The dashed curve 
is the calculated drift for the older 55-grain, Ball, M193 bullet, fired 
from the M16A1 rifle, with a twist of 1 turn in 12 inches. The curves 
are coincidentally similar, which indicates that the effect of the ri- 
fling twist rate difference is offset by differences in the physical 
and aerodynamic properties of the two bullets. 

Figure 11.7 compares the drift characteristics of two 7.62mm 
(.30 caliber) bullets, with the drift of a .50 caliber machine gun 
bullet. The solid and dashed curves are for the 147-grain, 7.62mm 
Ball, M80 and the 174-grain, 7.62mm Match, M118 bullet, respec- 
tively, fired from an M14 rifle, with a rifling twist rate of 1 turn in 
12 inches. The longer, heavier M118 bullet drifts less than the shorter 
and lighter M80 projectile. The primary reasons are: (1) the ratio of 
the axial to the transverse moment of inertia is smaller for the longer 
bullet, thus the nondimensional spin, P, is lower for the M118; (2) 
the overturning moment coefficient, C м, › 18 Significantly larger 
for the longer M118 bullet. 


50, API, A Match, M118, 7 Ball, M80 
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Figure 11.7 Drift versus Range for Three Spin-Stabilized Small Arms Pro- 
Jectiles. 


250 


Linearized Swerving Motion of Rotationally Symmetric Projectiles 


The .50 caliber, API (Armor Piercing Incendiary), M8 projec- 
tile is fired from the Browning, M2 machine gun, with a right-hand 
rifling twist rate of 15 inches per turn, and it is seen to have signifi- 
cantly less drift than either of the .30 caliber bullets. The general 
trend observed in Figures 11.6 and 11.7, is that the drift tends to be 
smaller for larger caliber guns. This is because the drift is propor- 
tional to a power series [see equation (11.57)] in nondimensional 
distance, 5, along the trajectory, and at a fixed dimensional range 
(e.g., 1500 meters), the distance s, in calibers, is greater for a small 
caliber projectile than for a larger one. 

Note that at short and moderate ranges (less than 1000 meters), 
the drift is usually very small for modern, high velocity, boattailed 
small arms bullets. The G, term in equation (11.57) contains the 
square of the muzzle velocity in the denominator, which tells us 
that the drift will be significantly larger for low velocity projec- 
tiles, such as pistol bullets, or infantry grenades. 

If high quality physical measurements and aerodynamic data 
are available for a spin-stabilized projectile, the calculated drift, 
from a modified point-mass or six-degrees-of-freedom trajectory 
program, will usually be more accurate than a measured drift curve! 
The reason is that at long ranges, where the drift is large enough to 
measure, the effect of crosswind on the trajectory deflection is many 
times larger than the effect of drift. Thus the very small drift must 
be found by subtracting out the much larger crosswind deflection, 
which can lead to large errors in the values obtained for the drift. 
(Note that the Coriolis effect is often the same order of magnitude 
as the drift; therefore, the Coriolis deflection must also be calcu- 
lated, and subtracted from the measured total deflection). 

Before the advent of modern high-speed wind tunnels, spark 
photography ranges, and digital computers, exterior ballisticians 
had recognized the fundamental difficulty in attempting to mea- 
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Lateral Throwoff and Aerodynamic Jump 


12.1 INTRODUCTION 

Figure 12.1 illustrates a statically unbalanced projectile, whose 
center of mass lies laterally off its axis of rotational symmetry. As 
the unbalanced projectile travels down a rifled gun barrel, it is me- 
chanically constrained to rotate about its geometric center of form, 
and the center of mass therefore traces out a helical, or spiral path 
about the bore centerline. At the muzzle, the barrel's mechanical 
constraint is abruptly removed, and the projectile's center of mass 
literally “flies off on a tangent” to the in-bore helix. The trajectory 
deflection caused by this effect was first identified by Е W. Mann 
(Ref. 1), who called it the “X-Error.” Mann went on to show that by 
drilling holes in rifle bullets, and deliberately unbalancing them, he 
could produce any desired trajectory deflection at will. 

Lateral Throwoff is the modern term for Mann's “X-Error.” 
The static unbalance that produces lateral throwoff may be due to 
either a mass asymmetry, or to in-bore yawing, which causes the 
projectile to be “tilted” in the gun barrel. The trajectory deflections 
caused by mass asymmetry and in-bore yaw will be investigated 
later in this chapter. 

For a saboted projectile, an additional trajectory deflection due 
to asymmetric sabot discard has recently been identified (Ref. 2). 
Most sabots are either the pusher-cup type, or are composed of sev- 
eral “petals” that surround the projectile body in the gun. Sabot/ 
projectile separation usually begins shortly after the assembly clears 
the gun muzzle. If the sabot separation is not perfectly axisymmetric, 
some transverse linear and angular momentum is usually transferred 
to the projectile, which causes a lateral throwoff effect on the tra- 
jectory. In addition, an imperfect sabot discard may cause a tempo- 
rary asymmetric aerodynamic disturbance, which makes an addi- 
tional contribution to the total lateral throwoff. 

The trajectory deflection caused by Aerodynamic Jump was 
also first identified by Mann (Ref. 1), who referred to it as the “Y- 
Error.” Mann conducted numerous experimental firings in the early 
years of the twentieth century, with .32 caliber, cast lead bullets, at 
velocities around 1400 feet per second. He discovered that he could 
drill two holes on opposite sides of a rifle bullet, one ahead of the 
center of gravity, and the other behind, to produce a bullet that was 
statically balanced, but dynamically unbalanced. Such a bullet has 

no lateral throwoff, but has an exaggerated initial yaw rate and aero- 
dynamic jump. Mann also found that by firing his .32 caliber lead 
bullets close to a 12-feet long, flat surface (he referred to this as 


“plank shooting”), he could induce a fairly large (approximately 10 
degrees) initial yaw, with almost no initial yaw rate, at the end of 
the flat surface. He used yaw cards to make the first reasonably 
accurate measurements of the epicyclic swerve and the aerodynamic 
jump produced by initial yaw, and by an initial yaw rate. 

Mann thought of the epicyclic swerve and the aerodynamic 
jump as geometric properties of the trajectory. He did not have an 
aeronautical engineering background, and therefore he could not 
have anticipated the results presented in Chapter 11 of this book. 
The first correct analytical treatment of epicyclic swerve, aerody- 
namic jump and drift was given in 1920, by Fowler, Gallop, Lock 
and Richmond (Ref. 3). However, these pioneering English inves- 
tigators regarded the epicyclic swerve and the aerodynamic jump 
as very small quantities, and they neglected both effects in com- 
parison with the drift. For spin-stabilized field artillery projectiles, 
fired at high quadrant elevation angles, the drift can indeed be very 
large (see section 9.5 of Chapter 9), compared with the aerody- 
namic jump effect. However, for modern high-velocity, spin-stabi- 
lized, flat-fire munitions, the lateral throwoff and the aerodynamic 
jump are often much larger than the drift, at moderate ranges. 

Aerodynamic Jump was discussed and illustrated in the previ- 
ous chapter for a non-rolling finned missile configuration, and for a 
typical modern spin-stabilized small arms bullet. In general, a mass 
asymmetry in the projectile causes an initial yaw and an initial yaw 
rate, at the instant of separation from the gun muzzle, and equation 
(11.47) of the previous chapter tells us that the result will be an 
aerodynamic jump. In-bore yaw, or “bullet tilt” in the barrel, is one 
significant cause of muzzle tip- off rates and aerodynamic jump; а 
dynamically unbalanced bullet is another. A crosswind blowing 
across the muzzle of the gun also produces an aerodynamic jump. 
All these effects will be derived and discussed in later sections of 
this chapter. 

The importance of the lateral throwoff effect and the aerody- 
namic jump effect on the trajectories of spin-stabilized, flat-fire 
munitions, is sufficient to justify an entire chapter devoted to their 
study. In particular, the reader whose primary concern is the preci 
sion of fire (often incorrectly referred to as accuracy"), should 
study this chapter in detail, and become thoroughly familiar with it. 
[In ballistics, the terms “precision” and “accuracy” have different 
meanings. Precision refers to the ability to tightly cluster all shots 
into a small group on the target, regardless of where the center 0 
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Statically Unbalanced Projectile 


principal Axis of Inertia Parallel to Axis of Symmetry 


Figure 12.1 Sketch of a Statically 
Unbalanced Projectile. 


Gunner's View of the Bullet Base, as the Statically Unbalanced 
Bullet Travels up a Rifled Barrel, with Right Hand Twist of Rifling 


Figure 12.2 In-Bore Motion of a Statically 
Unbalanced Projectile. 
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impact of the group falls. Accuracy is the ability to hit a given mark, 
or aiming point on the target. A very small group in the 7-ring of 
the target illustrates good precision, but poor accuracy]. 


12.2 DERIVATION OF THE LATERAL THROWOFF 
EFFECT 

During its travel down a rifled gun barrel, a rotationally symmetric, 
statically unbalanced projectile (illustrated in Figure 12.1), is me- 
chanically constrained to rotate about its geometric center of form. 
As long as the projectile is in the barrel, the center of gravity (CG) 
is forced to trace out a spiral, or helical path about the bore centerline. 
(Note that we use the terms center of mass and center of gravity 
interchangeably in this book). We may assume, without loss in gen- 
erality, that the gun is pointed along the X-axis, in our earth-fixed 
coordinate system (see Figure 10.1 of Chapter 10). Figure 12.2 
shows the component of the CG-motion in the Y-Z plane, at an 
arbitrary instant of time. 

The radius of the center-of-mass helix is denoted by the Greek 
letter & (epsilon), and it is equal to the static unbalance, or the 
lateral CG-offset. The pitch of the spiral is governed by the rifling 
twist rate. We denote the roll orientation angle at any instant of 
time as the Greek letter Ф (Phi). The angle Ф is the angle between 
the vertical plane (X-Y plane) and the plane containing both the 
offset CG and the projectile's axis of symmetry. The angle Ф is 
measured clockwise from the vertical plane. 


Gunner's View of the Bullet Base, as the Statically Unbalanced 
Bullet Travels up a Rifled Barrel, with Right Hand Twist of Rifling 


The earth-fixed coordinate system is specified by the triad of 
unit vectors [7, I,K 3 (see Figure 10.1 of Chapter 10). Тһе Vector 
velocity of the projectile's center of gravity is the sum of two parts; 
the forward velocity in the 7 direction, and a component normal to 

7 , which is the tangential velocity component in the Y-Z plane, 


Forward Velocity VI (12.1) 

For circular motion, classical mechanics gives us the relation- 
ship between the projectile's rotational angular velocity, and the 
instantaneous tangential velocity of the center of gravity (see Fig- 


ure 12.3): 
d® 
Tangential Velocity = Уу = E | di PL (122) 


where ё = | 


f . = instantaneous vector position of ће CG, rela- 
tive to the projectile's spin axis 


€, = а unit vector perpendicular to 7 , and in the 
direction of increasing Ф 
d® 、 зына нық, 
а ЕС = instantaneous projectile axial ѕріп rate 
t 


(radians/second) 


Figure 12.3 Vector Geometry for a Statically 
Unbalanced Projectile. 
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Figure 12.3 shows that a correct representation of the unit vec- 
tor 6, is: 


é, = cos ФК -sinj (12.3) 


The total vector velocity of the projectile's center-of-mass is 
now given by: 

VES pé(cos OK -sin®J ) (12.4) 

At the muzzle of the gun, the mechanical constraint provided 

by the barrel is suddenly removed, and the initial conditions of the 


free-flight trajectory are found by evaluating equation (12.4) at s = 
0, We will denote values at the muzzle by a zero-subscript. 


Va = Yo (12.5) 
у= руёѕіпФ, (12.6) 
V7 Poésin ®, (12.7) 


We observe that the effect of a lateral center-of-mass offset, or 
static unbalance, is to change the initial direction of the trajectory 
at the gun muzzle. The angular displacement is given by: 


V, +iV, E 
A - (аа. sin Ф +icos ®, | (12.8) 
ху 0 
But, 16% = -sin Ф, +icos®, , and we find: 
V+ iV, é\ ; 
Д 
хо 0 


where Т, is the lateral throwoff. (Note that Т, is the tangent of an 
angle) 


Since the quantity (р, d/V,) is precisely (2л/п), where п is the 
rifling twist rate at the muzzle, in calibers/turn, equation 12.9 may 
be written as: 


Lateral Throwoff = Т, = (2 
п 


(12.10) 


where n = Twist of rifling (calibers/turn) 


Ê = Static unbalance, or lateral offset of the center- 
of-mass 


d= Projectile reference diameter 


®, = Roll orientation angle of the CG, at emergence 
from the muzzle 


T, = Lateral throwoff (the tangent of the deflection 
angle) 


Equation (12.10) shows that the effect of lateral throwoff due 
to mass unbalance is to deflect the trajectory at right angles to the 
orientation at which the center of mass emerges from the muzzle. 
For a right-hand twist of rifling, if the CG emerges at the 12:00 
o'clock position (upward, or Ф, = 0 ), the direction of deflection 
due to lateral throwoff will be toward 3:00 o'clock (to the right), on 
the target. [Note that a left-twist gun (negative n) would deflect the 
same projectile to the left, or toward 9:00 o'clock]. We will discuss 
the lateral throwoff, and illustrate the use of equation (12.10) later 
in this chapter. 


12.3 THE EFFECT OF A SLIGHT MASS ASYMMETRY ON 
THE INITIAL PITCHING AND YAWING MOTION OF A 
SPINNING PROJECTILE 

The spinning projectile is initially assumed to possess both con- 
figurational and mass symmetry about the longitudinal, or spin axis. 
A small amount of mass is then removed from an arbitrary point 
located off the axis of symmetry, thereby introducing a slight dy- 
namic unbalance (and a slight static unbalance as well) in the pro- 
jectile. The amount of mass removed is assumed to be very small, 
and the original principal moments of inertia are assumed to be 
essentially unchanged. If the original mass is denoted by the letter 
m, and the very small mass removed is denoted by m, : 

т,<<т (12.11) 

We must also specify the location of the point within the pro- 
jectile, from which the mass, m, , is removed. Figure 12.4 (p. 256) 
illustrates the geometry. 

The mass is removed at an arbitrary axial distance, /, , from the 
projectile's center of gravity (CG), and at an arbitrary distance, r, , 
off the axis of symmetry. The distance /, will be defined as positive 
if the mass is removed ahead of the CG, and negative if m, is re- 
moved aft of the CG location. ` 

We will need two orthogonal coordinate systems to investigate 
the pitching and yawing motion of a projectile with a slight dy- 
namic unbalance. The first coordinate system is the non-rolling triad 
of unit vectors i, j i. as defined in Chapter 10 (see Figure 10.2). 
The unit vector i is tangent to the trajectory; the unit vector k lies 
in the horizontal plane, and points to the right when looking down- 
range, and j =k xi. Fora flat-fire trajectory, / is a unit vector 
pointing essentially upward. 

The second coordinate system we will need is a non-rolling 
triad of unit vectors (X, y,Z) attached to the projectile, with the unit 
vector X directed along the rotational axis of symmetry. The unit 
vector Z lies in the horizontal plane, and points to the right when 
looking downrange. The unit vector y = 2 x X. The origins of both 
the (7, j,k) and the(X, 7,2) coordinate systems lie at the projectile 
center of gravity. 

The vector F is constructed, directed from the CG to the point 
at which the small mass was removed. Note that F is not a unit 
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Gunner's View of Bullet Base 


Note: The mass-asymmetry is introduced by removing a small 
mass, ть, from a projectile that was initially mass-symmetric. 


^ 


E 
£ = K, = Dynamic Unbalance Angle (Radians) 


Figure 12.4 Sketch of a Mass-Asymmetric Projectile, with Both Static and Dynamic Unbalance. 


Figure 12.5 Coordinate Systems for a Projectile with Mass Asymmetry. 
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vector. (Also note that it is not the same vector F we used in the 
previous section of this chapter). Figure 12.5 illustrates the geom- 
etry of the two coordinate systems, for a projectile with a small 
dynamic unbalance, at an angle of attack, a, . The relationships 
between the (i А ЪЁ and the (x, y.z) coordinate systems are given 
py the angular transformations: 


X = COSQ cos pi t sina cos fj + sin pk (12.12) 


y=-sin ai +cos aj (12.13) 
Z = -cosasin fi -sinasin Bj + cos Bk (12.14) 


We now make the small yaw approximation (see section 10.2 
of Chapter 10), and equations (12.12) through (12.14) reduce to: 


X - yi +ој + Bk (12.15) 
ўе-ої+] (12.16) 
Z=-fi +k (12.17) 


where y = cosa cos =1 


The total vector angular momentum of the spinning, rotationally 
symmetric projectile, containing a slight dynamic unbalance, is well 
approximated by the expression: 


dx 
х-- 


Й=1рх+1,[Х з -my(r xv) 


区 
Н =total vector angular momentum ofthe spinning 
projectile 


(12.18) 
where 
X =aunit vector along the projectile's rotational 
axis of symmetry 
t = time 
р = projectile axial spin (radians/second) 
І = projectile axial moment of inertia 


1, = projectile transverse moment of inertia, about 
any axis through the center of mass 


m,= small amount of mass removed from projectile 


F = vector position at which the small mass was 
removed 


V = vector velocity of the point at which the small 
mass was removed 


The vector velocity, V , is given by: 


(12.19) 


Р -a ec EX o 
У = ріххѓ)+ | Хх —іхғ 
пан?) Ex) 
Forming the vector cross product (F х 9), and expanding ће 
vector triple product: 


АЕО РЧ г: 
Fxv=—p(rex)r—-|re— ° — | (12.20 
Fxv¥=-p(rex)r i E rx) sr ) 


The total vector angular momentum of the projectile, with a 
slight dynamic unbalance, is: 


= аху ee 
Й-(гр-тр жа /ҙх А тДғх2) (1221) 
( «Р- тұр 2) » а) xt ) 
But (r ex=l, ) For а spin-stabilized projectile, ldx/ di «« p, 
and from equation (12.1), we have m, < < m. Thus, 
terms of order [m, ах/ dt] are neglected, and (12.21) reduces to: 


Ĥ =I př + ДЕ х 2) - mylgpr (12.22) 
We define the roll angle, ф , as: 

ó -f pdt (12.23) 
The seit Ғ may now be written as: 

r=1,X +r, COSPy +7, Sin gz (12.24) 


Substituting equations (12.15) through (12.17) into equation 
(12.24), and collecting terms: 


r= (ly — rga cos $ — rp sin $)i * (Ж +r; соѕф)ј 
+(ЬВ +7, sing)k (12.25) 


But /, and г, are of the same order of magnitude, and both a 
and f are much smaller than y. Thus the first term on the right-hand 
side of equation (12.25) reduces to pyi, and the vector Fis well 
approximated by: 


r= Lyi + (іа +r; соѕф)ј + (1,8 +7,Sin $)k (12.26) 


We now differentiate equation (12.26) with respect to time, 
using ф E dp =p’ from equation (12.23). 
dt 


T = yi (Ж - ғрвіпф)) 十 (1.8 + ғұрсовф)ф (12.27) 

In this section, we will consider only the first period of the 
epicyclic pitching and yawing motion, when the projectile has just 
cleared the muzzle of the gun. For the short distances we are con- 
cerned with, all aerodynamic forces and the acceleration due to grav- 
ity may be neglected. We will also neglect all aerodynamic mo- 
ments except the pitching (overturning) moment. Making the above 
assumptions, we may differentiate equation (12.22), and set the 
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derivative equal to the aerodyamic overturning moment, as defined 
by equation (10.9) of Chapter 10: 
dH dx dix ағ 1 - 
+ ғ х =) - тер. = 了 PSdCw。 vi( x x) 
(12.28) 


We will also need the following vector derivatives and defini- 
tions: 


ана Ж 


Т (12.29) 
4% d'y; da. ФВ. 12.30 
d? d? de аг 430) 
_ ax ФВ aa\- d’y В = 
xe " ra BE) узу 
ще (a а? 944) ‚(в ай”? "3 p 
(r 4а 447%; 
ар ар 
i x X « - fj + ak (12.32) 


We now substitute equation (12.27) and equations (12.29) 
through (12.32) into equation (12.28), and the result is three scalar 
ordinary differential equations, one for each of the {i,j,k} vector 
components. 

For the i-component: 
ав 

dt? 
For the j-component: 


| d'a m 
Lpy +1 а BU +тыру -0 (12.33) 


2 2 
[pat ne -y "3 十 тыыр(16 -тұрвіпф) (12.34) 


РА 5 pSdC,, VB 


For the k-component: 


: аа а ; 
[pp + iy de 24 Ы meleP(leB -"ң рсовф) (12.35) 
- 2 рас, уға 


We now transform equations (12.33) through (12.35) into new 
equations, with non-dimensional distance, s, as the independent 
variable. 


t 
ae [уй (12.36) 
4 0 


(12.37) 


Since no forces act on the projectile, the velocity is constant, 
and the second derivatives are: 


d'a ү 2 "T ФВ Vy 2 as d'y ү 2 7 
au) e -E ras 


We now substitute equations (12.37) and (12.38) into equa- 
tions (12.33) through (12.35), and divide both sides through by the 
quantity 7, (V/d) . After some simplification, the differential equa- 
tions for the i, j, and k components reduce to: 


/ p 


P) 1 + ZEE y'+ap" – Ba" =0 (12.39) 
4 
2 n 
ңы "E at By" - +мв-| =. Psing -o (12.40) 


2 I.I 
p: " ты В' + ya" - ay" - Ma - | Ere cosó = 0 (12.41) 
uer Me z( Р) (12.42) 
АУ | 
3 
Um (12.43) 
ЫЫ 
1, = тті. (12.44) 


Note that a superscript prime (' ) indicates differentiation with 
respect to s. 

We now make the small yaw and classical size assumptions 
(see Chapter 10), and neglect the small quantity (m,l2/ L) in 
comparison with unity. The small yaw assumption allows products 
оѓо or f and their derivatives to be neglected. For small yaw, y = 1, 
and products of © or fj with a derivative of y are also negligible. 
Equation (12.39) vanishes entirely, under the small yaw assump- 
tion, and equations (12.40) and (12.41) reduce to: 


I.I | 
Ро - B" + МВ = s) Р? sing (12.45) 
, ” 1.1, 2 12. 46) 
PB’ +a RMS Се (12. 
Equation (12.45) is now multiplied by —i = —-/—1, and added 


to equation (12.46): 
a" +18" + P(B' - ia') - M(a+iB) = 1 


| P'(cosó - ising) 
I (12.47) 


x 
Let £2 a +В . Then, Ё" = а" +18", and -i£' = B' -ia' . 


From elementary trigonometry, cos à + ising ее” Substituting 
these definitions into equation (12.47) gives the differential equa- 
tion for the pitching and yawing motion of a spinning projectile, 
with a small dynamic unbalance, near the muzzle of the gun: 

1,1 
E" = -iPE' ~ ME = (RR Pe (12.48) 


x 


алы салы адыры ал зат ы ата аша ата — Á— ne 
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The solution of the homogeneous part (right-hand side set equal 
to zero) of equation (12.48) is found in elementary textbooks on 
ordinary differential equations: 

E= K,e** + Ку" (12.49) 
where Е = (1 十 ip 


K, = amplitude of the fast epicyclic yaw mode (or 
arm) 


K, = amplitude of the slow epicyclic yaw mode (or 


arm) 
фр = br, + фр 
ds = $5, 十 pss 


ф g, = initial phase angle of the fast epicyclic yaw arm 


ps, = initial phase angle of the slow epicyclic yaw 
arm 


! 一 1 Р+ P -4M , the fast arm turning rate (radians/cali- 
б. 5|P +) 


ber) (12.50) 
y= Др +VP?-4M | , the slow arm turning rate (radians/cali- 
2 ber) (12.51) 


The solution to the inhomogeneous equation (12.48) is a tri- 


cycle: 
E= K,e'* + Куе + Ke? (12.52) 


where K, is the amplitude of the trim (tricyclic) pitch and yaw arm, 
and the roll angle is defined as: 


b-h +з =ф 4(2); (12.83) 


The particular solution (the tricyclic pitch and yaw arm) of 
equation (12.52) must also satisfy the differential equation (12.48). 
Therefore we substitute the tricyclic solution and its derivatives, 
plus the definition ф' = pd/V, into equation (12.48), and solve for 
the magnitude of the trim arm: 


I,LP DLP 


K, = = 一 -一 一 一 一 一 一 一 一 (12.54 
" 2(¢?-P¢'+M) PP -ILP nM nid 


Dividing both the numerator and the denominator of the last 
equation of (12.54) by (1,P?): 


I; 


K, = (12.55) 
"1-1, «(Вм)р”) 

We assume the projectile to be gyroscopically stable, thus P?/ 
4M >1. Then, M/ P? < 1/4, and in general, TA, < 1/5. The last term 
in the denominator of equation (12.55) is therefore very small, in 
Comparison with I or7 , and is neglected. An excellent approxima- 
tion to equation (12.53) is: 


(12.56) 


where L=my,l, 


This simple and useful result gives us a mathematical relation- 
ship between a slight dynamic unbalance due to mass asymmetry, 
and the size of the tricycle, or trim, arm that it adds to the epicyclic 
pitching and yawing motion. [Murphy has derived the same result 
in References 4 and 5]. Equations (12.52) and (12.56) show that a 
slight mass asymmetry adds a very small third arm, which rotates 
at the spin frequency, to the fast and slow epicyclic yaw arms con- 
sidered in Chapter 10. Note that a configurational asymmetry, such 
as a finned missile with a bent fin, or a spinning projectile with a 
slightly bent nose, will also produce a tricyclic pitch and yaw arm. 
In general, the size of the К, arm is very small, compared with the 
amplitude of the fast and slow epicyclic yaw arms, as will be seen 
presently. 


12.4 THE GENERALIZED AERODYNAMIC JUMP EFFECT 
In the previous chapter, we observed that the epicyclic pitching and 
yawing motion produces three separate and distinct effects on a 
flat-fire trajectory; aerodynamic jump, epicyclic swerve, and drift. 
For modern high-velocity, small-yaw, ground-launched flat-fire tra- 
jectories, the epicyclic swerve and the drift are generally small and 
insignificant compared with the aerodynamic jump. We recall equa- 
tion (11.47) from the previous chapter [renumbered here as equa- 
tion (12.57)]: 


C 
Aerodynamic jump = J, = k; pcan [iP&, - &] (12.57) 
\ Cu, ) 
І 
where К, =—— 
та 


С, = Aerodynamic Lift Force Coefficient 


Cy, = Aerodynamic Overturning Moment Coefficient 


了 

P= (29) 
LAV 

Ё) = Initial complex yaw angle 

Ё) = Initial complex yaw rate, or tip-off rate (radi- 
ans/caliber) 


J, = Aerodynamic Jump (J, is the tangent of the 
deflection angle due to jump) 


Two illustrative examples of aerodynamic jump were presented 
in Chapter 11. The first was example 11.1, that showed the effect of 
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tip-off rate on the aerodynamic jump of a non-spinning, Basic Finner 
model (see Figure 11.2) launched at Mach 1.8. The calculations 
showed that an initial yaw rate, & = 0.0018582 radians/caliber 
(directed to the right of the line of fire), produced a first maximum 
yaw of 10 degrees, and an aerodynamic jump, J, = 0.0056694, also 
directed to the right. The yawing and swerving motions were illus- 
trated in Figure 11.3, which showed that the aerodynamic jump 
deflected the trajectory 13.6 inches [Deflection = 
(0.0056694)(200)(12) = 13.6"] to the right, at a range of 200 feet! 

The second example of aerodynamic jump presented in Chap- 
ter 11 was for the .308,” 168 grain Sierra International bullet, fired 
at a muzzle velocity of 2600 feet per second, from a barrel with 12" 
twist of rifling, and an initial yaw rate of 25 radians/second [E = 
(25)(0.308)/{(12)(2600)} = 0.0002468 radians/caliber (directed to 
the left of the line of fire)]. The epicyclic pitching and yawing mo- 
tion was shown in Figure 11.4, and the trajectory deflections pro- 
duced by this yawing motion were illustrated in Figure 11.5. Ata 
range of 300 feet, the epicyclic swerve radius is 0.03,” and the drift 
is 0.05,” to the right. At the same range, the trajectory deflection 
due to aerodynamic jump is 0.75" to the right, which is an order of 
magnitude larger effect than that produced by either the epicyclic 
swerve or the drift. 


12.5 THE EFFECT OF MASS ASYMMETRY ON LATERAL 
THROWOFF AND AERODYNAMIC JUMP 


Let bp = фь +ф5 фу = Ps, + Pss; ф=фу+ф'5; (12.58) 
and substitute these definitions into equation (12.52). If we then 
differentiate equation (12.52) with respect to s, and set s = 0 in both 
(12.52) and its derivative, we obtain: 


E Кре" e Ke + Ке (12.59) 


El -іф Кре cip K,e"* +iġ'K e" (12.60) 


We recall the expression for the aerodynamic jump (with no 
mass asymmetry) from the previous chapter: 


Ks e» 
Ф; 

It can be shown that for tricyclic pitching апа yawing motion 
the aerodynamic jump is given by: 


J, =iC,, |En eth 4 So (11.40) 
pa 


K, 
jie Ky En jos LP, git» 4 Kr ue 
lege ф; 内 


With the help of equations (10.120) and (10.121) from Chap- 
ter 10， 2. (12.61) may be written іп the alternate form: 


7 Рт (ф; + Ф)& - & ] « [xe (g’ - Фф; - Ф)]) а2.62) 


For spin-stabilized projectiles, фе << ф, and фу << $'. 
Making these approximations in equation (12. 62) leads to the 


simpler form: 


(12.61) 


Ат 


Ј, = P т i (o; *é)&-&]«[exe^]) ares 


The following definitions are needed to transform equation 
(12.63) into the desired final form: 


К = шы. (12.64) 
КРС, = 950s (12.65) 
Zo ГА = z (12.66) 

pe +ф (12.67 
d Jur - EUR (12.68) 


Substituting the above definitions in equation (12.63) and do- 
ing the necessary algebraic manipulation, we obtain: 


J, - AL РЕ, - £) +(ip’K ) 
2 Cr А г; 2л 2л тың, j^! 
= 6 Cu, (IPE, - &)+ ІСІ ы | (12.69) 


Equation (12.69) contains the aerodynamic jump due to апу 
initial angle or angular rate, in addition to the contribution due to 
mass asymmetry. If we factor out the mass-asymmetry effect so 
that it stands alone, we obtain our final result: 


A 
а CM 


An example of the application of equation (12.70) will be given 
presently. 

The lateral throwoff due to the removal of a small mass, m,» is 
readily obtained. Taking first moments (mass times distance) about 
the projectile's axis of rotational symmetry, тё = mgr, ,and we 
find that the static unbalance, due to removal of a small mass m,, 
located at a distance r, off the projectile's axis of rotational symme- 
try is given by: 


a тарт, 
Ёё = СЕГЕ 


(12.70) 


(12.71) 


m 


Substituting equation (12.71) into equation (12.10) gives the 
lateral throwoff for a small mass-asymmetry: 


T, = ( =) | ты e^ 
md 


Remember that the mass m, is removed at an arbitrary axial 
distance, /, , from the projectile' s center of gravity (CG), and at an 


(12.72) 
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arbitrary distance, 7, , laterally off the axis of symmetry. The dis- 
tance 1, is defined as positive if the mass is removed ahead of the 
CG, and negative if m, is removed aft of the CG location. Also note 
that the roll orientation angle €, used to define the lateral throwoff 
[equation (12.72)] is the orientation of the projectile's CG, at the 
instant of separation from the gun muzzle, not the roll orientation 
of the mass, m, . Thus the two angles, D, and фу are 180 degrees out 
of phase with each other. 


Example 12.1 

The first example we will present illustrates the effect of a mass 
asymmetry on the tricyclic pitching and yawing motion, the lateral 
throwoff, and the aerodynamic jump. The experimental firings were 
conducted in the Naval Ordnance Laboratory (NOL) Pressurized 
Aeroballistics Range, and were reported by J. E. Long, G. Parrish, 
and J. D. Nicolaides in Reference 6. 

The NOL firings of mass-asymmetric projectiles utilized 20mm 
steel cone-cylinder models, whose geometry is shown in Figure 
12.6. The configuration had a pointed conical nose, 2 calibers in 
length, followed by a 3-caliber long cylindrical afterbody. The 5- 
caliber long cone-cylinder projectile was deliberately unbalanced 
by drilling one or two off-axis holes in the base, to a depth of 1 
caliber. Only the one-hole model is considered in this chapter. 

The relevant physical and aeroballistic characteristics of the 
steel cone-cylinder projectile are summarized in the table below: 


Table 12.1 


Muzzle velocity = 2210 feet per second 
Launch Mach number = 1.98 
Rifling twist rate = 25.5 calibers/turn, right-hand twist 
Reference diameter = 0.786" 
Projectile length = 3.93" 
Projectile weight = 0.392 Ib. 
Center of gravity = 1.47" from base 
Axial moment of inertia = 0.0282 Ib.-in.? 
Transverse moment of inertia = 0.3263 ІҺ.-іп.2 
Mass removed by drilling one hole = m, = 0.007 lb. 
Center of drilled hole, off axis of symmetry = ғ, = 0.196" 
Diameter of drilled hole = 0.198" 
Centroid of drilled hole (aft of CG) = І, = -1.077" 
[Note that the drilled hole emerged down (6:00 position) at 
the muzzle, thus ф, = 180 degrees, and Ф = 0 degrees] 


Additional aeroballistic quantities for the 20mm steel cone- 
cylinder projectile, obtained from firings in the NOL Aeroballistics 
range, are (in BRL Aeroballistic nomenclature): 


C, 70.377; С, =3.50; С, =2.61; (cv +С, )--18.8; Cy, =0.60 
5 -2.03;5,-0.94; $,-0.01822rad./cal.; ф; =0.00307rad./cal.; 


20mm Steel Cone-Cylinder Projectile, With Mass Unbalance 


Base View 


All Dimensions in Inches 


Side View 


Figure 12.6 Sketch of a Mass-Unbalanced 20 mm Steel Cone-Cylinder Projectile. 
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办- | 22) =0.2464 rad./cal.; А=-0.000195 /cal. 
V A; =0.000166 /cal. 
The quantity 1, and the dynamic unbalance angle, K, , are: 
Img, (007 16.)(.196")(-1.077") = - 0.001478 ІҺ.-іп 2 


I 
K; = ШЕ = (0 .001478)/(.3263 - .0282) = 0.004958 radian = 
1, -1, 0.28 degree 


Note that the theoretical value of the dynamic unbalance angle, 
К,, calculated from equation (12.56), is 0.004958 radian, or 0.28 
degree. The amplitude of the tricyclic arm, measured in the NOL 
range was 0.30 degree. Thus the theoretical and the experimental 
values of К, disagree by only 0.02 degree, for this case. 

Substituting the appropriate values from Table 12.1 into equa- 
tion (12.70): 


_ (2л \{(.007).196)(-1.077) ]/ 2.61), n Р 
a (392.786). (ЕЛІ аы 


At 300 feet range, the deflection due to aerodynamic jump = 
(300)(12)(.001121) = 4.0 inches, to the right. 

The lateral throwoff is found by substituting the appropriate 
values from Table 12.1 into equation (12.72): 


/ 2л \{(.007)(.196)] _ | 
Т, = (257) (зао 786) О] = 0.001097i 


At 300 feet range, the deflection due to lateral throwoff = 
(300)(12)(.001097) = 3.9 inches, also to the right. The total deflec. 
tion due to both aerodynamic jump and lateral throwoff is 7.9 inches, 

Figure 12.7 is a plot of the pitching and yawing motion of the 
20mm mass-asymmetric cone-cylinder projectile, over the first 100 
feet of its flight. Note that the very small tricyclic (К, ) arm is too 
small (K, = 0.3 degree) to be visible in this plot, and the observed 
pitching and yawing motion appears to be a characteristic epicycle 
for a dynamically stable, spin-stabilized shell. The first maximum 
yaw (approximately 9 degrees) occurs about 27 feet downrange of 
the gun muzzle. 

Figure 12.8 is a plot of the vertical and horizontal trajectory 
components, over 300 feet of the same flight. The top plot [Figure 
12.8(a)] shows the vertical plane of the trajectory, and it illustrates 
the small epicyclic swerving motion, superimposed on the point- 
mass (dashed curve) trajectory. The bottom graph [Figure 12.8(b)] 
is a plot of the horizontal trajectory component, and it shows the 
lateral throwoff, the aerodynamic jump, and the epicyclic swerve 
caused by the deliberately-introduced mass-asymmetry. The epicy- 
clic swerve radius is approximately 0.30" at the gun muzzle; this 
value has damped to about 0.14" at a point 300 feet downrange. 
The lateral throwoff deflects the trajectory 3.9 inches to the right at 
this distance, and the aerodynamic jump causes an additional right- 
deflection of 4.0 inches, so that the projectile impacts 7.9 inches to 


Pitch versus Yaw for 20mm Steel Cone-Cylinder 


& (Degrees) 
10 


В (Degrees) 


Figure 12.7 Pitch versus Yaw fora 
Mass-Unbalanced Projectile. 
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Y (inches) 


2 
0 


Initial Line of Departure 


Z(Inches) 


Fig. 12.8 (a) the right of the initial line of departure. [There is also a very small 
right-hand drift, D, , but it amounts to less than 0.1 inch at 300 feet 
——— | range, and therefore the drift is not visible in the horizontal deflec- 
tion plot]. 
| ы Note that if a gun with left twist of rifling had been used, and 
the base-drilled hole had again emerged down at the muzzle, the 
60 120 180 240 300 | direction of initial yawing (5 ) would have been to the right of the 
Range (Feet) line of fire, and both the lateral throwoff and the aerodynamic jump 
would have produced left-deflections. 
Also note that if the small mass m, had been removed ahead of 
Fig. 12.8 (b)| the projectile's center-of-gravity, and the drilled hole had emerged 
down at the muzzle, from a right-hand twist of rifling, the lateral 
throwoff would still be to the right, but the direction of initial yaw- 
ing (& ) would also have been to the right, and the resulting aero- 
dynamic jump would have been to the left of the initial line of fire. 
This illustrates the fact that a mass-unbalance aft of the projectile's 
CG (center of gravity) causes the lateral throwoff and aerodynamic 
jump effects to reinforce each other, whereas a mass-unbalance for- 
ward of the projectile's CG causes a partial cancellation of the two 
effects! Although zero mass-unbalance is the universally desired 
production goal in the manufacture of projectiles, a small mass- 
unbalance at the nose is always preferable to an unbalance at the 
base. This fact was first established experimentally by Е. W. Mann 
(Ref. 1), and our modern aeroballistic analysis quantifies and con- 
firms Mann's results. 
Static and dynamic unbalance are independent properties of a 
projectile, although they usually occur in conjunction. Figure 12.1 
illustrated a pure static unbalance, in which the center-of-mass is 
displaced laterally off the axis of rotational symmetry, but the lon- 
gitudinal principal axis of inertia remains parallel to the axis of 
symmetry. In this case, there will be a lateral throwoff at the muzzle, 
but no aerodynamic jump. Figure 12.9 shows a pure dynamic un- 
Range (Feet) balance, in which the center-of- mass remains on the axis, but the 
longitudinal principal axis of inertia is inclined at a small angle to 
Figure 12.8 Height and Deflection versus Range for a Mass-Unbalanced е rotational axis of symmetry. For this case, there will be an aero- 
20 mm Projectile. 


Dynamically Unbalanced Projectile 


Principal Axis of Inertia Inclined Relative to Axis of Symmetry 


Figure 12.9 Sketch of a 
Statically Balanced, but 
Dynamically Unbalanced 
Projectile. 
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dynamic jump at launch, but no lateral throwoff. In practice, most 
projectiles will possess both a static and a dynamic unbalance, and 
will therefore exhibit both lateral throwoff and aerodynamic jump 
at the instant of separation from the muzzle. 


12.6 DERIVATION OF KENT'S EQUATION FOR А SMALL 
MASS-ASYMMETRY 
The relationship between the dynamic unbalance angle, K, , and 
the first maximum yaw angle, $ уду, is referred to as “Kent's Equa- 
tion.” To derive it, we return to equations (12.63) and (12.65) of the 
previous section. 

We first add equations (12.63) and (12.65), and then subtract 
them. Two useful equations are obtained by these operations: 


20- 21,/1,-1)РК 

К. +К = 2] K, = (2/1, -1)рК, (12.73) 
фе — Ф; br — ф; 

K, - Ks, = К, (12.74) 


Equation (12.74) shows that for a very small amplitude dy- 
namic unbalance angle, the fast and slow epicyclic yaw arms are 
nearly the same size. 

In Chapter 10, the following two equations were derived: 


1 
Pp = ІР +VP -4M | (10.102) 
&- |? -4P-4 м| (10.103) 
where Р= 1, (24 
КУ 
_ pSd° 
ors 


If equations (10.102) and (10.103) are first added, then sub- 
tracted, we obtain: 


фь+ф = P; фь-ф= УР? -4M (12.75) 


p? Р? | 1 
— =S; ..4M=—;¢,-¢,=P |1-— (12.76 
But， AM °? 5, Pr — Ф5 5, ( ) 


Substituting these results into equation (12.73) апа simplify- 


ing: 

; { к, \ 
| ү! - VS, | 
We note that С. Н. Murphy has derived the same result in Ref- 

erence 4. | 
We also note that the trim angle, K,, of a dynamically unbal- 
anced projectile is precisely equal to the dynamic unbalance angle 
£, where £ is the angle between the longitudinal principal axis of 
inertia, and the geometric axis of rotational symmetry. Figure 12.9 


I 
sin fmax = Kp + Ks, = (27- (12.77) 


1 


х 


illustrates a statically balanced, but dynamically unbalanced рто- 
jectile. Since К, (ог € ) is a very small angle, it is always permis- 
sible to replace the sine of the angle €with the angle itself (in radi- 
ans). Replacing K, with 6 leads to the classical form of Kent's 
equation: 


sinO wax = Е 


(12.78) 


1 


x 


1, ( ¢ \ 
Жыз 


where € =the dynamic unbalance angle (radians) 


бмлх = the first maximum yaw angle 


Note that the dynamic unbalance angle is denoted by the script 
Greek letter epsilon, € . The Greek letter epsilon with а carat , is 
used throughout this chapter to denote the amount of static unbal- 
ance in a projectile. The two symbols look somewhat alike, and the 
reader needs to pay careful attention to which ones are used in a 
given equation. 


Example 12.2 
Use Kent's equation to calculate the first maximum yaw for 
the mass-asymmetric, 20mm steel cone-cylinder projectile of Ex- 
ample 1. 
Substituting the values provided in Table 12.1 into equation 
(12.78), we find: 


3263 
ind = [2( =) -1 
Tr MAE | 0282 | 


Thus 6,,, = Sin™'(0.15412) = 8.9 degrees. 


004958 


一 -一 一 一 | = 0.15412 
1-(1/2.03) | 


Comparison of this value with the plotted first maximum yaw 
(illustrated in Figure 12.7), shows excellent agreement. 


12.7 THE EFFECT OF IN-BORE YAW ON LATERAL 
THROWOFF AND AERODYNAMIC JUMP 

In this section, we will consider a spin-stabilized projectile that is 
rotationally symmetric, both in configuration and mass distribu- 
tion. The projectile is assumed to be “eccentrically engraved,” i.e., 
it is “tilted” as it enters the rifling, and it is assumed that the tilt 
persists throughout its passage through the rifled barrel. We further 
assume that the front bourrelet rides a single land or groove all the 
way down the gun tube and the rear bourrelet (or rotating band) 
rides the opposite land or groove, so there is no “balloting,” or bounc- 
ing from one land or groove to another. Under these assumptions, 
the shell's axis of rotational symmetry "precesses" at the roll or 
spin rate as it travels down the rifled barrel. 

The tilted bullet in the barrel is illustrated (with a greatly exag- 
gerated tilt) in Figure 12.10. The tilt angle, (in-bore yaw angle) 15 
denoted by the Greek letter 6. We assume that the tilt occurs about 
the mid-point of the bullet's cylindrical center section; thus if the 
center-of-gravity is either ahead of or behind this mid-point, there 
will also be a static unbalance, denoted by the Greek letter 5 . Fig- 
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Figure 12.10 Sketch of a Projectile with In-Bore Yaw. 


ure 12.10 shows that the relationship between the static unbalance 
and the tilt angle is given by the following equation: 


ê = (Ly + YLen - CGy)tan e (12.79) 


where L, = projectile nose length (calibers) 
І. = length of the cylindrical center section (cali- 
bers) 


CG, = the distance from the nose to the center of grav- 
ity (calibers) 


а = bullet reference diameter (usually taken as the 
front bourrelet diameter) 


& =static unbalance due to bullet tilt (in-bore yaw) 


For the very small tilt angles considered, tan £ = sin £, and we 
may write (12.79) as: 


£ = (Ly + V Len - CG, sin € (12.80) 


If the center of gravity location is forward of the mid-point of 
the cylinder (which is usually the case), the static unbalance is in 
the same direction as the angle 6. For a CG located aft of the cylin- 
drical mid-point, ё and £ are oppositely directed. 

We now define the roll orientation angle at the muzzle, 加 ,to 
be the angle between the vertical (12:00 position) and the plane 
Containing both & and the bore centerline. Then the initial yaw at 
launch is given by: 


E = sin e^ (12.81) 


Substitution of equation (12.81) into equations (12.66) апа 
(12.67) yields the tip-off rate, and after some simplification, we 
find: 

E NE PL UNE 
& =i (2 Рвіпге% = {= sin ge^ (12.82) 
n 


x 


where n — rifling twist rate (calibers/turn, taken as positive for right- 
hand twist). 


Equations (12.81) and (12.82) are now substituted into equa- 
tion (12.57), and the aerodynamic jump for a bullet with in-bore 
yaw is given by: 


C, 


| sin Jen (12.83) 


1, 

where у = та? 
І 

k? = — 

* та? 


С, = Aerodynamic Lift Force Coefficient 
Cu, =Aerodynamic Overturning Moment Coefficient 


The lateral throwoff due to bullet tilt is now found by substi- 
tuting equation (12.80) into equation (12.10): 


| (2% : 5 
Т, = | + V Len - CG, }sin ele ^ | (12.84) 
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Equations (12.83) and (12.84) show that for a tilted bullet, with 
it's center-of-gravity location forward of the bullet's cylindrical mid- 
point, the aerodynamic jump and the lateral throwoff oppose each 
other, and therefore a partial cancellation effect occurs. In general, 
the aerodynamic jump due to in-bore yaw is larger in magnitude 
than the lateral throwoff, thus the trajectory is usually deflected to 
the left (toward 9:00 on the target), for a bullet that emerges nose 
up, from a right-hand twist of rifling. 


Example 12.3 
The effect of bullet tilt, or in-bore yaw, will be demonstrated 
using the .308," 168 Grain Sierra International bullet, fired at a 
muzzle velocity of 2600 fps, from a .308 Winchester rifle with a 
right-hand, 12" twist of rifling. The physical and aerodynamic char- 
acteristics we will need were listed in Chapter 9, and are summa- 
rized in Table 12.2: | 


Table 12.2 
d = 0.308" = 0.025667 ft. ; m = 168 grains = 0.024008 Ib. ; 


п = 12 (in./turn) / 0.308 (in./cal.) = 38.96 cal./turn ; 7, = 0.000001713 
lb.-ft.? ; 


I, = 0.00001277 lb.-ft? ; k? = 0.808 ; k? = 0.108 ; (pd/V) = .16127 
rad./cal. ; 


P = 0.021645 rad./cal. ; Launch Mach Number = 2.33 ; C L= 2.75 ; 
C м„= 2-63; 


L, = 2.26 calibers ; L.,, = 1.21 calibers ; CG, = 2.44 calibers from 
nose 


We will assume an in-bore yaw angle, =, of 0.1 degree; then, sin = 
0.0@175. We further assume that the roll-orientation of the bullet 
tilt is up (12:00 position) at the gun muzzle; then фу = 0 degrees. 
The aerodynamic jump and the lateral throwoff produced by this 
small bullet tilt are computed below: 


2л (2.75) ; 
= —| ——— [.808 – .108] =—1}(.00175)i = -0.000207i 
Ja (5! 1363). ) 
T {29 [2.26 + .605 ~ 244] 275 00175) = 0.000120: 
г 138.96 2.63 


At 300 feet range, the deflections produced by ће aerodynamic 
jump and lateral throwoff are: 


Рей. due to aero. jump = - (300) (12) (.000207) i = - 0.75" , to the 
left 


Defl. due to lat. throwoff = (300) (12) (.000120) i = 0.45" , to the 
right 


The total deflection at 300 feet range is seen to be - 0.30" to the 
left. Although this is a rather small deflection, and would not ordi- 


narily be considered significant, it could well be of some impor- 
tance in a precision shooting sport, such as benchrest shooting. The 
projectile designer could attempt to minimize the effect of bullet 
tilt, or in-bore yaw, by choosing bullet design parameters that mini- 
mize the algebraic sum of the lateral throwoff and the aerodynamic 
jump: 


Nearly all spin-stabilized projectiles have at least some static 
and dynamic unbalance, and have some in-bore yaw, however small. 
Note that the twist of rifling, n, appears in the denominators of equa- 
tions (12.83), (12.84) and (12.85), and Sterne has pointed out (Ref. 
9) that because of this fact, the best accuracy usually results from 
using the slowest possible twist rate. We state the general conclu- 
sion below: 

The slowest twist of rifling (largest n) that barely gyroscopi- 
cally stabilizes a statically unstable projectile will, in general, 
give the best accuracy at short ranges. However, the value of 
the gyroscopic stability factor, S, , at the gun muzzle must be 
sufficiently larger than unity to insure dynamic stability under 
actual firing conditions. 


12.8 DERIVATION OF KENT'S EQUATION FOR А SMALL 
IN-BORE YAW 

We assume that a rotationally symmetric projectile is “tilted” rela- 
tive to the bore centerline as it enters the rifling, and that this “tilt” 
persists throughout the interior ballistic phase of the trajectory. We 
further assume that the front bourrelet rides a single land or groove, 
all the way down the gun tube, and that the rear bourrelet (or rotat- 
ing band) rides the opposite land or groove, so that there is no “bal- 
loting,” or bouncing from one land or groove to another. If these 
assumptions are satisfied, then the projectile's axis of rotational 
symmetry “ргесеѕѕеѕ” at the roll or spin rate as it travels down the 
rifled barrel. 

Most modern artillery shell are mechanically or hydraulically 
rammed into the origin of rifling, and whatever in-bore yaw is 
present at the end of ramming is probably due to dimensional clear- 
ance between the shell and the gun barrel. Modern small arms bul- 
lets are usually loaded into a cartridge case, and the entire cartridge 
is then chambered. There may be runout in the case neck, which 
would cause the bullet to be initially misaligned with the bore. In 
addition, there is usually some “free run” before the bullet makes 
mechanical contact with the throat of the rifling, and during this 
unsupported “free run” phase, additional bullet “tilt” may occur. 
Modern small arms bullets tend to be constructed of materials that 
are much softer than barrel steel, and they usually exhibit plastic 
behavior under the high stresses that occur during firing. Thus, 8 
gilding-metal jacketed bullet with a soft lead core, that enters the 
rifled bore with a small tilt angle, will probably retain that tlt 
throughout its travel up the barrel. Small cannon projectiles are also 
loaded into cartridge cases, but like artillery shell, the projectile 
outer wall is usually made of steel. There is considerable evidence 


when ae A Bi an a С екн ы. 


266 


Lateral Throwoff and Aerodynamic Jump 


of balloting in modern high-velocity, small-caliber cannon projec- 
files. Since the detailed nature of the balloting is, in general, diffi- 
cult to measure ог predict, the assumptions made in this section are 
jess likely to be satisfied for small caliber cannon projectiles than 
they are for conventional small arms bullets. [Note that balloting 
can be calculated today, using complex multi-degrees-of-freedom 
dynamic structural codes on super computers]. 

We assume that the projectile emerges from the muzzle of a 
rifled barrel with a small in-bore yaw angle, =. If the axial spin of 
the tilted projectile is given by p, in radians per second, then one of 
the principles of mechanics tells us that a transverse component of 
angular velocity will be introduced at the instant of separation from 
the muzzle. This transverse, or cross angular velocity will be per- 
pendicular to the shell's axis of symmetry, and will be proportional 
to the product of the axial spin and the sine of the in-bore yaw 
angle. The initial yaw and yaw rate are stated below, in complex 
variable notation: 

E =E; Ё тіре (12.86) 

With the help of equations (12.37), the second equation of 

(12.86) becomes: 


Е = (£^). - ijs 


From Chapter 10, we recall the initial condition equations: 


(12.87) 


К.е“ = RIS кы) (10.120) 
FYS 

Ke” = Башы (10.121) 
Е 5 


Substituting equation (12.87) and the first equation of (12.86) 
into equations (10.120) and (10.121): 


Кре! = ec (12.88) 
ЕС TS 

Кое = dex (12.89) 
F^ Ts 


We now add, then subtract equations (12.88) and (12.89), to 
get the first minimum and first maximum yaws, respectively: 


Кре + Кое =e (12.90) 
i й 2 d қалі н + А E 
Кре – К.е? = 9 (0+0) (12.91) 


$r -Os 


Equation (12.90) confirms that the initial minimum yaw is equal 
Paes in-bore yaw, € , If we substitute equation (12.42), plus the 
ust equation of (12.75) and the last equation of (12.76) into equa- 


tion (12.91), and divide the result through by P, we again obtain 
Kent's equation: 


| ЖШ M \ 
sin д wax = БА - j (2-5 LS | 


E =the in-bore yaw angle (radians), at muzzle exit 


(12.92) 


where 
sin 6 wax = the first maximum yaw angle 


Equation (12.92) was first published (Ref. 7) in 1928, by R. H. 
Kent and H. P Hitchcock. A more modern derivation is given by 
McShane, Kelley and Reno (Ref. 8), who refer to equation (12.92) 
as “Kent's formula.” Note that the derivations of References 7 and 
8 assumed an in-bore yaw of magnitude £ , not a mass asymmetry. 

McShane, Kelley and Reno discussed the effect of mass ec- 
centricity in Section 7, Chapter XII of Reference 8, although no 
derivation was presented. The authors noted that the effect of a 
dynamic unbalance angle of magnitude є, and an in-bore yaw angle 
of magnitude £ , produce almost precisely the same first maximum 
yaw. Our present analysis confirms that statement. 

Actually, this result is neither surprising nor coincidental. In 
both cases, the longitudinal principal axis of inertia forms an angle 

£, relative to the bore centerline, and precesses about the centerline 

with angular velocity, p. Thus the same transverse angular velocity 
is imparted to the projectile at the instant of separation from the 
muzzle, regardless of whether the angular velocity is produced by a 
dynamic unbalance or an in-bore yaw. 

Inspection of equations (12.78) and (12.92) shows how a very 
small in-bore yaw, or dynamic unbalance angle, is amplified into a 
much larger first maximum yaw, after the projectile exits the muzzle 
of the gun. For a typical spin-stabilized projectile, the ratio І// is 
of order ten, and for gyroscopic stability, S > 1. Thus the first maxi- 
mum yaw angle is of order twenty times the in-bore yaw angle, or 
the dynamic unbalance angle. 

Equations (12.78) and (12.92) also tell us that by merely ob- 
serving the amplitude of the first maximum yaw, we cannot distin- 
guish between the two predominant causes of the epicyclic pitch- 
ing and yawing motion. Unless additional physical evidence is 
present, we cannot tell if dynamic unbalance, or in-bore yaw, or 
some combination of the two, was the cause of the observed first 
maximum yaw. McShane, Kelley and Reno note in Reference 8 
that the dynamic unbalance and the in-bore yaw are probably not 
statistically independent. This is a fertile research area for some 
enterprising young engineer to investigate, with modern high-pre- 
cision instrumentation. 


12.9 THE AERODYNAMIC JUMP DUE TO CROSSWIND 

Equation (12.57) tells us that there are two possible causes of aero- 
dynamic jump for spinning projectiles. The examples presented in 
several previous sections of this chapter have assumed very small 
initial yaw, and have highlighted the jump due to tip-off rate, . 
However, if a spinning shell has a significant initial yaw, 5, equa- 
tion (12.57) shows that the initial yaw will cause an additional com- 
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ponent of aerodynamic jump, proportional in magnitude, and per- 
pendicular in direction, to the product P, . 

If a spinning projectile has an initial yaw, E, but no significant 
tip-off rate, equation (12.57) reduces to the simpler form: 


Ј, = z 2 | 


мМ, 

As ап example of aerodynamic jump due to initial yaw, we 
will consider the case of a flat-fire trajectory with a crosswind. The 
coordinate system selected is the same as Figure 7.1 of Chapter 7. 
The rifleman is assumed to be firing horizontally (parallel to the X- 
axis), and the crosswind is blowing from left to right, across the 
line of fire. The vector geometry, from a position above the firing 
line, is illustrated Figure 12.11(a). 

Since the vector velocity must be specified relative to the wind 
axes, we see that the left-to-right crosswind, W,, [illustrated in Fig- 
ure 12.11(a)], effectively shifts the initial velocity vector, V,» to the 
left (toward 9:00 on the target) of the line of fire. The directed angle 
from the shifted velocity vector to the projectile's spin axis is a pure 
initial yaw angle (zero pitch component), and we have: 


sin В, = (% 


If we now move to a position directly behind the gun, looking 
downrange toward the target, we see the Y-Z plane, normal to the 
trajectory, as illustrated in Figure 12.11(b). The initial yaw, caused 
by the crosswind, is given by: 


(12.93) 


(12.94) 


View From Above Firing Line 


X 


Line of Fire 


Figure 12.11 (a) 


КР | W, 
5, = isin B, = 的 (12.95) 
0 
Моге that we approximate V, with V, throughout this section, 
in accordance with the flat-fire approximation discussed in Chap- 


ter 5. We now substitute equation (12.95) into equation (12.93); 


„ай Сы. (% 


- Р 
A | | V (12.96) 


C, 


I d 1.1/2. 
At the muzzle of the gun, P = ш (5) = " (=) (12.97) 
АУ» (2) 
Substituting equation (12.97) into (12.96), апа simplifying 


yields the aerodynamic jump due to crosswind: 
(12.98) 


where 


n= rifling twist rate (calibers/turn) 
V, = muzzle velocity 


W, = crosswind component of wind speed (same 
units as the muzzle velocity) 


View From Behind Gun 


Figure 12.11 (b) Figure 12.11 Vector Geometry of 


a Projectile Fired into a Cross 
wind. 


% 
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As a first example, we will investigate the effect of aerody- 
с jump due to crosswind for the .308,” 168 Grain Sierra Inter- 


i bullet, used in the previous example of this chapter, We (12.99) 
e take а 10 mile per hour (MPH) crosswind (W, ) as a typical 
ae and assume that it blows from left to right across the line of 
ү Converting the crosswind speed to feet per second, we find where X = range to the target 
um = (10) (1.4667) = 14.667 fps. The remaining values we need 
gre listed in Table 12.2, and the jump calculation is shown below: t = time of flight to the target 
2л | =n) (om 
- ———Í LIU = -0.000103 = i 

J =-(.108) EA 2.63/\ 2600 V, = muzzle velocity 

At 300 feet range, the downward deflection (negative Y-direc- W, = crosswind component of wind speed (same 
tion) due to aerodynamic jump is: units as the muzzle velocity) 

У = - (12)(300)(.000103) = -0.37 inch, downward Z = horizontal deflection due to crosswind 

The 10 MPH left-to-right crosswind causes the bullet to strike The time of flight to 300 feet range for the 168 grain Sierra 
0.37" lower on the 100 yard target than it would have if there had International bullet, fired at a muzzle velocity of 2600 feet/second, 
been no wind. 2 is known to be 0.1203 second, from six-degrees-of-freedom calcu- 


The horizontal deflection to the right, for the same crosswind, lations done for Chapter 9 of this book. Substituting the appropri- 
is given by equation (7.27) from Chapter 7, restated here in slightly ate values into equation (12.93), we find: 
different form: 


.308", Sierra 168 Grain International Bullet 
(Muzzle Velocity = 2600 Feet/Second) 
(RightHand Twist, 12" per Turn) 


Y dn.) 


-20 MPH W, 


-10 MPH W, 


+10 MPH W, 


+20 MPH W, 


Impact Point 
With No Wind 


Figure 12.12 Effect of a Crosswind on the Im- 
pact Point of a Spin-Stabilized Projectile. 
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300 
Z =(12)(14.667 (1203 - = = 0.87 i i 
( Х ) 2600 inch, to the гірім 


Note that both the vertical deflection due to aerodynamic jump， 
and the horizontal deflection, are linear in the magnitude of cross- 
wind speed. Thus a 20 MPH left-to-right crosswind will deflect the 
.308,” 168 Grain Sierra International bullet -0.74" (down) and 1.74" 
to the right, at 300 feet range. Also note that at the same range, a 
right-to-left crosswind (negative W,) would deflect the same bullet 
+0.37" (up) and 0.87" to the left. Thus all shots fired in variable 
crosswinds will impact along the same inclined straight line, as il- 
lustrated in Figure 12.12. 

The angle between the impact slant line and the Z-axis of Fig- 
ure 12.12 (p. 269) is 23 degrees. This is the well-known 10:00/4:00 
slant of groups, which many benchrest shooters have observed at 
100 yards range, when firing on windy days. Note that for а left- 
twist of rifling [negative n], equation (12.98) predicts an upward Y- 
deflection for a left-to-right crosswind. Thus the slant line would 
be reversed, and we would see an 8:00/2:00 slant for firing into 
variable crosswinds with a left-twist barrel. Also note that a faster 
or slower rifling twist rate would change the angle the slant line 
makes relative to the Z-axis. For a 10" twist, the angle between the 
slant line and the Z-axis would be about 27 degrees, and for a 14" 
twist, the corresponding angle would be approximately 20 degrees, 
for the .308," 168 grain Sierra International bullet fired at a muzzle 
velocity of 2600 feet per second. 


12.10 FIRING SIDEWISE FROM AN AIRPLANE 

Another interesting case of the aerodynamic jump due to cross- 
wind occurs for firing a gun sidewise from a high-speed aircraft. 
This problem was first addressed by T. E. Sterne in 1943 (Ref. 10). 
Reference 10 was written for the BRL mathematicians who were 
tasked with generating firing tables for machine guns, used in side- 
wise fire from high speed airplanes. In 1943, the speed of combat 
aircraft had reached 400 miles/hour (587 feet/second), and the very 
large vertical crosswind (aerodynamic jump) effect on a .30 caliber 
machine gun bullet in sidewise fire from such an aircraft had to be 
accurately accounted for. 

A more recent example involved firing the caliber .50 Brown- 
ing M2 Machine Gun sidewise from an aircraft flying at 450 knots 
(760 feet/second) airspeed. The ammunition used was caliber .50, 
API (Armor Piercing Incendiary) M8, with a reference diameter of 
0.510," а nominal bullet weight of 648 grains, and a nominal muzzle 
velocity of 2950 feet/second from the service machine gun. . 

In support of this project, firings were conducted at average 
yaw levels up to 14 degrees, in the BRL Aerodynamics Range. The 
physical characteristics of the API М8 projectile, and the aerobal- 
listic test results are reported in Reference 11. Based on these test 
results, six-degrees-of-freedom (6-DOF) trajectories were run for 
many different aircraft flight speeds, off-axis firing azimuths, and 
gun quadrant elevation angles. A single 6-DOF case was selected 
for presentation in this chapter, to illustrate the aerodynamic jump 
for a very large effective crosswind. 


The 6-DOF trajectory selected for this chapter assumed hori- 
zontal fire (zero degrees quadrant elevation angle), and firing 90 
degrees to starboard (right-hand side), off the aircraft's flight path. 
For firing perpendicular to the aircraft line of flight, the initial yaw 
is given by: 

-11 760 - 
В, = Тап (55) =14.45 degrees, Ё, = ісіп В, = 0.24951 

The aircraft altitude was 1000 feet above mean sea level; the 
ICAO air density was 0.07426 Ib./ft.?; the air temperature was 55.4 
*F; and the speed of sound in air was 1112.57 feet/second. The 
projectile's muzzle velocity and the aircraft's flight speed combine 
to give the total muzzle velocity, V , and launch Mach number, 
relative to wind axes: 


V= (2950)? + (760): =3046 ft./sec.; Launch Mach Number=2.74 


The rifling twist rate of the Browning M2 machine gun is 15 
inches/turn, right-hand. Additional physical characteristics of the 
API M8 bullet are: 


T= 0.00268 ІБ.-іп; I= 0.02525 Ір.-іп?; m= 0.09257 Ib. 
к2= 0.1113; &2= 0.954; k *— 8.98; n= (15)/(.510)= 29.41 cal./turn 


For the large-yaw flight, the following aerodynamic character- 
istics of the API М8 bullet are obtained, at Mach 2.74: 


C,= 0.63; С, = 2.60; C, = 3.52; См. = 0.25 C, + C, = -6.6 


Using the definitions given after equation (10.66) of Chapter 
10, we find: 


P= 02268 rad./cal.; M= .00006009; T= .000144; H= .0002224 


Equations (10.102) through (10.105) of Chapter 10 provide 
the following values: 


фр- .01962 rad./cal.; $= .00306 rad./cal.; Ара -.000066 /cal.; 
А;= -.000156 /cal. 
S= 2.14; S=1.29 


In section 10.7 of Chapter 10, it was shown [see equations 
(10.92) and (10.93)] that for a very small tip-off rate, & ,anda 
large initial yaw, &,, the magnitudes of the initial epicyclic pitch 
and yaw arms are well approximated by: 


ф фе 
қ- (Шы (5; 
Бога gyroscopically overstable shell, where (һе fast-arm tum- 
ing rate is an order of magnitude greater than the slow-arm turning 
rate, equations (12.100) tell us that the slow-arm amplitude will be 
an order of magnitude larger than the fast-arm amplitude. This con- 
dition is satisfied for the .50 API M8 bullet fired sidewise from à 


Б (12.100) 


БЕСИК тест сын 
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high speed aircraft. Substituting the values of the epicyclic turning 
: d the initial yaw into equations (12.100) we find: .50 Caliber, API M8, QE = 0, Azimuth = 90 Degrees 
Aircraft Speed = 450 Knots 


rates an 
Құт 0.0462; Ks, = 0.2957; Фк, = 270 deg.; ф, = 90 deg. 


The epicyclic pitching and yawing motion for this trajectory is & (Degrees) 
plotted in Figure 12.13, for the first 400 feet of the trajectory. The 24 
first maximum yaw is approximately 17 degrees, and it occurs about 


16 feet downrange of the gun muzzle. The motion is dynamically 
stable (5,= 1. 29), апа both epicyclic arms damp fairly quickly along 
the flight path. At 400 feet range, the slow arm amplitude has damped 
from an initial value of 17 degrees, to approximately 5 degrees, and 
it is still damping. The fast arm, whose initial value was about 2.5 
degrees, has damped to about 1.5 degrees, at the same range. 

Substituting the appropriate values for the .50 API M8 bullet 
into equation (12.98), we obtain a value for the downward aerody- 
namic jump due to the 450 knot (760 fps) crosswind: 


3.52\/ 2л \/ 760 
= (113 cp p | -= -0. 
J=- Xo) (291) (soso) ш 


At400 feet range, the downward deflection due to aerodynamic 
jump is: 


Figure 12.13 Pitch versus Yaw, for a .50 Caliber Bullet Fired Sidewise 
= - (12) (400) (.00829) = - 39.8 inches from an Aircraft. 


Height versus Range for .50 Caliber API M8 
QE=0, AZ=90°, А/С Speed=450 Knots 


Range (Feet) 
400 


100 200 300 


Starboard Line of Fire 


Height (Inches) 


Aerodynamic Jump 


一 一 一 一 一 Gravity Drop + Aerodynamic Jump 


Figure 12.14 Height versus Range, for a.50 Caliber Bullet Fired Sidewise from an Aircraft. 
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Figure 12.14 (p. 271) is a plot, taken from the 6-DOF program 
output, that shows the downward deflection of the trajectory, from 
the initially horizontal line of fire, over the first 400 feet of the 
bullet's flight. The solid curve is the actual trajectory, and it in- 
cludes everything; the epicyclic swerve, the gravity drop, and the 
aerodynamic jump. The initial epicyclic swerve radius, caused by 
the large initial pitching and yawing motion, is approximately 1.2 
inches; the bullet's center-of-mass is initially flying in a 2.4-inch 
diameter helix about the mean trajectory. At 400 feet range, the 
swerve radius has damped to about 0.3 inch, and the epicyclic swerv- 
ing motion has almost vanished. The gravity drop at 400 feet range 
is approximately 4 inches, and a graphical construction shows that 
the aerodynamic jump is about 38 inches, downward. [Note that 
equation (12.98) predicts a downward deflection due to jump of 
about 40 inches; the two calculations disagree by approximately 2 
inches at 400 feet range]. The sum of all the downward deflections, 
calculated by the 6-DOF computer program, is approximately 42 
inches at a range of 400 feet. 

If the aircraft gunner were firing at a 90 degree starboard target 
600 yards away (using caliber .50 API M8 ammunition, at an air- 
craft speed of 450 knots), and made no correction for the aerody- 
namic jump due to crosswind, the bullet would strike between 14 
and 15 feet below the intended impact point! If the target were at 
the same range, but off the port (left) side of the aircraft, the bullet 
would strike the same distance above the impact point! Thus the 
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vertical aerodynamic jump effect due to crosswind becomes an ex. 
tremely important factor to the machine gunner who must fire side- 
wise at targets from a high speed aircraft. 
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dard right-hand twist, the direction of aerodynamic jump would be 
reversed. For left-twist barrels, the projectile would strike high when 
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mixing right and left twist guns for aircraft armament would lead to 
an insurmountable difficulty. 


12.11 SUMMARY 

In Chapter 12, the lateral throwoff and aerodynamic jump of pro- 
jectiles have been investigated in considerable detail. The trajec- 
tory deflections caused by static mass unbalance, dynamic mass 
unbalance, in-bore yaw (or bullet “tilt” in the barrel), and the initial 
yaw due to crosswind have been studied. Two independent deriva- 
tions of Kent's equation illustrate the mechanism by which a very 
small dynamic unbalance, or a very small in-bore yaw, leads to a 
much larger first maximum yaw, after the projectile leaves the gun 
muzzle. 
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Nonlinear Aerodynamic Forces and Moments 


13.1 INTRODUCTION 

Previous chapters of this book have assumed a linearized aerody- 
namic force-moment system, which implies that all the aerodynamic 
coefficients used are independent of the yaw amplitude. Experi- 
mental results obtained over the past forty years in wind tunnels 
and free flight spark photography ranges have repeatedly demon- 
strated that practically all projectile aerodynamic force-moment 
systems are, to some extent, nonlinear. In this chapter, we will ex- 
plore the general nature of aerodynamic nonlinearities, and study 
their effects on the flight dynamic characteristics of symmetric pro- 
jectiles. 

The flight of projectiles with large amplitude pitching and yaw- 
ing motion requires a proper treatment of both geometric and aero- 
dynamic nonlinearities. Geometric nonlinearity arises from the large 
size of the pitching and yawing motion itself, and it becomes im- 
portant whenever the pitch angle, a, or the yaw angle, 2, is large 
enough that either cos C or cos / is significantly less than unity. 
[See equations (10.43) and (10.44) in Chapter 10]. The effect of 
geometric nonlinearity is therefore insignificant if the yaw is small 
everywhere along the trajectory. On the other hand, many projec- 
tiles show significant nonlinear aerodynamic behavior, even at rela- 
tively small amplitude pitching and yawing motion. In this chapter 
we will assume that the yaw level is small enough to neglect geo- 
metric nonlinearity, but will retain all significant nonlinear aerody- 
namic forces and moments in the analysis. 

According to the Maple-Synge hypothesis (Ref. 1), one of the 
consequences of projectile rotational symmetry is that only certain 
types of nonlinear aerodynamic forces and moments are possible. 
The results of Maple-Synge analysis show that in a power series 
expansion of an aerodynamic force or moment coefficient, only 
even power terms in total angle of attack should be retained. Thus 
ifthe drag coefficient, C,, varies with the amplitude of the pitching 


and yawing motion, the proper form of the coefficient power series 
expansion is: 


С, = Cp, * C 6° + 
ô 


Cp, = ће drag coefficient at zero total angle of attack 


(13.1) 


where 


Co = the quadratic yaw-drag coefficient 


ô =sina, 


а, =-]о? + B? , for small total angle of attack 


a = angle of attack (pitch) 
В =angle of sideslip (yaw) 


The series expansion for the overturning moment coefficient 
would be: 
Cu, = C May 


+С 5 + (13.2) 


where С, = the pitching (overturning) moment coefficient 
С. = the linear pitching moment coefficient at zero 
total angle of attack 


С, = ће cubic pitching moment coefficient 
a2 


The pitch, yaw and total angle of attack were defined above, 
and the extension to other aerodynamic force-moment coefficients 
is obvious. (Note that in the series expansion of the pitching mo- 
ment coefficient, we write: 

Cy = C, Sina + Cy, sin a+ Cu, sin^ a +: 

The first term on the right hand side is linear in sina , the 
second term is cubic in sina, the third term is quinticin sina, 
etc. Thus if the first two terms on the right hand side are required to 
describe a given pitching moment, we say the moment is "cubic" in 
angle of attack). 


13.2 ANALYSIS OF NONLINEAR DRAG COEFFICIENT 
DATA 

Figure 13.1 shows a contour sketch of the 30mm, T306E10 shell 
that was under consideration for use by the U.S. Air Force in the 
mid 1950's. The design was not adopted, but in the meantime a 
significant amount of high-quality aeroballistic test data had been 
collected. The linear and nonlinear aerodynamic forces and mo- 
ments were obtained in the BRL supersonic wind tunnels and in the 
free-flight spark photography ranges. A sample comparison of the 
drag results obtained from the two facilities is shown in Figure 13.2. 
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The top plot of Figure 13.2 shows the supersonic wind 
30mm, HEI Shell, T306E10 drag coefficient data (Ref. 2) obtained at Mach 2.17, for ee 
attack up to +10 degrees. Fitting the data to a parabola in the sine of 
the angle of attack, gives numerical values of 0.51 and 7.6, respec- 
tively, for the zero-yaw and the yaw-drag coefficients. The bottom 
plot of Figure 13.2 illustrates the spark photography range data (Ref. 
3) collected at the same nominal Mach number. Fitting the “range” 
drag coefficient, C pp against the effective squared yaw parameter 
(to be defined presently), gives numerical values of 0.53 and 7.5, 
respectively, for the same two aerodynamic coefficients. The agree- 
ment between the spark range and the wind tunnel results for the 
T306E10 projectile is excellent. 

The wind tunnel method directly measures the drag force, 
whereas the free flight range technique is an indirect measurement, 


ш that infers the force from the observed free-flight motion. If nonlin- 

ear force and moment coefficient expansions are substituted into 

All Dimensions in Calibers the linearized differential equations of motion presented in Chap- 

(1 Caliber = 1.171 Inches) ters 10 and 11, the resulting nonlinear equations cannot be solved 

explicitly, and we must turn to a quasi-linear method of analysis. 

Figure 13.1 Contour Sketch of the 30 mm, HEI Shell, T306E10. The quasi-linear technique (Ref. 4) consists of finding a solution to 
a linear differential equation that approximately satisfies the parent 

Supersonic Wind Tunnel Data nonlinear equation. As a demonstration of the quasi-linear method, 

Mach Number = 2.17 we will consider the flight of a projectile acted on by a nonlinear 


drag coefficient whose variation with total angle of attack is accu- 
rately described by equation (13.1). 

We recall from Chapter 10, that the general solution for the 
pitching and yawing motion of a spinning, symmetric shell is given 
by: 


E=K,e'* + Kye +iB, (10.94) 
where €=a+if 


K,=K қ e^ the amplitude of the fast epicyclic yaw mode (or 
arm) 


Total Angle of Attack, œ, (Degrees) 24 . : | 
К, = К. sE * һе amplitude of the slow epicyclic yaw mode (or 


arm) 
Spark Photography Range Data x ед 
Mach Number = 2.17 $r фк, Pr 
Ps = Ps, + $55 
ф p =їшїйа1рһазе angle of the fast epicyclic yaw arm 
ф; = initial phase angle of the slow epicyclic yaw 
arm 
PG 


= -一 一 一 the yaw of repose 
Pa = HT О? p 


Ар + i; E -H * iP & JAM + H^ Р? eairr - H)| 
F F 2 


002 -003 .004 


Effective Squared Yaw, т? As + іф; = -H+ ІР- AM + Н? = Р? ҮР Т-Н) 


Figure 13.2 Comparison of Wind Tunnel and Spark Range Drag Coeffi- 
cients, T306E10. 
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For the flat-fire trajectories common to free-flight ballistic 
ranges, We will neglect the very small yaw of repose, and re-write 
equation (10.94) as: 


E= Куе + Koe“ (13.3) 


We next note that the complex conjugate of equation (13.3) is: 


E = Кре + Ке (13.4) 
and that the squared amplitude of the total angle of attack is given 
by the product of the complex yaw, 5 , and its conjugate (Ref. 5): 


E = sin a + sin B= 0° = Kẹ + К; + 2K,K,cos($, ~ $5) (13.5) 


Free-flight ballistic ranges measure the drag coefficient over a 
distance that is many times longer than the period of 62; thus the 
average value of the fluctuating cosine term in equation (13.5) is 
essentially zero, and may be neglected. If the effects of damping 
are also neglected, the average value of 82 over the length of a 
ballistic firing range may be approximated by the simple result: 

ô’ = К+ K; (13.6) 

InReference 6, Murphy shows that the damping (or undamping) 
of the epicyclic pitching and yawing motion must be properly ac- 
counted for in order to obtain the most accurate definition of the 
effective squared yaw for use in the quasi-linear analysis of free- 
flight drag coefficient data. Murphy (Ref. 6) obtains the higher or- 
der approximation: 


512 


一 一 13.7 
84 ме? 


52 2 2 
ô = Кр + Ку + 


[Kr + Қ, +… 


where L, = the length of the instrumented ballistic firing 


range (calibers) 


= the fast arm amplitude at the center (mid-point) 
of the range 


= the slow arm amplitude at the center (mid-point) 
of the range 


б? =the correct effective squared yaw for analysis 
of free-flight drag coefficient data 


__ ifthere is по damping A, = A, = 0 , equation (13.7) reduces 
identically to equation (13.6). However, some damping (or 
undamping) is almost always present, and the proper effective 
Squared yaw, as defined by equation (13.7) should be calculated for 
each test round fired in a free-flight aeroballistic range. In practice, 
Several data rounds are fired at the same Mach number, but at vary- 
mg amplitudes of the pitching and yawing motion. The measured 


“ » Я 
Tange” values of the drag coefficient, Cra? are then plotted against 


$2 . The data points should fall on a straight line (see the bottom 
plot of Figure 13.2). The intercept of the plot is the zero-yaw drag 
coefficient, C, , and the slope of the line is the yaw-drag coeffi- 
cient, Cp, 

The quasi-linear method of analysis has been used with com- 
plete success for more than forty years to determine Cp and C p, for 
many types of symmetric projectiles. Several examples were pre- 
sented in section 4.9 of Chapter 4. 

Figure 13.3 (p. 276) shows the data obtained from a large angle 
of attack firing program (Ref. 7), conducted in 1955. A variable-lip 
yaw inducer was used to achieve total angles of attack up to 25 
degrees, for the 20mm Т282Е1 projectile. A linear least-squares fit 
of the data plotted in Figure 13.3 gives values of 0.425 for С р,» and 
4.6 for С, , at Mach 2.3. The spark-range yaw-drag coefficient 
agreed very well with the supersonic wind tunnel value of 4.7, ob- 
tained at the same test Mach number. 

If measured values of C, and С» „are substituted into equation 
(13.1), the effect of the pitching and yawing motion on the total in- 
flight drag coefficient may be readily calculated. For example, at 
Mach 2.3 and zero yaw, the total drag coefficient for the 20mm 
T282E1 projectile is just the zero-yaw value, 0.425. At 10 degrees 
yaw, the total drag coefficient has increased to 0.564, which is a 33 
percent increase in drag. At 18 degrees yaw, the total drag coeffi- 
cient is 0.864, which is more than double the zero-yaw value! 


13.3 QUASI-LINEAR ANALYSIS OF A CUBIC PITCHING 
MOMENT 

С.Н. Murphy enunciated his well-known quasi-linear theory (Ref. 
4) in 1956. A number of projectiles that possessed known 
nonlinearities in their aerodynamic force-moment systems had been 
fired in the BRL spark photography ranges, and it was found that 
their free-flight motions were very well fitted by solutions of the 
linearized equations. The flight motion parameters, and the derived 
“range values” of the various aerodynamic coefficients, were ob- 
served to vary with the amplitude of the pitching and yawing mo- 
tion. The essence of the quasi-linear technique (Ref. 4, Ref. 6) con- 
sisted of finding the proper “effective squared yaw angle” for each 
aerodynamic coefficient, so that a plot of each coefficient’s “range 
values” against the associated effective squared yaw parameters 
would yield a correct interpretation of the nonlinear coefficient data. 
The quasi-linear method for the analysis of drag coefficient data 
was illustrated in the previous section of this chapter. In this sec- 
tion, we will examine the quasi-linear technique for analysis of the 
pitching and yawing motion of spinning and nonspinning projec- 
tiles acted on by cubic pitching moments. 

The simplest possible nonlinearity in the aerodynamic moment 
is a cubic pitching moment, whose coefficient expansion is described 
by equation (13.2), truncated at the 6° term. Many projectiles ex- 
hibit cubic pitching (or overturning) moments, even for small am- 
plitude pitching and yawing motion. In section 10.4 of Chapter 10, 
we considered the simplified pitching and yawing motion of a spin- 
ning projectile acted on by a linear pitching moment. If we neglect 
the small effect of gravity in equation (10.79), and expand the pitch- 
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20mm T282E1 — Large Yaw Firings at Mach 2.3 


Effective Squared Yaw, 5 


Figure 13.3 Drag Coefficient versus Effective 
Squared Yaw. 


ing moment to include a cubic term, we obtain the nonlinear differ- m = projectile mass 
ential equation: p md? 
y- ges 
I 
Е" -iPE' -(M, + М,8°)Е - 0 (13.8) I, = projectile axial moment of inertia 
where 5=0 +16 1, = projectile transverse moment of inertia, about 
9? = EE = sin? о, any axis through the center of mass 
P= EA ( ра An exact solution of equation (13.8) exists іп terms of elliptic 
functions, which Murphy presents in section 8.3 of Reference 6. 
LJV urphy 


pSd Although elliptic functions are cumbersome, the exact solution is 
М, = —k, 2С,, , ће linear pitching moment term useful as a check on the quasi-linear result, and Murphy has done 
the comparisons in Reference 6, finding good agreement in all cases 
considered. The interested reader may consult this reference. 


2 = poe СЫ ‚ Ше cubic pitching moment term The solution to the linearized form of equation (13.8) is an 
2т " epicycle without damping, previously stated as equation (13.3). If 
p = projectile axial spin (radians/second) we differentiate equation (13.3) twice, and substitute the epicyclic 


solution into the nonlinear equation (13.8), we obtain: 
V = projectile speed | 
K etr [- 1? + Ppl. - M, - M,(K2+ 2K?)| 


= air density | 
k *K,e^|- 2 + Рф - М, - MK? + 2K?)| 
d = projectile reference diameter БУ P 
-M| кке“ $s) + KiK,e (29; 9 =0 (13.9) 
S = projectile reference area (usually taken as 
S =x 44) 


ыл и E нс PRESS 


276 


Nonlinear Aerodynamic Forces and Moments 


We know from many observations in spark photography ranges 
that the epicyclic solution is an excellent description of the actual 
motion of projectiles possessing cubic Pitching moments. There- 
fore, we neglect the third term in equation (13.9), which contains 
mixed frequencies, and the following pair of equations is obtained: 


$i (P- pp) = M, + Mj; (13.10) 
$i(P- $5) = My + М,52, (13.11) 
where Oop = Kp + 2K (13.12) 
ô% = Ki + 2K; (13.13) 


Equations (13.10) and (13.11) may be solved for the two epi- 
cyclic frequencies, retaining the larger root of equation (13.10), and 
the smaller root of (13.11). Equations (13.12) and (13.13) show 
that the effective squared yaw for each frequency is twice as sensi- 
tive to the amplitude of the other frequency as it is to its own ampli- 
tude. We now eliminate M, , and then P, between equations (13.10) 
and (13.11), and we find: 


K-K 

$, +o, = Р+ М, Gea (13.14) 
Р Ws 
фь*ф; = M, + M,6; (43.15) 
' 82. E 82 1 ү>2 E»U 2 
ô? = фр ез б eF _ к: + К? + ФК; OsKs (13.16) 
фь = $s фр T. ф; 

From equation (13.15) we obtain: 

Cuan = См, + См 62 (13.17) 


Equation (13.17) tells us that observed “range” values of the 
pitching moment coefficient, Cy "E obtained from free-flight 
ballistic range firings, should be plotted against the effective squared 
yaw, as defined by equation (13.16). For a cubic pitching moment, 
the data points should fall along a straight line, whose intercept is 
the zero-yaw pitching moment coefficient, C, „> and whose slope 
is the cubic coefficient, С, . Note that the proper effective squared 
yaw for the pitching moment coefficient, 61, is not the same as 

ó? [equation (13.7)], used for the analysis of nonlinear drag coef- 
ficient data. We also note [see equations (13.14) and (13.15)] that 
for a nonlinear pitching moment, the epicyclic frequencies depend 
on the amplitude of the pitching and yawing motion. This is a gen- 
eral characteristic of nonlinear systems, and is in contrast to the 
behavior of a spinning projectile with a linear pitching moment 
(see Chapter 10), in which the two epicyclic frequencies are inde- 
pendent of the amplitude of the motion. 

In References 4 and 6, Murphy uses a more elegant quasi-lin- 
ear method than the simple derivation presented above. Murphy's 
technique is an extension of the Kryloff-Bogoliuboff equivalent lin- 
earization method (Ref. 8), which may also be used for nonlinear 
damping. Since the Kryloff-Bogoliuboff method gives the same 
results in all cases as the direct substitution approach, but requires 
more than twice the algebraic effort, we will use the simpler direct 
substitution method throughout this chapter. The reader may con- 
sult References 4 and 6 for the more elegant Kryloff-Bogoliuboff 
treatment of the nonlinear problem. 

Afew examples of nonlinear pitching moment coefficient data 
will now be presented. Figure 13.4 illustrates the behavior of the 
cubic pitching moment for a 120mm, non-spinning, finned mortar 
shell, at subsonic and transonic speeds. The mortar projectiles were 
fired through the BRL Transonic Range, and a yaw inducer was 


120mm NON-SPINNING FINNED MORTAR 


Figure 13.4 Pitching Moment 
Coefficient versus Effective 
Squared Yaw. 
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105mm, M1 
М, = 1.48 


Figure 13.5 Pitching Moment Coefficient 
versus Effective Squared Yaw. 


.50, API, M8 
M, = 2.6 


Figure 13.6 Pitching Moment Coefficient versus Effective Squared Yaw. 
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used to obtain first maximum yaw angles up to twenty degrees.The 
linear pitching moment coefficient was observed to be negative at 
all speeds tested. | 

At Mach 0.64, the 120mm mortar shell experiences subsonic 
flow over the entire configuration, and the cubic pitching moment 
coefficient is observed to be negative. Since both the linear and the 
cubic pitching moment coefficients are negative at this flight speed, 
the mortar shell is statically stable at small angles of attack, and 
more statically stable at large angles of attack. 

Figure 13.4 also shows the behavior of the nonlinear pitching 
moment coefficient for the 120mm finned mortar shell, at Mach 
0.87. At this flight speed, shock waves stand on the surface of the 
body, and the flowfield around the projectile is therefore transonic. 
Note that transonic flow causes the cubic pitching moment coeffi- 
cient to be positive at Mach 0.87. This case illustrates another type 
of static stability. At Mach 0.87, the 120mm finned mortar shell is 
statically stable at small angles of attack, and /ess statically stable 
at larger angles of attack. The generalized effects of cubic pitching 
moments on static and gyroscopic stability will be discussed fur- 
ther in the next section of this chapter. 

At transonic speeds, a positive value of the cubic pitching mo- 
ment coefficient is a general characteristic of non-spinning or slowly 
rolling finned mortar projectiles. Note that if the pitch or yaw angle 
were equal to 35.5 degrees, the 120mm mortar shell at Mach 0.87 
would become neutrally stable (this is an extrapolated value), and 
for even larger yaw, it would become statically unstable. However, 
such very large yaws do not occur in field firings of the 120mm 
mortar shell, so static instability is never observed. 

Figure 13.5 illustrates the variation of С Mace) with ô? , for the 
spin-stabilized 105mm МІ projectile, at Mach (в. Бог this саѕе, 
the linear coefficient, C,, , is positive, and the cubic coefficient, 
Cu, , is found to be negative. Thus, if the 105mm M1 shell is fired 
at Charge 7 from the M103 Howitzer, with a rifling twist rate of 1/ 
18 calibers, the projectile will be gyroscopically stable at small yaw, 
and more gyroscopically stable at larger yaw levels. In fact, the 
cubic pitching moment coefficient, C May? for the 105mm M1 shell 
is negative at all flight speeds, although the value of the coefficient 
varies with the Mach number. 

Figure 13.6 shows a similar plot for the caliber .50, API, M8 
projectile, at Mach 2.6. Again, the linear pitching moment coeffi- 
cient is positive, and the cubic coefficient is negative. Thus the API 
М8 projectile is more gyroscopically stable at larger yaw levels 
than it is at smaller yaw. The same general behavior has been ob- 
served for many different spin-stabilized projectiles, in all speed 
regions. The author's conclusion is that a negative cubic pitching 
moment coefficient is a general characteristic of typical spin-stabi- 
lized projectiles, 


13.4 THE EFFECT OF A CUBIC PITCHING MOMENT ON 
STABILITY 

For spin-stabilized projectiles, we need to recall the definition of 
the Byroscopic stability factor, derived in Chapter 10. For a linear 
Pitching moment ( C м. = 0 ), the classical gyroscopic stability 
factor is: re 


2 2,2 

S, = E ые uni 

4M, 2pl,SaV См, 

Тһе generalized effects of cubic pitching moments оп static 

and gyroscopic stability are summarized below. The first four cases 

are for statically unstable, spin-stabilized projectiles, and the last 

four cases are for statically stable, non-spinning (or slowly rolling) 
fin-stabilized missiles. 


(13.18) 


Statically Unstable, Spin-Stabilized Projectiles 

Case (А):С, >0;С, «0; 5, > 1. Projectile is gyroscopically 
stable at small yaw, and is more stable at larger yaw. Periodic pitch- 
ing and yawing motion at any amplitude is possible. 


Case (B):C May > 0;C, May < 93 Sp, < 1. Projectile is gyroscopically 
unstable at small yaw, but becomes more stable at larger yaw. Peri- 
odic pitching and yawing motion is possible if the median value of 
6’ yields a gyroscopically stable condition. 


Case (C): C, May > 0; C, Ma, > 0; S, > 1. Projectile is gyroscopically 
stable at small yaw, but becomes less stable at larger yaw. For peri- 
odic circular pitching and yawing motion, the cubic part of the total 
pitching moment cannot exceed two-thirds of the linear part (see 
Ref. 6). 


Case (D): С, м.> 0 С, > 0; S, < 1. Projectile is gyroscopically 
unstable at all yaw levels. Any initial pitching апа yawing motion 
grows exponentially with increasing distance along the trajectory. 


Statically Stable, Non-Spinning (or Slowly Rolling) Fin-Stabi- 
lized Missiles 

Case (E): Cus 0; Cu, <0. Missile is statically stable at small yaw, 
and is more stable at larger yaw. Periodic pitching and yawing 
motion of any amplitude is possible. 


Case (F): Cy, <0; См >0. Missile is statically stable at small 
yaw, but is less stable at larger yaw. Periodic pitching and yawing 
motion is possible at all amplitudes for which the total pitching 
moment coefficient remains negative. 


Case (С): С May? 0; C Ma, < 0. Missile is statically unstable at small 
yaw, but is more stable at larger yaw. Periodic pitching and yawing 
motion is possible if a median value of 6” yields а statically stable 
condition. 


Case (Н): С Ma? O; См, >0. Missile is statically unstable at all yaw 
levels. Any initial pitching and yawing motion grows exponentially 
with increasing distance along the trajectory. 


Discussion of the Stability Conditions for Nonlinear Pitching 
Moments 

For spin-stabilized munitions, Case (A) is the optimum condition, 
because the projectile will always be gyroscopically stable, regard- 
less of the size of the pitching and yawing motion. Fortunately, 
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most spin-stabilized projectiles, at most flight speeds, have nega- where E=a+ifB 
tive cubic pitching moment coefficients, and Case (A) is therefore 
a commonly observed condition. 


* Li Ж 
Тһе very interesting Саве (В) occurs wheneverthe rifling twist 


НС," С – AC," + сы.) 


Tate is slightly too slow, апа the muzzle gyroscopic stability factor P= | L) (24) 

is therefore slightly Jess than unity. Since the projectile is gyro- (т V 
scopically unstable at small yaw, the yaw begins to grow. But at M-k?C.." 

larger yaw, the negative cubic pitching moment causes the projec- ЖМ 

Ше to become gyroscopically stable, and the yaw begins to damp. Т = C," +k; "Cue, 
The net result is periodic pitching and yawing motion, but at a some- gdcosó 

what larger amplitude than if the projectile had been gyroscopi- G- 7 

cally stable everywhere, as in Case (A). Riflemen sometimes fire id 


small arms bullets from rifling twist rates that are slightly too slow We will neglect the very small effect of gravity in equation 
for classical gyroscopic stability, and they often find that the flight (10.66), and expand all the aerodynamic moments to include cubic 
is generally satisfactory. An aeroballistician might describe such a terms (see Ref. 4). The resulting nonlinear differential equation is: 
Case (B) behavior by stating, “the projectile is living on its cubic 


pitching moment” E" + (H, + Н,5° - iP) - [M, + Mj? +iP(T, + 7,6") =0 


Case (C) is seldom seen, because positive values of the cubic (13.19) 

pitching moment coefficient rarely occur for statically unstable, spin- where 8? =sin? а, 

stabilized projectiles. Case (D) is another infrequently encountered pSd 

condition. Н, = Plc, - Cp, 一 aO + Cu, ) | (13.20) 
For a statically stable, non-spinning, or slowly rolling fin-sta- 2m : E 0 

bilized missile, Case (Е) is the optimum condition, because the Sd 2: 

missile will always be statically stable, regardless of the size of the H, = £c, -Cp, -k, (c м, * Cu, | (13.21) 

pitching and yawing motion. Most statically stable missiles, at su- 2m * 

personic and subsonic speeds, have negative cubic pitching mo- A pd 

ment coefficients, and therefore fall into Case (E). Р= (1, | (5) (13.22) 
Positive cubic pitching moments have often been observed for ЈУ 

statically stable, fin-stabilized mortar shell at transonic flight speeds. Sd _ ， 

Such a projectile falls into Case (F), in the above table. As long as M, = p См, (13.23) 

the amplitude of the pitching and yawing motion does not get so de 

large that the total pitching moment coefficient becomes positive, pSd , 

the pitching and yawing motion will remain periodic. M, = 2% С. May (13.24) 
Case (G) generally requires a careful investigation. The non- m 

spinning (or slowly rolling) projectile is statically unstable at small Sd 2 

yaw, but becomes stable at some larger yaw level. The critical ques- Т = с E k? C, Mpa ) (13.25) 

tion is, how large? If the design becomes statically stable at a yaw 

level of only a few degrees, the flight may be satisfactory. How- Sd , 

ever, if the point of neutral static stability occurs at a truly large Т, = (с ы t Е?С Mpa ) (13.26) 


yaw (i.e., more than ten degrees), it is highly unlikely that the flight 
will ever be satisfactory, and the projectile will have to be re-de- 
signed. 

Case (H) is a non-spinning, or slowly rolling missile that is 
statically unstable at all yaw levels, and this projectile design is 


p = projectile axial spin (radians/second) 


V = projectile speed 


usually unsatisfactory. 


13.5 PITCHING AND YAWING MOTION WITH ALL 
NONLINEAR MOMENTS 

The linearized differential equation describing the pitching and 
yawing motion of a spinning, rotationally symmetric projectile, was 
derived in Chapter 10: 


Е" + (H - iP)Ẹ' - (M + iPT)Ẹ = -iPG (10.66) 


p =air density 
d = projectile reference diameter 


S = projectile reference area (usually taken as 5 = 
ла 24) 


m = projectile mass 
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EC OL 


I, = projectile axial moment of inertia 


I, = projectile transverse moment of inertia, about 
any axis through the center of mass 


If all the cubic terms appearing in equation (13.19) were zero, 
the solution of the linearized differential equation would be given 
by equation (13.3): 


E - K,e + Куе, (13.3) 
where Kp = Ке" (13.27) 
K; = Ky e^* (13.28) 
фе = Pp, + Os (13.29) 
Ps = Ps, + ф5 (13.30) 


The average squared yaw is given by: 
6° = ВЕ = K? + К2+2К,Кусоѕ(ф, –ф;) (13.31) 


Since the damped epicyclic solution given by equation (13.3) 
is known to accurately fit the free-flight motions of projectiles with 
known nonlinear pitching, Magnus and pitch damping moments, 
we will substitute (13.3) and its derivatives into the nonlinear equa- 
tion (13.19), and again discard the mixed frequency terms. The de- 
tails of this substitution and the collection of terms are left as an 
exercise for the interested student. After considerable algebraic sim- 
plification, the following pair of equations is obtained: 


(Ar io. + (Hy - iP) Ap + id) -| М, + М,5% + iP(T, + Т,б„)| 
+H |(Ay + id (Kp + 2) + (As +i95)K3]=0 (13.32) 


(+16) +(H, -iP)(A, + igs) - [Ms + М,85 + iP(T, 7,55) 


+H [(A, «кі + Kz) + (Ap + ids )K | =0 (13.33) 
where дь = Kp + 2K; (13.34) 
ôs = K5 + 2K; (13.35) 


Equations (13.32) and (13.33) may now be separated into real 
and imaginary parts, and the following four equations are obtained: 


Ne= Of + ApH + Pj - M, - М,б% Ha (k; + Kj) + ме ; 
(13.36) 


2л„ф + Hop, -РА„-Р(Т,+т,д1,)+ Н.[ф(К} + Кї) + 93) -0 
(13.37) 
X. - di +АН,+Рфу- My - Mj + Hf As( K3 + K3) + АР -0 
(13.38) 


24% + Hy - РА, - (Т, + T52) + неко + Kt) фуК}]= 0 
(13.39) 


Equations (13.36) апа (13.38) аге now solved forthe epicyclic 
frequencies: 


ФАР т $.) = M, + Mj, – А. — АН - BJ (Ki * к?) + Aski] 
(13.40) 
ФР = $s) = M, + М, - Às - ASH, - AEN ES 十 Ki) * а 
(13.41) 


If the small effect of damping оп ће epicyclic frequencies is 
neglected, equations (13.40) and (13.41) reduce to (13.10) and 
(13.11), respectively, and we find: 


2 2 
ф + 9s -pa m| EE 27 c 
F' TS 
Pr bs = M, + M, 6; аза) 
‚&2 ЖЕТ 2 , 2 _ 4! 2 
8? = дб, 一 内 Our = K? + K? + ФК, - OsKs (13.44) 


. $r - ф фр - ф5 

Equations (13.37) and (13.39) may now be solved for the damp- 
ing exponents. Substituting the approximation Р = фь + ф; from 
equation (13.42) we obtain: 


NEUE P(T, + 55.) - Ha] 9 (K; + Ki) + OKs 


四 p-o; (13.45) 
Hus -P(T + T5.) + Н.]ф(К + KS) + дук: | 
фе = Ф; (13.46) 


We recall the linearized equations (10.100) and (10.101) from 
Chapter 10: 


As 


H=-[A, +] 


PT = |02; 十 pàr] 


Substituting equations (13.45) and (13.46) into (10.100) and 
(10.101), and simplifying: 


H =H, + PT, Ке Ks +H, OKs -% Кр (13.47 
0 2 д! -@! 2 ф! ы Е ) 
F 7 95 p — Ps 


(10.100) 


(10.101) 
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12 Zr2 12 772 
фе K; " ф; К; 
12 =A? 
F 5 


| We now substitute equation (13.42), and the definitions of equa- 
tions (13.20) through (13.26) into equations (13.47) and (13.48), 
and solve for the aerodynamic coefficients. The left-hand sides of 
these equations represent the “range” [(R)-subscript] values of the 
Magnus and pitch damping moment coefficients that are obtained 
by fitting the linearized solution for the pitching and yawing mo- 
tion [see Chapter 10, equation (10.94)] to the observed nonlinear 
free-flight data. After some simplification, we obtain the useful ге- 
sults: 


Т =T + 7,62 - Zl (13.48) 


Mpa) | 


= С, + См: + (05 + Cu, } 82, (13.49) 


(Са. + Cu, he = (с,, +С, | + Co „д + (Cu, + Cy, on 


(13.50) 
!p г 322 
where, (зл аил (13.51) 
r- Ps 


EIS (13.52) 


F 5 


1, i p Ki -è K? 


É 


(13.53) 


npe 
T $r -$s 


(13.54) 


The definitions of the various effective squared yaws required 
for the analysis of nonlinear Magnus and pitch damping moment 
coefficient data are given in equations (13.51) through (13.54), 
above. These definitions are consistent with those of Murphy (Ref- 
erences 4 and 6), and with Bradley (Ref. 9). [Note: Bradley and 
Miller have observed that “effective squared yaw” (actually the 
squared sine of an angle) may be an awkward label for the quanti- 
ties defined in equations (13.52) through (13.54), since they could 
be negative (particularly д2 ), depending оп the size of K, and K,. 
However, except for 8? (which is never negative) one does not 
ever need to take the square root of the effective squared yaw, and 
the negative values therefore do not cause a problem]. 

Equations (13.49) and (13.50) illustrate the fact that the range 
values of the cubic Magnus and pitch damping moment coefficients 
are coupled through the nonlinear least-squares data reduction pro- 
cess. Unfortunately, this coupling means that if either coefficient is 
nonlinear, the free-flight range data for the two coefficients must 
be analyzed simultaneously. The proper effective squared yaw val- 
ues [see equations (13.51) through (13.54)] should be calculated 


for each round fired, and used for the nonlinear coefficient an 
sis. 

Murphy analyzed the free-flight spark range data from Several 
firing programs at supersonic speeds (Ref. 4), and found no Signifi- 
cant values of the cubic pitch damping moment coefficient. In his 
later treatment (Ref. 6), Murphy drops the cubic pitch damping 
moment from his analysis of free-flight spark range data. However 
the author has obtained well-determined values of the cubic pitch 
damping moment coefficient for spin-stabilized projectiles flying 
at subsonic speeds. Two examples of this behavior are illustrated in 
References 10 and 11. (Note that the definitions of ô „апа ô? were 
inadvertently reversed in the analysis of Reference 10). Significant 
cubic pitch damping moment coefficients have also been observed 
for a non-rolling, finned mortar shell at subsonic speeds. 

If a fin-stabilized projectile has zero roll throughout its flight, 
all Magnus force and moment coefficients are identically zero. 
Equation (13.49) disappears for this case, and equation (13.50) re- 
duces to the simple expression: 


(Cn, + Cu, |. = [5s + Cu, | 十 (cn, + Cu, |8, 


Figure 13.7 shows the variation of (г, tC, ) with ô? ， 
for a non-rolling, 120mm finned mortar s ell, at виб іс and tran- 
ѕопіс Speeds. Іп both саѕеѕ, the effect of increasing average angle 
of attack is to increase the magnitude of the pitch damping mo- 
ment. 

No significant values of the cubic pitch damping moment co- 
efficient have ever been observed for spin-stabilized projectiles at 
supersonic speeds. If we set (cy + С.) =0 ,equations (13.49) 
апа (13.50) reduce to the simpler forms: 


aly- 


= C, + Cu Oe (13.56) 


М,а(в) 


(Cu, + Cu, \ = (Cu, FCn. ) %С, 8, (13.57) 

Murphy analyzed the nonlinear Magnus moment and pitch 
damping moment coefficients for the 9-Caliber Long Army-Navy 
Spinner Rocket at Mach 1.8, and presented the results in Reference 
6. Models were tested with a forward and a rear center-of-gravity 
(CG) location. A sketch of the 20mm models is shown in Figure 
13.8, and the nonlinear Magnus moment and pitch damping mo- 
ment coefficient results are illustrated in Figures 13.9 (p. 284) and 
13.10 (p. 284), respectively. 

Plotting the range values (see Figure 13.9) of the Magnus mo- 
ment coefficient against ô? , and fitting straight lines to the data by 
least squares, yields values of 71+8 for the cubic Magnus moment 
coefficient of the forward center-of-gravity projectiles, and 13+1, 
for the rear CG models, (Note: the + values are the standard errors 
in the least-squares-determined values of the coefficients). Similar 
plots of the range values of the pitch damping moment coefficients 
against бі, [see equation (13.57)] аге shown іп Figure 13.10. Рог 
{һе forward СС models, the slope of the least-squares fitted line 
(which again is the cubic Magnus moment coefficient) is 66+8. 
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120mm NON-SPINNING FINNED MORTAR 


© М.- 064 
(Cu ~ Cue ~ -19 
(Сы, Cyd = - 1440 


LE] M.- 0.87 


(C, «Cu = -23 
(C, + C, ), - - 1670 
4 z Figure 13.7 Pitch Damping Moment 
Coefficient versus Effective Squared 
Yaw. 


ARMY-NAV Y SPINNER ROCKET 
9-CALIBER-LONG MODEL 


REAR CG FORWARD CG 


e 9 9 
MIDDLE CG 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 20mm) 


FORWARD CG - 4.00 CALIBERS FROM NOSE 
MIDDLE CG = 5.05 CALIBERS FROM NOSE 
REAR CG = 5.88 CALIBERS FROM NOSE 


Figure 13.8 Sketch of the 9-Caliber-Long, Army-Navy Spinner Rocket. 
人 
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ARMY-NAVY SPINNER ROCKET 
9-CALIBER-LONG MODEL 
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Figure 13.9 Magnus Moment Coefficient versus Effective Squared Yaw. 


ARMY-NAVY SPINNER ROCKET 
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SARP MODEL 1 


11.77 及 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 20mm) 


CENTER OF GRAVITY = 2.60 CALIBERS FROM NOSE 


Figure 13.11 Sketch of the 20 mm, SARP Model I Projectile. 


This result may be compared with the value 71+8, obtained from 
the Magnus moment coefficient analysis. Although no significant 
value of the cubic Magnus moment coefficient could be obtained 
from pitch damping moment data for the rear CG models, the slope 
13-1, obtained from Figure 13.9, appears to fit the rear CG pitch 
damping data very well. Such good agreement between the results 
obtained independently from the Magnus and the pitch damping 
moment analysis, confirms the fact that there is no significant cu- 
bic pitch damping moment acting on these projectiles. The observed 
nonlinearity in both Cy апа (С, +С, ) is caused by the cubic 
Magnus moment coefficient. 


13.6 BI-CUBIC AND TRI-CUBIC MAGNUS MOMENTS 
In the spring of 1966, a Small Arms Research Program (SARP) 
was initiated at the Exterior Ballistic Laboratory of the BRL, at 
Aberdeen Proving Ground, Maryland. The first of several projec- 
tile shapes tested under the overall SARP project is illustrated in 
Figure 13.11. This projectile had a nose shape similar to that of the 
155mm, M101 artillery shell; it was 20mm in diameter; was made 
of hard Tobin bronze to resist in-bore deformation, and was fully 
engraved in the manner of conventional flat-based small arms pro- 
jectiles. Later іп ће SARP program, caliber .50 and caliber .30 
models of the same projectile were tested to find out if varying the 
Reynolds number had any significant effect on the flight of typical 
small arms bullets. (The results showed that, in general, Reynolds 
number effects appeared to be very small across the above size 
range). The small angle-of-attack SARP data were published in 
Reference 12. 

The subsonic values of the range-measured Magnus moment 
coefficients obtained for the SARP Model 1 projectiles are plotted 
against 62in Figure 13.12 (p. 285). Note that the data appear to fall 


Figure 13.10 Pitch Damping Moment Coefficient versus Effective Squared along two distinct straight lines, which is the definition of bi-cubic 


Yaw. 
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Figure 13.12 Magnus Moment Coefficient versus Effective Squared Yaw. 


behavior. At small angles of attack, we observe the usual cubic varia- 
tion of the Magnus moment. At larger yaw, the range-determined 
Magnus moment coefficient appears to level off at a constant value. 
(The transition point for the SARP Model 1 shape occurs at a total 
angle-of-attack of approximately 9.0 degrees). Analysis of the pitch 
damping moment coefficient data for this projectile shows that no 
significant cubic pitch damping moment exists. The observed de- 
pendence of the range-measured damping moment coefficients on 
the amplitude of motion is due to the effect of the cubic Magnus 
moment coefficient [see equation (13.57)]. 

The average value of the pitch damping moment coefficient, 
corrected for the cubic Magnus effect, is -5.7+1.2, at both super- 
sonic and subsonic speeds. This is a sufficiently negative value, 


ri 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER - 12.95mm) 


CENTER OF GRAVITY = 2.68 CALIBERS FROM NOSE 


Figure 13.13 Sketch of the .50 Caliber Projectiles. 


and it causes no flight problems. However, the behavior of the non 
linear Magnus moment coefficient at subsonic speeds has a signifi- 
cant impact on the flight dynamic behavior of this projectile, as we 
will show presently. 

As a second example of bi-cubic Magnus moment coefficient 
data, we will examine the behavior of three U.S. caliber .50 bullets, 
which were fired in the BRL Aerodynamics Range in 1988. The 
aerodynamic data is published in Reference 13, and a sketch of the 
projectile contour is shown in Figure 13.13. The variation of the 
range-determined Magnus moment coefficients with ô? is shown 
in Figures 13.14 and 13.15 (p. 286), respectively, for low super- 
sonic and subsonic speeds. Note that large-yaw firings were done 
only for one bullet, the .50 API, M8. 

Figure 13.14 shows the bi-cubic behavior of the caliber .50 
bullets at low supersonic speeds. The Magnus moment coefficient 
increases from -0.80 at zero yaw to +0.27 at 3.4 degrees total angle 
of attack, at which point the coefficient levels off and remains con- 
stant for total angles of attack at least as large as 9.0 degrees. Be- 
tween zero and 3.4 degrees yaw, the value of the cubic Magnus 
moment coefficient is 290. The average value of the pitch damping 
moment coefficient at low supersonic speeds, corrected for the cu- 
bic Magnus effect, was found to be -5.7. Figure 13.15 is a plot of 
the caliber .50 Magnus moment coefficient data versus ô? ‚ at sub- 
sonic speeds. For subsonic flight, the Magnus moment coefficients 
for the caliber .50 bullets are observed to obey a simple cubic law, 
up to total angles of attack about 6 degrees. The slope of the line, 
which is the cubic Magnus moment coefficient, is 120 for flight 
Mach numbers between 0.6 and 0.9. The average value of the sub- 
sonic pitch damping moment coefficient, corrected for the cubic 
Magnus effect, is -3.0. 

Figure 13.16 (p. 286) illustrates a tri-cubic Magnus moment. 
This plot contains the small, intermediate, and large angle-of-at- 
tack data for the 105mm, M1 Shell, obtained from firings at sub- 
sonic speeds in the BRL Transonic Range. The small-yaw data were 
published in Reference 14. A yaw inducer was used, and average 
angles of attack up to thirty degrees were obtained. Note the sharp 
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Figure 13.14 Magnus Moment Coefficient versus Effective Squared Yaw. 
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Figure 13.15 Magnus Moment Coefficient versus Effective Squared Yaw. 


discontinuities in slope, for the three different angle of attack re- 
gions. 

The intercept of Figure 13.16, which is the zero-yaw value of 
the Magnus moment coefficient, is -0.39. The small-yaw cubic 
Magnus moment coefficient (slope of the first cubic) is +52, and 
the curve crosses the horizontal axis at Ó К = 0.00742, which corre- 
sponds to an angle of attack of 4.9 degrees. At ô : = 0.00849 (angle 
of attack = 5.3 degrees), the first cubic ends, and the second curve 
begins. The second cubic, with its slight downward slope, contin- 


105mm, М1 
0.55 < M, < 0.79 


ues until 62= 0.1081 (angle of attack = 19.2 degrees), after Which 
the third, large yaw region begins. The third cubic again shows a 
growing Magnus moment coefficient, with increasing effective 
squared yaw. The large-yaw curve starts at 19.2 degrees, and con- 
tinues upward until the angle of attack is of order of 35 degrees, 
The effects of the strongly nonlinear Magnus moment on the sub- 
sonic flight dynamic characteristics of the 105mm, M1 shell will 
be discussed in the next section of this chapter. 

Nonlinear Magnus moments are routinely observed today in 
wind tunnels and spark photography ranges, for nearly all spin sta- 
bilized projectiles at subsonic and transonic speeds. If the projec- 
tile flies its entire trajectory with small yaw, the subsonic and tran- 
sonic Magnus moments will probably be adequately described by a 
simple cubic dependence on total angle of attack. In many cases, 
the cubic Magnus moment coefficients cause limit-cycle yaw be- 
havior, which we will discuss in the next section. Most observed 
flight dynamic instabilities are caused by nonlinear Magnus mo- 
ments. Occasionally, nonlinear Magnus moment behavior is ob- 
served at supersonic speeds, but it does not usually cause flight 
dynamic problems. 

Bi-cubic or tri-cubic Magnus moment behavior has been illus- 
trated in several of this chapter's examples, without any discussion 
of the fluid-dynamic mechanisms that cause such dramatic effects. 
In general, for spin-stabilized projectiles, the small-yaw nonlinear 
behavior (first cubic curve) of the Magnus moment coefficient is 
caused by the combined effects of the axial spin, the angle of at- 
tack, and the asymmetric boundary layer displacement thickness. 
If the projectile is at angle of attack, but not spinning, the boundary 


Figure 13.16 Magnus Moment Coeffi- 
cient versus Effective Squared Yaw. 
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is thicker on the leeward flow side than on the windward side. 
the absence of spin, the displacement thickness would be sym- 
ich about the angle-of-attack plane, and no side force or mo- 
m at would be produced, The addition of axial spin causes the asym- 
ае boundary layer displacement thickness (о be rotated ош of 
the plane of the angle of attack, thereby producing a side (Magnus) 
force and moment, in addition to a nonlinear normal force and pitch- 
ing moment. This side force and moment often exhibit strongly 
nonlinear behavior, even at very small angles of attack. 

As the angle of attack is increased from the small yaw region 
into the intermediate region, a critica] angle is attained, above which 
the boundary layer first begins to separate along the leeward side of 
the projectile. Once lee-side boundary layer separation occurs, a 
pair of vortices appear, but for intermediate angles of attack they 
remain close to the lee side of the projectile. Again, if there were по 
axial spin, the two vortices would have equal circulation strengths, 
and would remain symmetric, relative to the plane of the angle of 
attack. However, the addition of axial spin causes the two vortices 
to have unequal circulation strengths, and to be rotated into a non- 
symmetric configuration, which again leads to a nonlinear side 
(Magnus) force and moment. In general, the size of the Magnus 
moment in the intermediate (second cubic curve) angle of attack 
region tends to be smaller than the small angle of attack (first cubic 
curve) values. In addition, the cubic Magnus moment coefficients 
in the intermediate region are usually smaller than those observed 
at small angles of attack. 

At large angle of attack, complete boundary layer separation 
occurs on the leeward side of the projectile, and the airflow be- 
comes similar to the two-dimensional crossflow around a spinning 
circular cylinder. This is the large-yaw, tri-cubic Magnus moment 
(third cubic curve) region. For conventional spin-stabilized projec- 
tiles, this large-yaw region begins at a nominal angle of attack of 
about 19 degrees. The third cubic curve for the 105mm, M1 shell at 
subsonic speeds begins at an angle of attack of approximately 19 
degrees, as illustrated in Figure 13.16. For large yaw flight, the 
cubic Magnus moment coefficient is a significant positive value, 
and the size of Cy, сап therefore grow quite large, at large angles 
of attack. E 

Some authors prefer to represent the tri-cubic Magnus moment 
curve of Figure 13.16 with a seventh-power (or higher) series ex- 
pansion, stated as equation (13.58 - see also p 298): 


Cu, = C, Sina + С,, sina + C, sin aC, sin'a 
(13.58) 
However, the power-series expansion of equation (13.58) does 

ПО! permit the discontinuities in slope that are so readily apparent 
ш Figure 13.16. It is the author's belief that a bi-cubic or tri-cubic 
representation of the nonlinear Magnus moment coefficient is usu- 
ally а better approximation than equation (13.58), for two reasons. 
First, the bi-cubic or tri-cubic usually fits the experimental data 
better than a polynomial does. Second, the power-series approxi- 
mation does not recognize the fact that the Magnus moment is caused 
by different fluid mechanisms, in the various angle of attack re- 


gions. Flow visualization experiments have confirmed that the fluid 
mechanisms change almost instantaneously at critical angles of at- 
tack. This fact implies that the changes in the Magnus moment co- 
efficient at critical angles are probably discontinuous in nature, rather 
than smooth and continuous, as assumed in equation (13.58). 


13.7 NONLINEAR MAGNUS MOMENTS AND LIMIT- 
CYCLE YAWING MOTION 

As we have seen in the previous section, cubic or bi-cubic Magnus 
moment coefficients are often observed for spin-stabilized projec- 
tiles, particularly at transonic and subsonic speeds. In fact, nonlin- 
ear Magnus moments occur so frequently that modern 
aeroballisticians consider them to be one of the normal characteris- 
tics of spinning shell. Although occasional determinations of cubic 
pitch damping moment coefficients have been made, it is usually 
the nonlinear Magnus moment coefficient that dominates the flight 
dynamic behavior of spin-stabilized projectiles. 

We now return to the expressions for the nonlinear damping 
exponents, stated as equations (13.45) and (13.46). For a linear pitch 
damping moment and a cubic Magnus moment, the H, term disap- 
pears, and the damping exponents take on the simpler form: 


-Н,ф + P(T, 7,52.) 


——— (13.59) 
фр ES ф; 


А» = 
+Ноф; - P(T, 十 Т,55,) 
$r -$s 


These two equations may be written in the equivalent form: 


Às (13.60) 


Ap = Ак, + Ap, Soe (13.61) 
Às = Às, + As, д5 (13.62) 
-Н.ф' 
where Àp, = esso. (13.63) 
фр те ф; 
%Н,ф-- РТ, 
А = 一 全 一 一 (13.64) 
фр т $s 
PT, 
Ap = -ås = 一 (13.65) 
фр = $s 


In Chapter 10, we discussed the dynamic stability of spinning 
symmetric projectiles, and showed that both the fast and slow arm 
damping exponents must be negative quantities for satisfactory 
flight. According to the linearized theory of Chapter 10, if both 
damping exponents are negative quantities, the transient epicyclic 
pitching and yawing motion will eventually damp to zero ampli- 
tude, and disappear. However, if either A, or A, are positive, the 
motion will be dynamically unstable, and the modal arm associated 
with the positive exponent will eventually grow to a large size. Note 
that under a linearized theory, the damping exponents are fixed val- 
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SARP MODEL 1 


Figure 13.17 Zero-Yaw Magnus Moment Co- 
efficient versus Mach Number. 


SARP MODEL 1 
M, = 0.72 


Figure 13.18 Fast-Arm Damping Exponent 
versus Effective Squared Yaw. 
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for a given flight Mach number, and they cannot vary with the 

т litude of the pitching and yawing motion. 
"rd а nonlinear system, the linearized results of Chapter 10 
must be modified. Equations (13.61) through (13.65) show that if 
the Magnus moment is nonlinear, the dampin в exponents vary with 
the amplitude of the pitching and yawing motion. In particular, if 
one of the damping exponents is positive for small amplitude mo- 
tion, but becomes negative at larger yaw levels, a limit-cycle yaw- 
ing motion will occur. Several examples of limit-cycle yaw behav- 
ior will now be illustrated. — 

The first example of limit-cycle yaw we will consider is the 
SARP Model 1 (see Figure 13.11), flying at subsonic speed. Fired 
from a rifling twist rate of 29 calibers/turn, this projectile is both 
gyroscopically and dynamically stable at supersonic speeds, and it 
flies very well. However, as the flight speed falls below Mach 1, 

the zero-yaw Magnus moment coefficient switches from a small 
positive to а rapidly increasing negative quantity, as shown in Fig- 
ure 13.17. (Note: the average value of the zero-yaw pitch damping 
moment coefficient, corrected for the cubic Magnus moment, is - 
5,741.2, at all speeds, from Mach 3.0 down to Mach 0.6). The large 
negative zero-yaw Magnus moment coefficient at Mach numbers 
below 0.8 causes the projectile to become dynamically unstable at 
small angles of attack. However, we observed in Figure 13.12 that 
increasing yaw level caused the subsonic Magnus moment coeffi- 
cient to become less negative (smaller in absolute magnitude). We 
will now plot the spark-range observed subsonic damping expo- 
nents of the SARP Model 1 against their respective effective squared 
yaws, as specified by equations (13.61) and (13.62). 

Figure 13.18 is a plot of the subsonic fast-arm damping expo- 
nent versus its effective squared yaw. The behavior is bi-cubic, be- 
cause it follows the bi-cubic Magnus moment coefficient previ- 
ously plotted as Figure 13,12. Note that the fast-arm damping ex- 
ponent, A, , is everywhere negative at subsonic speeds. Thus the 
fast epicyclic pitch and yaw mode is damped, regardless of the yaw 
level, for subsonic as well as supersonic speeds, and we would there- 
fore expect to observe no fast frequency pitching and yawing mo- 
tion at long distances from the gun. (Another way of stating this 
would be that the fast epicyclic pitch and yaw arm for the SARP 
Model 1 projectile is everywhere dynamically stable, at all flight 
Mach numbers, and all reasonable yaw levels). 

‘A plot of the slow-arm damping exponent at subsonic speed 
(average Mach number = 0.72) versus its proper effective squared 
yaw is shown in Figure 13.19. This graph illustrates the slow-arm 
limit cycle yaw behavior of the SARP Model 1 projectile at sub- 
sonic speeds. For small angles of attack, the damping exponent A,is 
Positive; therefore if the amplitude of the pitching and yawing mo- 
Поп is small, the slow arm will begin to grow. However, when the 
average angle of attack reaches the amplitude required to reduce 

A; to zero (7.3 degrees, for the SARP Model 1 projectile), the 
growth in the slow mode amplitude will cease, and that amplitude 
Vill afterward remain constant, at the limit-cycle yaw value of 7.3 
degrees. (Note that for a changing flight Mach number, the size of 
the limit-cycle yaw may also change). 


The fast epicyclic yaw arm for the SARP Model 1 is damped at 
all flight speeds, and for all reasonable angles of attack. If the pro- 
jectile is fired at a supersonic velocity, the fast arm will damp expo- 
nentially with increasing distance, arid we would therefore expect a 
pure slow-arm limit cycle yaw at subsonic speeds. Its size is readily 
obtained from Figure 13.19 (p. 290), given that the straight line 
crosses the effective-squared-yaw axis at a value of 52, = 0.0163. 
The fast arm amplitude is assumed to Бе zero, since it is every- 
where dynamically stable, thus 62 = К, : [see equation (13.35)]. 
The slow-arm limit-cycle yaw value is therefore found from the 
simple calculation, K $c Sin" (V0.0163) = 7.3° If the projectile 
is fired at a supersonic velocity, and subsequently coasts down to 
subsonic speed, the observed pitching and yawing motion at long 
ranges will be a slow-mode coning motion about the flight path, at 
an amplitude of 7.3 degrees. 

What would happen if the subsonic amplitude of the pitching 
and yawing motion somehow became larger than the limit cycle 
value? Figure 13.19 also provides the answer to this question. If the 
average amplitude of the pitching and yawing motion were to ex- 
ceed the 7.3-degree limit cycle yaw value, then the damping expo- 
nent would be negative, and the amplitude would damp to the limit 
cycle value. Thus, the limit-cycle yaw represents a dynamically 
stable situation, in the sense that the amplitude of the motion will 
not grow with increasing time or distance along the trajectory. 
Again, we note that the limit-cycle yaw amplitude changes slowly 
along the trajectory, as the flight Mach number changes. 

The nonlinear behavior of the Magnus moment coefficient for 
three U.S. caliber .50 bullets was previously illustrated, in Figures 
13.14 and 13.15. Plots of the range-measured damping exponents 
versus their respective effective squared yaws are shown in Figures 
13.20 through 13.23. Figure 13.20 (p. 290) shows the variation of 
the fast-arm damping exponent, Àp , with 62, for the .50 caliber 
bullets at low supersonic speeds. The behavior of the fast-arm damp- 
ing exponent is bi-cubic, as expected, and A, is observed to be 
everywhere negative. The fast epicyclic yaw arm is therefore dy- 
namically stable at low supersonic speeds, and is damped at all 
small and intermediate yaw levels. 

Figure 13.21 is a plot of ће slow-arm damping exponent, 4, 
against 6%, for the same .50 caliber bullets at low supersonic 
speeds. We again observe bi-cubic behavior, and the plot predicts a 
slow-arm limit-cycle yaw. At small angles of attack,A, is positive, 
but for larger yaw levels the slow-arm damping exponent crosses 
the Ó5axis and becomes negative. For 62, = 0.0027,А;= 0, which 
means that the slow-arm limit-cycle yaw amplitude will be 

Ks „ = Sin (V0.00027) = 3.0° 

Figures 13.22 and 13.23 illustrate the variation of the subsonic 
damping rate exponents with their effective squared yaws, for the 
three .50 caliber bullets. Figure 13.22 is a plot of À pversus 62 , for 
Mach numbers between 0.6 and 0.9. Although the two data points 
for the APIT M20 bullet are slightly positive, the average value of 
A, is approximately -0.0001 per caliber, and in general, the fast 
epicyclic pitch and yaw arm will be damped for all reasonable yaw 
levels at subsonic speeds. 
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SARP MODEL 1 
M, = 0.72 


Figure 13.19 Slow-Arm Damping Exponent versus Effective Squared Yaw. 


Figure 13.23 shows typical slow-arm limit-cycle yaw behav- 
ior. A straight line, fitted to the data by least squares, crosses the 
horizontal axis at 6 = 0.0058. Thus, the .50 caliber bullets will fly 
with a 4.4 degree amplitude slow-arm limit-cycle yaw, at subsonic 
speeds. 

The flight dynamic behavior of the 105mm, M1 shell at sub- 
sonic speeds is illustrated in Figures 13.24 and 13.25. Both curves 
are tri-cubic as expected, because they follow the nonlinear Magnus 
moment coefficient, previously plotted as Figure 13.16. Figure 13.24 
is a plot of A versus 62. for small, intermediate, апа large yaw 
levels. Note that the fast epicyclic pitch and yaw arm is damped for 
all small and intermediate yaw levels at subsonic speeds. However, 
if the total angle of attack attained (by whatever means) a value 
greater than 22.6 degrees ( sin’ а, > 0.1471), the fast epicyclic 
pitch and yaw arm would begin to grow. Furthermore, if the projec- 
tile were launched with a yaw exceeding the critical value at sub- 
sonic speed, the ever-increasing positive A, would drive the al- 
ready large fast arm into exponential growth. The effect would be a 
very large yaw flight, and a catastrophic “short range” impact! (For- 
tunately, the conditions required to produce a very large launch yaw 
do not normally occur, and such a catastrophic “short round” has 
never been observed in field firings of the 105mm, М1 artillery 
shell). 

Figure 13.25 (p. 292) is a plot of À., versus 82, for the 105mm, 
Мі shell at subsonic speeds. Again, we observe limit-cycle yaw 
behavior. For small amplitude motion, the slow arm damping ex- 
ponent is positive, hence the slow epicyclic yaw arm will grow. 
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The curve crosses the horizontal axis at 52; = 0.0044 (a, = 3.8 
degrees), which means the slow arm limit-cycle yaw value will be 


3.8 degrees at subsonic speeds. For all larger yaw levels, the sub- Figure 13.22 Fast-Arm Damping Exponent versus Effective Squared Yaw 
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sonic slow arm damping exponent is negative, therefore the shell 
exhibits slow-arm dynamic stability at large yaw. 

All the previous examples of limit-cycle yaw have illustrated a 
slow-arm limit cycle. At this point, the reader may be tempted to 
conclude that fast-arm flight dynamic instabilities are never ob- 
served in practice. However, a famous case of fast-mode flight in- 
stability occurred in the early 1970s, with the development of a 
new long-range artillery shell. 

The 155mm, M549 low-drag artillery shell was developed in 
the late 1960s, to extend the range of the 155mm, M109A1 Howit- 
zer. This new shell (designated the XM549 at that time), had a three- 
caliber long, low-drag secant ogive nose, and a 0.58 caliber-long 
boattail, with a supersonic optimum (minimum drag) boattail angle 
of 7.5 degrees. Figure 13.26 (p. 292) is a contour sketch of the 
ХМ549 shell, with pertinent measured physical characteristics. 

Field firings of the XM549 were conducted (Ref. 15) in the 
winter of 1969-70. All propellant charges and muzzle velocities 
showed normal, expected behavior, except for one transonic launch 
speed. Large dispersion in range was observed when the shell was 
fired at Charge 4, with an ambient temperature of 48 degrees Fahr- 
enheit. The nominal muzzle velocity of the XM549 shell at Charge 
4 was 1027 feet per second. At 48°F, the corresponding launch Mach 
number is 0.93, and it is very close to a worst-case condition. 

At sea-level, standard atmospheric conditions, the launch gy- 
Toscopic stability factor of the M549 shell, when fired at Charge 4 
from the M109A 1 Howitzer with a rifling twist rate of 1 turn in 20 
calibers of travel, is 1.26 (Ref. 16). This very low value of launch 
5, (see Figure 13.27, p. 292) provides no margin of safety for cold 
Weather, with its attendant high air density. In addition, both the 
zero-yaw Magnus moment coefficient,C,, , and the cubic Magnus 
moment coefficient,C м.> are nearly at their highest positive values 
(Ref. 16) at Mach 0.93 (see Figure 13.28, р. 293). The result is a 


Figure 13.23 Slow-Arm Damping Ex- 
ponent versus Effective Squared Yaw. 


fast-arm dynamic instability ( А> 0) that causes any initial fast- 
mode pitching and yawing motion to grow rapidly. As the velocity 
and the flight Mach number decay to subsonic speeds, the large 
positive Magnus moment decreases in size, and the fast-arm damp- 
ing exponent approaches zero (neutral damping). The slow-mode 
damping exponent, A, is negative at all flight Mach numbers, and 
for all yaw levels. However, any initial fast-mode motion resulting 
from the Charge 4 launch will be greatly amplified during the tran- 
sonic part of the flight, and since 人 r=0 at subsonic speeds, the 
large- amplitude fast-mode yawing motion will persist throughout 
the remainder of the trajectory. 

The unsatisfactory flight of the M549 shell, when fired at 
Charge 4 in cold weather, could have been corrected by either of 


105mm, M1 
0.55 «M. < 0.79 


Figure 13.24 Fast-Arm Damping Exponent versus Effective Squared Yaw, 
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two methods: (1) redesign the shell, or (2) make sure the M549 is 
never fired at Charge 4. Of course, the Army elected to implement 
the inexpensive solution; Charge 4 was removed from the firing 
table, and the problem disappeared. 

A number of examples of observed nonlinear Magnus moment 
behavior have been presented in this section. The reader may feel 
that too much discussion has been devoted to this subject. How- 
ever, the importance of this aerodynamic moment can hardly be 
overemphasized. The fundamental nature of the Magnus moment 


155mm, XM 549 
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Figure 13.26 Sketch of the 155 mm, XM549 Shell. 


Figure 13.25 Slow-Arm Damping Expo- 
nent versus Effective Squared Yaw. 


acting on spinning projectiles, particularly at transonic and sub- 
sonic speeds, is usually troublesome. Most observed transonic and 
subsonic flight dynamic instabilities can be traced to this single 
cause. Limit-cycle yaw behavior is caused by the nonlinear Magnus 
moment, and limit cycle yaw is so commonly observed that it is 
now recognized as a characteristic behavior of transonic and sub- 
sonic flight. The information presented in this chapter clearly shows 
that no aeroballistic analysis of a spin-stabilized projectile is com- 
plete without a thorough investigation of its Magnus moment char- 
acteristics. 
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Figure 13.27 Launch Gyroscopic Stability Factor versus Launch Mach 
Number, M549 Shell. 
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138 QUASI-LINEAR ANALYSIS OFA CUBIC LIFT FORCE 
Té aerodynamic lift force coefficient, C, „ may be measured by 
от ethods in modern aeroballistic firing ranges. The direct method 
of obtai ning C i is from an epicyclic swerve reduction, based on 
the solution obtained in Chapter 11. The indirect method consists 
of firing models of the projectile with different center-of-gravity 
CG) locations, and plotting the Pitching (overturning) moment co- 
efficients, against the CG location. The indirect analysis actually 

ields the normal force coefficient,C,, , rather than the lift force 
coefficient. However, if the drag coefficient has also been mea- 
sured, the lift force coefficient can be calculated from the normal 
force and the drag coefficients. We will consider the indirect prob- 


lem first. 
Equations (2.12) and (2.13) are restated from Chapter 2: 


Cp = Cy, sin? a, — Cy cosa, (2.12) 
Cr = Cy, cosa, + C, (2.13) 
where О, = ја? + В? , or total yaw angle 
о = angle of attack (pitch) 
f = angle of sideslip (yaw) 


If the axial force coefficient, C, is eliminated between equa- 
tions (2.12) and (2.13), we obtain the useful equation: 


Cy, = Cp + C, cosa, (13.66) 


From Table 2.1 of Chapter 2, we recall that the effect of a cen- 
ter-of-gravity shift on the pitching moment coefficient is described 
by the equation: 


^ 


СС FAG Cy. (13.67) 


If cubic normal and lift forces are assumed, as well as a qua- 
dratic drag force, we have: 


Cy, “Су, + Cy, 8: (13.68) 

C, = Сы +С, б? (13.69) 

Cp = Cp, + C28? (13.70) 
$ 


Where д = sina, 
F 1 8? ENS 
, For small total angle of attack, COS ©, = 1 — 功 .Substituting 
this expression, and equations (13.68) through (13.70) into equa- 
tton (13.66): 
Ci, ас, 8 = Cy, +C? +C, -іс, 52+C 88-16, 
“77%, Dy +650 405726 49727» 


(13.71) 
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Figure 13.28 Zero-Yaw and Cubic Magnus Moment Coefficient versus Mach 
Number. 

Neglecting the small fourth-order term in equation (13.71), and 
collecting terms yields: 


Cy = Cm + C. (13.72) 


1 
Cy, “С. + Cr ET (13.73) 
, The pitching moment coefficient with a circumflex overscript, 
Cu, ,is the value after a center-of-gravity shift of Асо (іп cali- 
bers), considered positive if the CG shift is toward the tail of the 
projectile. Substituting the zero-yaw and the cubic terms into equa- 

tion (13.67): 
См “Су, Асау, (13.74) 


a 


Cu, = См, + AccCy,, (13.75) 


Thus by firing models with forward and rear center-of-gravity 
locations, all at the same nominal Mach number but at various yaw 
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levels, both C wand C м,тау be determined from the pitching and coefficient, С р: • Were found to be 0.40 and 5.9, respectively, for 
yawing motion alone. If C, and С,, are also known from a drag Ње 9-caliber Army-Navy Spinner Rocket at Mach 1.8. Equations 


reduction, we can readily determine both С, and С E (13.76) and (13.77) are now used to obtain the zero-yaw and the 
cubic lift force coefficients, from the pitching moment versus CG 
C,. - Cy, - Cp, (13.76) analysis: 
1 
С, = Су, Е Cy + F is (13.77) Cr = 2.9-0.4=2.5 、 
Murphy presented an excellent example (Ref. 6) of the indi- С, =35-5.9 + 1.25 = 30 
а2 


rect method for determining the zero-yaw and the cubic lift force 
coefficients. He plotted the range-determined pitching moment co- 
efficients against 6 А ‚ for forward, middle, eaten: center-of-grav- ARMY-NAVY SPINNER ROCKET 
ity models of the 9-caliber-long Army-Navy Spinner Rocket, fired 9-CALIBER-LONG MODEL 
at Mach 1.8. A sketch of the test models is shown in Figure 13.8. MACH NUMBER = 1.8 
Straight lines were fitted to the nonlinear pitching moment coeffi- 
cient data, by the method of least squares. The results of the cubic 
pitching moment coefficient analysis are illustrated in Figure 13.29. 
In Figure 13.30, the zero-yaw and the cubic pitching moment 
coefficients, obtained from Figure 13.29, are plotted against the 
center of gravity location. Again, fitting straight lines to the data 
[see equations (13.74) and (13.75)] by the method of least squares, 
provides values of the zero-yaw and the cubic normal force coeffi- 
cients. A drag reduction was also done for the 20mm Spinner Rocket 
models. The zero-yaw drag coefficient, C p, » and the yaw-drag 


ARM Y-NAV Y SPINNER ROCKET 
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i i і і 130 Zero-Yaw and Cubic Pitching Moment Coefficients versus 
Figure 13.29 Pitching Moment Coefficient versus Effective Squared Yaw. алы 13.30 Zero-Yaw and Cubic Pitching offi 
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The values obtained for C тапа С La from the epicyclic swerve 
reduction were 2.7, and 34, respectively, for the 9-caliber Army- 
Navy Spinner Rocket at Mach 1.8. The good agreement between 
the two methods of measurement is very encouraging. 

We now turn our attention to the direct method of obtaining 
the lift force coefficient, from the epicyclic swerve reduction. Equa- 
tion (11.31) from Chapter 11 defines the double integral, 1, , as: 


ӛз 


I, = f fEdridr, 
07 


Тһе general solution of the linearized epicyclic pitching and 
yawing motion (neglecting the very small yaw of repose) is: 


(11.31) 


E= Kre + Ke 
Е-а-ір 


K,-K ен , the amplitude of the fast epicyclic yaw arm 


(13.78) 


where 


K; = Ky e”** , the amplitude of the slow epicyclic yaw arm 
фр = Pr, + Prs 
ф; = Ps, + bss 


фь = initial phase angle of the fast epicyclic yaw arm 


Ps, = initial phase angle of the slow epicyclic yaw 
arm 


Substituting equation (13.78) into equation (11.31), and multi- 
plying both sides Бу С, gives the linear lift force contribution to 
epicyclic swerve: 


s" 
C, - Cf [Kee + K,e^ ила, (13.79) 
00 


。 pSC,, 


where С, 5 
m 


‘a 


Performing the double integration, we obtain: 


ГК е” кез 
C, 1; =-C,, | 2 x (13.80) 
F $ 


If the lift force is cubic in total angle of attack, then we must 
substitute equation (13.69) into equation (13.79). However, С, "is 
Dow a variable instead of a constant, and it must be taken inside the 
integral signs: 


[c.n] -ffíc. : +С, "9 (ke + Куе Jardr, 13.81) 
00 


Where the quantity in brackets, [c L "I A , is the nonlinear epicyclic 
swerve, Е 


Now, 6? may be written іп the form: 
6? = EE = KŻ + К2 + KK Jer) + gem] (13.82) 


Substituting equation (13.82) into equation (13.81), and per- 
forming the double integration, we find: 


К;е® 
bs 


2 i$ 2 i$. 
-C is Кре А 6.5 Куе 4 
L 12 12 


К, езе 


a2 
F 5 


DM. CEEAES 


Co-o) Ce-o 


(29--%) i(205 -gr ) 
К,е Kse | (13.83) 


Many projectiles known (from wind tunnel tests) to have non- 
linear lift force coefficients have been fired in modern spark pho- 
tography ranges, and in all cases, the swerving motions have been 
accurately fitted using the linearized swerve reduction. Therefore, 
we will neglect the mixed frequency swerve terms appearing in 
equation (13.83), and equate the quasi-linear and the nonlinear epi- 
cyclic swerve components. 


[Ке Ke [Ке Ket 
La | 12 十 12 |=, | 12 12 | 
F $ Е $ 
[ô Kre ôs Ke 
С, r (13.84) 
F 5 
Dividing both sides of equation ( оЅа\[ К "€^ Ket 
(13.84) by (see at right), we obtain: | 2т/ 2 t E 
F 5 
1262 i 126 2 i 
02 K,e"" 十 的 26 K e 
C, = Сы +С, Mlake 7 + Gp б Kee EE TP Or es. a (13.85) 
ф Кре" + фе Ke 


Equation (13.85) contains the complex epicyclic pitch and yaw 
arms in both the numerator and the denominator. However, this 
difficulty is easily resolved, by multiplying both the top and the 
bottom of the last term by the conjugate of the denominator, and 
again discarding the mixed frequency terms. The result is: 


C, = Cu, + Cu Sesw (13.86) 


La(r) 


2 ! 
82 = ф Кеб + Oe 262, 
KE OK: 
For most spin-stabilized projectiles, ф >> ф; , and equation 
(13.87) reduces to the simpler form: 


where (13.87) 


Sony = бу (13.88) 


Equation (13.88) reminds us that for spin-stabilized projectiles 
with adequate gyroscopic stability, only the slow epicyclic pitch 
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105mm, M1 
M, = 1.48 


Figure 13.31 Lift Force Coefficient ver- 
sus Effective Squared Yaw. 


ARMY-NAVY SPINNER ROCKET 
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Figure 13.32 Lift Force Coefficient ver- 
sus Effective Squared Yaw, 
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and yaw arm makes a measurable contribution to the epicyclic 


Two examples of nonlinear lift force coefficient analysis from 
free-flight swerve reductions are illustrated in Figures 13.31 and 
13.32. Figure 13.31 shows the range-determined values of the lift 
force coefficient, C, "e plotted against the proper effective squared 

aw for swerve,Ó2, , for the 105mm, M1 shell at Mach 1.48. A 
straight line, fitted to the data by the method of least squares gives 
values of 1.9 for the zero-yaw lift force coefficient, C, , and 14 for 
the cubic lift force coefficient, C, . 

Figure 13.32 is a similar plot for the 9-caliber-long Army-Navy 
Spinner Rocket, at Mach 1.8. A linear least-squares fit of the range- 
determined lift coefficient data gives a value of 2.7 for C „ „апа 
the cubic lift force coefficient, C, is found to be 34. These values 
agree well with those obtained from the pitching moment versus 
CG analysis, and subsequent conversion of the normal force mea- 
surements to zero-yaw and cubic lift force coefficients. 

At the end of section 13.3, it was noted that a negative value of 
the cubic pitching moment coefficient is a general characteristic of 
typical spin-stabilized projectiles. The reverse is usually true for 
the nonlinear lift force. The cubic lift force coefficient, for typical 
spin-stabilized shell, is nearly always a positive quantity. 

As a final comment on the analysis of nonlinear swerving 
motion, we will consider two aerodynamic forces that were previ- 
ously neglected. Although they are not included in the analysis of 
this book, the BRL swerve reduction retains the Magnus force for 
spinning shell, and the pitch damping force for non-rolling, stati- 
cally stable projectiles. The Magnus force is generally of order of 
one-tenth the size of the lift force, and its contribution to the epicy- 
clic swerving motion is therefore usually lost in the noise of the 
experimental data. The same comment applies to the pitch damp- 
ing force, which seldom produces a detectable amount of swerving 
motion. On the rare occasions when a nonlinear Magnus force co- 
efficient is well determined from swerve reductions, C, N should 
be plotted against бе , the effective squared yaw for swerve. 

The best method for measuring the Magnus force coefficient 
acting on spinning projectiles is the two-center-of-gravity technique. 
If models are fired in a modern spark photography range with for- 
ward and rear center-of-gravity locations, at a fixed nominal Mach 
number and several yaw levels, both the zero-yaw and the cubic 
Magnus moment coefficients can be determined, using the meth- 
ods outlined in sections 13.5 and 13.6. С, and Cy for the forward 
and rear center-of-gravity models are then plotted against CG loca- 
Чоп, and the slopes of the least-squares fitted straight lines then 
Provide the zero-yaw and the cubic Magnus force coefficients, re- 
spectively, 


The relationships used for the center-of-gravity analysis are 
adaptations of the Magnus moment-CG transformation equation 
listed in Table 2.1 of Chapter 2. Two equations are needed, one for 
the zero-yaw coefficients, and a second equation for the cubic 
Magnus coefficients: 


^ 


Сол Сұ ФАС (13.89) 
Cy = Cu. ФАС (13.90) 
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Figure 13.33 Zero-Yaw and Cubic Magnus Moment Coefficients versus 
CG. 
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An excellent example of the center-of-gravity method is pro- 
vided by the spark range Magnus moment coefficient data shown 
in Figure 13.9 for the 9-caliber-long Army-Navy Spinner Rocket at 
Mach 1.8. If the zero-yaw and the cubic Magnus moment coeffi- 
cients from Figure 13.9 are plotted against the CG location, the 
slopes of the straight lines passing through the data points yield the 
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Measurement of Aerodynamic Forces and Moments 


14.1 INTRODUCTION 

Aerodynamic forces and moments acting on projectiles can be 
measured either directly or indirectly. Direct force and moment 
measurements utilize wind tunnels, in which a model of the projec- 
tile is mounted in the test section and airflow at the proper speed is 
established. Instrumentation is built into the model support system, 
which provides the force-moment measurements. 

Indirect force and moment measurements are made by firing 
projectiles through instrumented free-flight ballistic test ranges. 
High-precision measurements are made of the projectile’s time of 
flight, position in space, and the pitch, yaw and roll angles, at many 
points along the trajectory. Given the complete in-flight motion of 
the projectile, the forces and moments that produced the observed 
motion can be inferred. 

In general, modern spark photography ranges provide the high- 
est precision free-flight measurements, although direct photogra- 
phy has been successfully used for aeroballistic ranges. Yawsondes 
and radars are also used to make indirect measurements of the aero- 
dynamic forces and moments that act on projectiles in flight, as are 
the traditional ballistic chronograph and yaw-card ranges. Illustra- 
tions and examples of the various experimental methods are pre- 
sented in this chapter, and the measurement accuracy of the differ- 
ent facilities is discussed. 


14.2 WIND TUNNEL METHODS 

Some of the earliest wind tunnels were constructed around 1870 by 
Wenham of England, Irminger and Vogt of Denmark, and A. J. Wells 
of the United States. These early low-speed wind tunnels were ini- 
tially used to measure the lifting effect of plane surfaces at various 
angles of attack. In 1901, the Wright brothers built and operated 
their first wind tunnel, and they used a balance that measured lift 
and drag. In their second wind tunnel, the Wright brothers achieved 
sufficient accuracy to permit the design of gliders, and then the first 
Successful powered aircraft. All the early low-speed wind tunnels 
Were used for airplane design, rather than for aeroballistic investi- 
gations of projectile flight. However, by 1920 several low-speed 
Wind tunnel tests had been conducted on typical artillery shell con- 


figurations, and a wind tunnel test methodology for projectiles had 
been established, 


By the 1930s, several small supersonic research tunnels had 
been built in England, Germany, Italy, and other nations. The be- 
ginning of World War II accelerated the development of larger and 
more efficient wind tunnels. In this section, we will discuss the 
characteristics of modern supersonic wind tunnels, and their capa- 
bilities to measure the aeroballistic forces and moments that act on 
spinning and finned projectiles. 

There are basically four types of modern supersonic wind tun- 
nels: (1) intermittent blowdown tunnels, (2) intermittent indraft tun- 
nels, (3) intermittent pressure-vacuum tunnels, and (4) continuous- 
flow tunnels. Blowdown tunnels use a high-pressure air storage 
reservoir, which is discharged through a nozzle, diffuser and test 
section. Indraft tunnels operate on the reverse principle of pumping 
down a reservoir to a near-vacuum, then opening a valve and let- 
ting air flow through the nozzle, diffuser and test section, into the 
low-pressure reservoir. Pressure-vacuum tunnels combine the prin- 
ciples of blowdown and indraft tunnels, and can achieve very high 
test-section Mach numbers. Generally speaking, the useful run-times 
of all intermittent supersonic wind tunnels are measured in sec- 
onds. 

Continuous-flow wind tunnels are more expensive to build, 
maintain and operate than are intermittent tunnels. However, given 
the choice, wind tunnel engineers always prefer several minutes of 
test time per run, instead of the few seconds available in an inter- 
mittent tunnel. Thus, continuous-flow wind tunnels are usually pre- 
ferred for modern aeroballistic testing. The details of supersonic 
wind tunnel design, construction and calibration are beyond the 
scope of this book. Reference 1 contains an excellent description of 
modern wind tunnel facilities, and the interested reader may con- 
sult this reference. 

In practice, the wind tunnel test engineer must have the means 
to accurately determine the properties of the air flowing through 
the test section. The free-stream static pressure, temperature, den- 
sity, dynamic pressure, Mach number, Reynolds number, flow an- 
gularity and free-stream turbulence level must all be accurately 
measured. In addition, the dewpoint must be monitored, to insure 
that condensation does not occur in the nozzle. For some testing, 
heat transfer to the model surface must be measured. Model sur- 
face pressure measurements are often required. Finally, flow visu- 


299 


Modern Exterior Ballistics 


alization methods, such as a shadowgraph or a schlieren system 
must be employed, so the design engineer can evaluate the flowfield 
past the projectile. The reader is referred to References 1 and 2 for 
detailed discussions of the installation, calibration and operation of 
wind tunnel airflow instrumentation. 

The earliest balances used for measuring low-speed aerody- 
namic forces and moments were mechanical external balances. An 
external balance uses one or more structural members to transmit 
the aerodynamic forces and moments acting on the model to the 
balance, which is located outside the wind tunnel test section. Ex- 
ternal balances are seldom used for high-speed wind tunnels, be- 
cause strut interference significantly affects the flowfield past the 
model, and also because modern strain gages provide more accu- 
rate measurements than mechanical external balances. 


Notes on Modern Strain Gage Balances 

Modern internal force-moment balances are designed to fit within 
a hollowed-out cavity in the base of the model. Figure 14.1 is an 
illustration of a spinning projectile model and a typical five-com- 
ponent balance, with two strain-gage bridges in the pitch plane for 
measuring the normal force and pitching moment, and three simi- 
lar bridges in the yaw plane, for increased accuracy in determina- 
tion of the smaller side (Magnus) force and moment. The aft end of 
the balance is attached to the wind tunnel angle of attack system, 
and the front end forms a cantilevered beam, with the spinning model 
supported at the free end. 

The model is attached to the front end of the balance by means 
of a non-rotating sleeve. A tapered fit between the sleeve and the 
forward section of the balance insures a positive fit, and prevents 
movement of the sleeve during the tests. The sleeve serves as the 
mount for the bearing inner races, transfers the aerodynamic loads 
from the model shell to the balance, and supports the spring assem- 
bly, which axially preloads the bearings. The model shell, whose 


FRONT BR'G. 
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SLEEVE 
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outer surface conforms to the test configuration, is mounted on the 
outer races of the bearing, and permits the model shell to spin rela- 
tive to the balance. 

An air turbine nozzle is mounted on the balance, just aft of the 
non-rotating sleeve. The air turbine is powered by an external air 
supply that is fed to the nozzle by means of a drilled hole through 
the center of the balance. The nozzle creates four sonic jets that 
impinge on the turbine blades attached to the model shell, and cause 
the model to spin. The model is first brought to the desired angle of 
attack, and is then spun up by means of the air turbine. The external 
air supply is then cut off, and data is taken during the spin coast- 
down phase. The spin rate of the model is monitored by means of 
two permanent magnets mounted to the shell of the model, and a 
pick-up coil mounted on the nozzle housing. 

Most strain-gage balances are designed for the measurement 
of from two to six of the possible loading components. Maximum 
balance diameters range from less than 1/2 inch to 2 or more inches, 
and maximum aerodynamic loads vary from less than ten pounds 
to several hundred pounds. Six-component balances are often used; 
one strain-gage bridge is used to measure axial force, and another 
is used to determine the rolling torque. The other four bridges are 
used to measure normal force and pitching moment, and the side 
force and moment. 

The strain-gage balance is calibrated before the balance and 
model are mounted in the test section. Calibration is accomplished 
by mounting a calibration sleeve on the balance, and hanging known 
weights at different axial locations, in both the pitch and yaw planes. 
The details of balance calibration techniques are discussed in Ref- 
erences | and 2. 


A Few Examples of Supersonic Wind Tunnel Measurements 
A comparison of the wind tunnel and spark photography range drag 
coefficients for the 30mm, T306E10 shell at Mach 2.17, was shown 
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Figure 


14.1 General Design Arrangement of a Spinning Model, for Wind Tunnel Magnus Measurements. 
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30mm, T306E10 
Mach No. = 2.17 


---Ө--- Wind Tunnel 
— — — — Aero. Range 


Figure 14.2 Comparison of Wind 
Tunnel and Spark Range Normal 
Force Coefficients. 


30mm, T306E10 
Mach No. = 2.17 
(Center of Gravity = 1 32 Calibers From Base) 
0.3 
---Ө--- Wind Tunnel 
— — — — Aero. Range 


Figure 14.3 Comparison of Wind 
Tunnel and Spark Range Pitching 
Moment Coefficients. 
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in the previous chapter (see Figures 13.1 and 13.2). Figures 14.2 
and 14.3 of the present chapter illustrate the same comparisons for 
the normal force coefficient (C, ) and pitching moment coefficient 
(C, ). of the T306E10 projectile (see References 3 and 4). We recall 
equations (2.16) and (2.20) from Chapter 2: 


Cy, = Cy + Cy, Ô? (2.16) 
Cu, = May + См. ó? (2.20) 
where С Ne. = linear normal force coefficient 
С м, cubic normal force coefficient 


С, = linear pitching moment coefficient 
ag 


См = cubic pitching moment coefficient 
a2 
д = sina, 


€, c-total angle of attack 


Given the linear and cubic normal force and pitching moment 
coefficients, the coefficients C, and C, are readily calculated: 


Cy = C, sina, = Cy, sina, + Cy, sin^a, (14.1) 


C, = C, sina, = Cy, sin, + C, sin'a, (14.2) 


The wind tunnel measures the normal force and pitching mo. 
ment, and the data reduction process calculates the coefficient C 
by dividing the force by the product of the free-stream dynamic 
pressure and the reference area, У 0/28. The pitching moment 
coefficient, C, , is obtained by dividing the pitching moment by the 
quantity 4 pV?Sd. Figure 14.2 is a plot of the normal force coeffi- 
cient, C, , measured by the supersonic wind tunnel (Ref. 3), and it 
includes the same coefficient calculated from the spark range data 
(Ref. 4), using equation (14.1) Figure 14.3 illustrates the same com- 
parison for the overturning, or pitching moment coefficient, C, . 
The agreement between the wind tunnel values and the spark range 
measurements is observed to be excellent for total angles of attack 
up to 10 degrees. 

Figure 14.4 shows the comparison between the wind tunnel 
(Ref. 5) and the spark range (Ref. 4) Magnus moment coefficients, 
C, DE for angles of attack up to 15 degrees at Mach 2. The largest 
total angles of attack achieved in the spark range firings were of 
order of 10 degrees. Reference 6 contains an excellent description 
and discussion of wind tunnel Magnus force and moment testing. 

The wind tunnel data plotted in Figure 14.4 suggest a tri-cubic 
Magnus moment, whereas the spark range data show a bi-cubic 
behavior in the same angle of attack region. However, the overall 
trends of the two curves are similar. Since the measurement of the 
Magnus moment is a delicate proposition in both facilities, the agree- 
ment observed in Figure 14.4 is considered satisfactory. 


30mm, T306E10 -- Mach No. = 2.0 
Center of Gravity — 1.32 Calibers From Base 


— —6——— Wind Tunnel [pd/V = 0.45, Re, = 0.94 X 104 


一 -一 一 Spark Range [pd/V = 0.38, Re, = 1.40 X 10*] 


Figure 14.4 Comparison of Wind Tun- 
nel and Spark Range Magnus Moment 
Coefficients. 
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dvantages and Disadvantages of Wind Tunnels for Projectile 

Aeroballistic Testing . | 

The projectile designer is often faced with the need for aeroballis- 
tic testing. Given a specific (and usually quite limited) budget, should 
wind tunnels ОГ spark photography ranges be selected? The use of 
either facility is expensive, and the design engineer must rely on 
his or her background and experience in making the selection. A 
few of the author’s observations and comments, based on more than 
thirty years of aeroballistic test experience, may be of some assis- 
tance to the reader. 

In the early design phase of a new projectile, one of the great- 
est advantages of wind tunnels over spark photography ranges is 
flexibility. The projectile designer can fabricate wind tunnel test 
models with a number of potentially useful variations on a basic 
configuration, and the wind tunnel quickly provides the effects of 
these variations on the aerodynamic forces and moments. Although 
the same configurational variations can also be tested in a spark 
range, each variation represents an entirely new set of firings, and 
the cost often becomes prohibitive. 

If the projectile must fly at very large angles of attack, wind 
tunnels are often the only practical means of acquiring the neces- 
sary data. Average angles of attack up to thirty degrees have been 
achieved in free-flight ballistic ranges, using sophisticated yaw- 
induction techniques which will be described later in this chapter. 
However, in general, for total average angles of attack above twenty 
degrees, the necessarily severe yaw induction methods usually pro- 
duce uncontrollable free-flight trajectories, and it is often no longer 
possible to keep the projectile within the instrumented test win- 
dow. 

A wind tunnel to be used for large angle of attack testing must 
have a sufficiently large test sectional area to prevent blockage and 
shock wave reflections, at the largest angles to be tested. At sub- 
sonic speeds, the blockage requirements are well known (see Ref- 
erence 1). For high supersonic or hypersonic speeds, a discussion 
of both the blockage and the shock reflection requirements may be 
found in References 1 and 2. Transonic speeds present a difficult 
problem for most wind tunnels (and for spark ranges as well), be- 
cause shock reflections off the tunnel walls and back onto the model 
are hard to avoid. In general, very large wind tunnel test-sectional 
areas are required for testing at transonic speeds. 

If a spin-stabilized projectile is fired at sufficiently high gun 
elevation angles (usually greater than 70 degrees), the projectile 
Will often “fail to trail,” and will descend from the summit of the 
trajectory in a base-forward mode. In order to run six-degrees-of- 
freedom trajectories for the 105mm, M1 projectile at very high gun 
elevation angles, low-speed (Mach 0.2 to 0.3) pitch-plane and 
Magnus data were required at various spin-to-velocity ratios, and 
for angles of attack from zero to 180 degrees. The data for angles 

“tween 90 and 180 degrees were obtained by using a second spin- 
ning model, with а nose-mounted sting instead of the usual mount- 
ing in the projectile base. The data from these tests, conducted in 
the Army 7 X 10 foot subsonic wind tunnel at NASA Ames, is 
reported in Reference 7, Such very large angle of attack testing 
Would have been impossible to conduct in spark photography ranges. 


Unfortunately, there are also a few disadvantages to wind tun- 
nel testing. One of the most critical is the measurement of the aero- 
dynamic drag force. If a side-mounted sting is used, the model sup- 
port system interferes with the flowfield past the model, and leads 
to incorrect drag readings. Usually, a base-mounted sting is used, 
and in this case the presence of the sting, or balance, affects the 
base pressure; e.g., the base pressure acting on the model is not the 
same as it would have been had the sting not been present. Thus 
conventional wind tunnel drag data always requires some "correc- 
tion" for the sting effect, and there is a significant uncertainty about 
the proper correction. Recently, magnetic-suspension wind tunnel 
balances, which require no sting, have been developed, but due to 
the large electrical power requirements, they have proved feasible 
only for small test models. 

The Reynolds numbers achieved in high speed supersonic wind 
tunnels are often significantly lower than free-flight Reynolds num- 
bers, by factors that vary from three to ten. The normal force and 
pitching moment are usually insensitive to moderate changes in 
Reynolds number, but the skin friction component of the drag force 
is significantly affected by Reynolds number. The Magnus force 
and moment are the most sensitive aerodynamic force and moment 
to changes in Reynolds number, and if the wind tunnel Reynolds 
numbers are low by a factor of three or more, the measured Magnus 
characteristics are likely to be seriously in error. 

Pitch damping moments are also difficult to measure accurately 
in wind tunnels. The model must be driven in either a planar sinu- 
soidal pitching motion, or for spinning projectiles, in a coning mo- 
tion about the central axis of the wind tunnel test section. The me- 
chanical drive systems necessary for pitch damping data collection 
are expensive, and the wind tunnel data reduction is significantly 
more complicated than that required for static angle of attack test- 
ing. 

Modern wind tunnels are still very useful facilities to the 
aeroballistician, despite the disadvantages mentioned above. When- 
ever many parametric projectile configuration changes need to be 
made, the wind tunnel is the most cost-effective test facility. In later 
design stages, the spark photography range often becomes a more 
useful tool than the wind tunnel. Free flight ranges and wind tun- 
nels are not competitive facilities, but complementary ones. 


14.3 FREE-FLIGHT BALLISTIC RANGES 

The first free-flight ballistic range experiments were probably done 
by Isaac Newton of England. He was very interested in the motion 
of projectiles, and one of his early experiments consisted of drop- 
ping spheres of different sizes and densities from the top of St. 
Paul's Cathedral, and measuring their descent times from the ceil- 
ing to the floor. From these data, Newton made the first rough mea- 
surements of the aerodynamic drag force. 

More accurate free-flight drag measurements were made around 
1740 by Benjamin Robins of England. Robins invented the ballis- 
tic pendulum, which was capable of making reasonably accurate 
velocity measurements. He placed his ballistic pendulum at differ- 
ent distances from the gun, and thereby achieved the first reliable 
measurements of the projectile's remaining velocity versus distance. 
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Francis Bashforth of England developed an accurate chrono- 
graph for artillery projectiles, about the middle of the nineteenth 
century. Bashforth’s chronograph received its start and stop signals 
when the projectile broke screens of fine copper wire, and the time 
interval between the two signals was measured by an electrical cir- 
cuit, based on principles developed by Wheatstone. Bashforth made 
many good measurements of the drag of spherical cannon shot, as 
well as measurements of the drag forces acting on elongated can- 
non shell, which first appeared at about the same time. 

А number of European investigators developed reasonably good 
experimental methods for free-flight drag measurements during the 
last quarter of the nineteenth century. In the late 1800s and early 
1900s, Cranz in Germany (Ref. 9) had done the first free-flight yaw 
card experiments, and ballisticians had gained a rudimentary un- 
derstanding of the nature of the pitching and yawing motion of spin 
stabilized projectiles. F. W. Mann, who worked in the first decade 
of the twentieth century (Ref. 10), used a yaw-card range to do an 
extensive study of the pitching and yawing motion of spin-stabi- 
lized small arms bullets. 

The first definitive free-flight yaw-card experiment was con- 
ducted in 1919 by the English scientists Fowler, Gallop, Lock and 
Richmond (Ref. 11) at Portsmouth, England, using 3-inch English 
naval gun projectiles. The four English authors showed that the 
pitching and yawing motion of an elongated spinning shell is *epi- 
cyclic," with two characteristic frequencies. Their paper, titled The 
Aerodynamics of Spinning Shell is now considered a modern clas- 
sic. 

Ballistic chronograph and yaw-card firing ranges reached their 
zenith in the two decades preceding the Second World War. Many 
good measurements of the aerodynamic drag force and the over- 
turning moment were made in such facilities, although the quality 
of results was necessarily lower than what would be achieved later 
in modern spark photography ranges. Reference 12 gives an excel- 
lent description of the methods used. 

The beginning of World War II brought about a revolution in 
science and technology, that resulted in the simultaneous develop- 
ment of high-speed digital computers, continuous flow supersonic 
wind tunnels, and modern free-flight spark photography ranges. 
Since this section is about spark photography ranges, we will now 
explore them in detail. 


Modern Spark Photography Ranges 

The first spark photography range was built in 1924, at the Na- 
tional Physical Laboratory in England. According to J. W. Maccoll 
(Ref. 13), this small research ballistic range was 150 feet long, and 
the test section was large enough to permit firing one-inch diam- 
eter models. The range originally had eight spark photography sta- 
tions; this number was later increased to nineteen. The triggering 
of the spark was accomplished by a fine wire grid, which was bro- 
ken by the passing projectile. 

R. H. Kent attempted to build a spark photography range at 
Aberdeen Proving Ground in 1938, using the recoil of the gun to 
trigger the spark sequence. Kent's range was unsuccessful, but it 
laid the foundation for А. C. Charters’ efforts in the early 1940s. 


The Weapons Institute of the Luftwaffe Research Establishment 
constructed a spark photography range at Braunschweig, Germany, 
in the early years of the Second World War. However, the war ended 
before this range was completed, and it was never fully utilized for 
its intended purpose. 

The BRL Aerodynamics Range was constructed under the di- 
rection of Dr. A. C. Charters, and it became operational in Febru- 
ary, 1943. Initially, the range was equipped with six spark photog- 
raphy stations (Ref. 14), and it was used only for drag measure- 
ments, Later the number of stations was increased to sixteen, and 
by 1946, twenty-five stations were available for use. The first yaw 
reductions were done graphically, using a method developed by E. 
J. McShane. By 1948, analytical procedures for the yaw and swerve 
reductions had been developed independently by Z. Kopal (Ref. 
15) and К. Turetsky (Ref. 16). Today, there are approximately forty 
operational spark photography stations distributed over the 300- 
foot length of the Aerodynamics Range. 

A number of free-flight spark photography ranges are in use 
today, in the U.S., Canada, and various European countries. All of 
them trace their ancestry to the BRL Aerodynamics Range, which 
is still fully operational. A photograph of the Aerodynamics Range 
(circa 1958) was shown as Figure 1.11, in Chapter 1. The row of 
cylindrical cans to the left of the stations are the spark light sources. 
Today, triggering is done with infrared light screens; these have 
replaced the square-framed electrostatic inductance coils shown in 
Figure 1.11. Figure 1.12 of Chapter 1 shows the local and master 
coordinate systems used in the Aerodynamics Range. An excellent 
description of the range may be found in Reference 17. 

The BRL Transonic Range was designed in 1944 and primary 
construction was finished in 1947. The instrumentation was com- 
pleted, and full scale operation began, in the summer of 1950. Pho- 
tographs of the exterior and interior views of the Transonic Range 
were shown as Figures 1.13 and 1.14 in Chapter 1. An excellent 
description of the range is given in Reference 18. This large (22 ft. 
by 22 ft.) free-flight spark photography range was designed to sat- 
isfy von Kármán's ratio for 3-inch diameter projectiles. (Theodore 
von Kármán had derived the theoretical result that for no choking 
at transonic speeds, the ratio of test sectional area to projectile cross- 
sectional area should be at least 10,000 to one). Although the range 
building is 1000 feet long, only 680 feet are fully instrumented. 
The same basic data reduction methods are used for both of the 
BRL free-flight spark photography ranges. 


14.4 CLASSICAL DATA REDUCTION FOR SPARK 
PHOTOGRAPHY RANGES 

The classical spark range data reduction procedure consists of the 
following steps: (1) measuring the photographic plates or film, (2) 
estimating certain critical flight motion parameters, (3) fitting the 
closed-form analytical solutions to the spark-range data by means 
of a nonlinear differential-corrections least-squares method, and (4) 
determining the aerodynamic force and moment coefficients from 
the least-squares-obtained values of the flight motion parameters. 
The mathematical details of these procedures are very complicated, 
and will not be discussed in this book. The interested reader may 


ae tet en ii ЛЕК к ee ee 


304 


Measurement of Aerodynamic Forces and Moments 


consult References 16 and 19, which go into considerable detail on 
5 methodology， Reference 20 contains an excellent treatment of 
the classical spark range data reduction procedure. 
For the relatively short segments of flat-fire trajectories en- 
countered in spark range work, the variation in the drag coefficient 
over the length of the firing range is negligible, and C, may there- 
fore be treated as a constant. The velocity then decreases exponen- 
tially with increasing distance, according to equation (10.68) of 


Chapter 10: 


V = Мет" (10.68) 


V= projectile velocity at a given non-dimensional 
distance, S 


where 


V, = initial velocity 
Sd 
C, = (a D 
2m 
The time of flight is related to the non-dimensional distance 
along the trajectory by the following equation: 


e™ —1 
” хс 
In practice, the right hand side of equation (14.1a) is expanded 
as a cubic in non-dimensional distance s, and the coefficients are 
then determined by a linear least squares fit: 
* *2 
t=t, ао оа 
у, 2VW 6У, 
Murphy has noted [Ref. 20, and BRL Report No. 1216] that 
the cubic coefficient in equation (14.1b) absorbs any Mach number 
variation in C, as well as errors in the expansion of the exponential 
term in equation (14.1a). In those cases where the cubic fits well, 
the resulting C, agrees very closely with the value obtained from a 
nonlinear least squares fit of equation (14.1a) to the same data. 
If the projectile is fitted with a roll pin in the model base, the 
roll angle at each spark photography station can be measured. If a 
finned missile has differentially canted fins, both a rolling moment 
and a spin-damping moment are present. For this case, the equation 
of rolling motion was derived as equation (10.74) in Chapter 10: 


(14.1a) 


(14.1b) 


"——— P 
мее К, = Tec a c; (10.72) 
K,= Е?8 ЕС, (10.73) 


ф =roll angle at a given non-dimensional distance, s 


$) = initial roll angle 


Фу) is the steady-state spin, or rolling velocity, mea- 
sured in radians per caliber of travel 
ss) = K/K, 
" П , 
К, = ФК, = Piss) A Po 
K, K, 
Equation (10.74) is fitted to the observed roll angle data for a 
finned missile with canted fins, and if the drag coefficient is also 
known from the drag reduction, the values of the rolling moment 
coefficient, C, 1» and the spin damping moment coefficient, С, тау 
Бе determined from the range flight. 
For a spin-stabilized body of revolution (or a finned missile 
with uncanted fins), there is no rolling moment, and K 515 therefore 
zero. For this case equation (10.74) reduces to: 


$-& - f (en 1) 


In practice, the right hand side of equation (10.77) is expanded 
as a cubic in non-dimensional downrange distance, s: 


' 1 1 1 ! 
ф=ф+ф5— 59K, 十 ss 


The coefficients are determined by a linear least squares fit, 
and the value of K is determined from the range flight. With the 
help of equation (10.72), and the known value of the drag coeffi- 
cient, the spin damping moment coefficient, С, is then readily 
determined. As in the drag reduction described previously, the cu- 
bic coefficient in equation (14.1c) absorbs any Mach number varia- 
tion in C, , as well as errors іп the exponential expansion of equa- 
tion (10.77). In cases where the cubic fits the data well, there is 
very little difference observed between values of С, obtained from 
equation (14.1c) and the nonlinear equation (10.77). 

The equation describing the linearized epicyclic pitching and 
yawing motion for a spinning projectile was derived as equation 
(10.94) of Chapter 10: 


A= 


(10.77) 


(14.1c) 


E = Кре + K e^ ip, (10.94) 
where §=a+if 
a 
K,=K RE = the amplitude of the fast epicyclic yaw mode 
(or arm) 
А 
К; = К, se 9% , the amplitude of the slow epicyclic yaw mode 
(or arm) 
r= Pr us 
bs = ф„ + Pss 
br, = initial phase angle of the fast epicyclic yaw arm 
Ps, = initial phase angle of the slow epicyclic yaw 
arm 
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B, = PG 
R= M«iPT iPT (10.95) 


eio ! 5 

Ap +іф, = 了 -有 +iP +.4M +H? В? + 2iP(2T - 可 | (10.96) 
СО | ; 

As +1їф = ju +iP-J4M+ H -P+ 2iP(2T - 可 | (10.97) 


After completing the drag and roll reductions, the next step in 
the data reduction procedure is to fit equation (10.94) to the pitch 
and yaw measurements, by means of a nonlinear least squares fit- 
ting process. The results of the least squares fit provide values of 
the two epicyclic arm lengths (amplitudes), as well as the two char- 
acteristic frequencies and the damping exponents of the observed 
epicyclic motion. The relationships between the linearized aerody- 
namic coefficients and the flight motion parameters were stated as 
equations (10.98) through (10.101) of Chapter 10. An expanded 
form of those equations is repeated here as equations (14.2) through 
(14.5): 


(1,\/ pd 
ped qd zd (= (14.2) 
Prem) 
M = $765 —ApAs = БС (14.3) 


H=-[A, +2,]=- С, *- C; 


y 


ыш /人 了 у 
Т 2 0; S 十 Psr | = C, 十 КСЫ. 


P 


where a starred coefficient is always the coefficient mul- | pSd | 
tiplied by (see at right). 


-k5*(Cy,"+Cy,") at» 
(14.5) 


2m 


Note that in addition to the drag coefficient, we also need the 
lift force coefficient for the flight, before the Magnus and the pitch 
damping moment coefficients can be determined. The lift force 
coefficient can usually be obtained from the swerving motion in 
modern high-precision spark ranges. Another alternative is to fire 
models with more than one center-of-gravity location, at the same 
nominal Mach number and yaw level. The lift force coefficient can 
then be determined indirectly from the two-center-of-gravity pitch- 
ing moment coefficient data (see section 13.8 of Chapter 13). 

The classical linearized swerve reduction (neglecting the very 
small Coriolis force) is done by fitting equation (11.29) of Chapter 
11 to the vertical (y) and horizontal (z) center-of-mass swerve data: 


y +iz = (уо +) +(% + 6) Aor 


+С, “Ff Sa dr, 
00 


Ут initial value of у (calibers) 


where 


2, = initial value of z (calibers) 


У = tang, , the tangent of the trajectory’s vertical angle of 
departure (positive upward) 


20 = tan 0, , the tangent of the trajectory’s horizontal angle 
of departure (positive to the right, when looking 
downrange) 


s = downrange distance, measured in calibers 


The double integral appearing in the last term of equation 
(11.29) was evaluated in Chapter 11. Writing the results of that 
double integration in a slightly different form leads to equations 
(14.6) through (14.11): 
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The swerve reduction usually yields an excellent value of the 
lift force coefficient, С, , and it thereby enables the Magnus mo- 
ment and pitch damping moment coefficients to be determined [see 
equations (14.4) and (14.5)]. It is readily apparent that a good yaw 
reduction is a necessary prerequisite to a successful swerve reduc- 
tion. 


Criteria for the Quality of Spark Photography Range Results 
The quality of aerodynamic coefficients obtained from spark pho- 
tography ranges depends on the accuracy of projectile physical 
measurements, as well as the accuracy of position, time, pitch, yaw 
and roll measurements in the range itself. Modern spark photogra- 
phy ranges always include a high-precision physical measurements 
laboratory, and great care is taken to obtain the most accurate physi- 
cal measurements possible. Reference 21 gives an excellent (al- 
though dated) description of the details. A list of precision mea- 
surement errors in the projectile's physical properties is given in 
Table 14.1: 


RE 
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Table 14.1 
precision in the Measurement of Projectile Physical Properties 


Physical Property Precision Measurement 


Error 
Projectile Mass (Weight) +0.03 % 
Reference Diameter +0.0002 Caliber 
Center of Gravity Location +0.0006 Caliber 
Axial Moment of Inertia 30.1 % 


Transverse Moment of Inertia +0.1% 


Measurements of the barometric pressure, air temperature and 
relative humidity are carefully made, using frequently-calibrated 
Jaboratory grade instruments, for each shot fired in modern free- 
flight ballistic ranges. The barometric pressure is not used directly, 
but is required for the determination of air density. Precision atmo- 
spheric measurement errors for enclosed, climate-controlled spark 
photography ranges are +1 degree Fahrenheit in air temperature, 
and 30.5 % in air density. 

Ateach station, the position (X, Y, Z coordinates), time of flight, 
and the pitch, yaw and roll angles, are all very accurately measured 
in modern high-precision free-flight spark photography ranges. Pre- 
cision measurement errors in the BRL Aerodynamics Range and 
the BRL Transonic Range are listed in Table 14.2 (below). 

After all the rounds of a spark range program have been fired, 
and all the data has been reduced, values of the various aerody- 
namic coefficients are obtained for each round fired. Modern spark 
photography range data deserves a careful analysis, and the follow- 
ing guidelines, based on many years experience, are provided for 
the benefit of the inexperienced program engineer. 

In addition to values of the aerodynamic coefficients and the 
flight motion parameters, the spark range data reduction provides a 
number of statistical error calculations, which prove helpful in the 
data analysis. The percent error in the drag coefficient, from the 
least squares fit of the time-distance data, turns out to be the most 
useful criterion for determination of the quality of a drag measure- 
ment. The root-mean-square (RMS) errors of the yaw and the swerve 
fits are excellent estimates of the “noise” in the yaw and swerve 
data, and turn out to be very useful in calculating several required 


“signal-to-noise” ratios, In addition, a certain minimum number of 
spark stations must always be present for a good quality data re- 
duction. In general, a minimum data section length (usually stated 
either in calibers, or as a fraction of the period of one epicyclic yaw 
arm) must also be present, if the aerodynamic coefficients are to be 
well-determined. 

Many years experience in the analysis of spark photography 
range data has shown that the ratios of the fast and the slow epicy- 
clic yaw amplitudes (K, and K, , respectively) to the root-mean- 
square error of the yaw fit (RMS, ), are the correct signal-to-noise 
ratios for determining the quality of the measured pitching moment 
coefficient and the Magnus and pitch-damping moment coefficients. 
Similarly, the ratio of the swerve radius due to lift, R, (calibers) [for 
spin-stabilized projectiles, see equation (11.56) of Chapter 11] to 
the root-mean-square error of the swerve fit (RMS,,), turns out to 
be the correct signal-to-noise ratio for appraising the quality of a 
lift force coefficient determination. 

A tabular summary of the spark-range data quality criteria for 
several of the aerodynamic coefficients is presented in Table 14.3 
(see p. 308). 

Note 1 [(*) in Table 14.3]: If the spin has been measured, only 
one of the two epicyclic yaw arm amplitudes must be three times 
the RMS error in yaw, because the pitching moment coefficient 
may be accurately determined from one epicyclic frequency and 
the spin. However, the Magnus and pitch-damping moments, which 
are obtained from the observed damping exponents of the yaw fit, 
will not be of good quality unless both yaw arms meet the stated 
criteria. 

Note 2: In Table 14.3, (77) denotes a questionable value of the 
coefficient. If a questionable coefficient is consistent with other 
good quality values from the same program, it should be retained; 
otherwise it should be discarded. 

After a quality-of-results analysis has been conducted on the 
aerodynamic coefficients obtained from a spark range firing pro- 
gram, the poor quality coefficients are discarded, and the good qual- 
ity (and initially the questionable quality) values are retained for 
further analysis. Precision measurements in the spark-range-deter- 
mined aerodynamic coefficients are illustrated in Table 14.4 (see p. 
309). 


Quantity 


Position (X, Y, X) 
Time of Flight 
Pitch and Yaw Angles 
Roll Angles (With Roll Pin) 


Table 14.2 
Precision Measurement Errors in the Two BRL 
Spark Photography Ranges 


Precision Measurement Error | Precision Measurement Error 
(Aerodynamics Range) 


+0.01 Inch 
+0.5 Microsecond 

+0.1 Degree 
+1.0 Degree 


(Transonic Range) 


+0.1 Inch 
+1 Microsecond 
+0.1 Degree 
+1.0 Degree 
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Min. No. 
Stations 


% Error in С, < 1 96 
% Error in С, > 1 96 


1 Cycle - Slow Arm 


1 Cycle - Slow Arm 


1.5 Cycle - Slow Arm 


2 Cycles - Slow Arm 


2 Cycles - Slow Arm 


3/4 Cycle - Slow Arm 


1 Cycle - Slow Arm 


1 Cycle - Slow Arm 


See Notes I апа 2 on р 307 for the meanings for * and ??. 
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Table 14.4 
Percent Errors in Spark-Range 
Measured Aerodynamic Coefficients 


Aerodynamic Coefficient Precision of Measurement 
(in Percent) 


Drag Coefficient, С, 1% 
Pitching Moment Coefficient, Cy 2% 
Lif Force Coefficient, С Le 5% 
Magnus Moment Coefficient, С Mpa 15% 
Pitch Damping Moment Coef., С м, + Cu, 15% 
Roll Moment Coefficients, С, > С, 5% 


Examples of Classical Spark-Range Data Reduction 

In 1946, an Army-Navy joint service aeroballistic research program 
was started to investigate the dynamic stability properties of high 
fineness (length-to-diameter) ratio spin-stabilized projectiles, in 
supersonic and transonic flight. Of the six aerodynamic coefficients 
that affect dynamic stability, two — the Magnus moment coeffi- 
cient and the pitch damping moment coefficient — had never been 
adequately measured, and information on these two coefficients 
was therefore of prime importance in the investigation. The pro- 


gram was called the Army-Navy Spinner Rocket program, and the 
firings were conducted in the U.S. Army's BRL Aerodynamics 
Range. 

All of the Army-Navy Spinner Rocket test models had a two- 
caliber long, pointed secant ogive nose, whose generating radius 
was twice the tangent ogive radius for the same nose length. The 
nose section was followed by three, five, or seven-caliber cylindri- 
cal afterbody lengths, to give overall projectile fineness ratios of 
five, seven, and nine calibers. In addition, aluminum and bronze 
alloys were used in various combinations for the nose, centerbody, 
and tail sections, to give models with forward, middle, and rear 
center-of-gravity locations for each fineness ratio. Axial spin was 
imparted by means of a pre-engraved aluminum sabot placed im- 
mediately behind the model, and coupled to the model by means of 
a cruciform key. After firing, the sabot and key dropped away, and 
left the model alone in free flight. Twenty millimeter guns rifled 
one turn in ten calibers and one turn in fifteen calibers were used. 

Average yaw levels for the ANSR program were between one 
degree and six degrees. The lower limit was imposed by measure- 
ment accuracy, and the top limit reflects the upper bound of linear- 
ized aerodynamic theory. The five-, seven-, and nine-caliber long 
models were tested at supersonic speeds (Ref. 22), to determine the 
effect of model length on the aerodynamic properties. In addition, 
the seven-caliber long models were tested at transonic and high 
subsonic speeds (Ref. 23). The aerodynamic data obtained for the 
seven-caliber long Army-Navy Spinner Rocket models is presented 
in this chapter, as an illustration of the high quality results that are 


ARMY-NAV Y SPINNER ROCKET 


7-CALIBER-LONG MODEL 


— 2.00 


REAR CG FORWARD CG 
ъ— 6Ө--6 
MIDDLE CG 


7.00 


~-8.50R— — 


ALL DIMENSIONS IN CALIBERS 
(1 CALIBER = 20mm) 


FORWARD CG = 3.25 CALIBERS FROM NOSE 


MIDDLE CG = 4.04 CALIBERS FROM NOSE 


REAR CG = 4.81 CALIBERS FROM NOSE 


Figure 14.5 Sketch of the 7-Caliber Army- 
Navy Spinner Rocket Models. 
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ARMY-NAVY SPINNER ROCKET 


Figure 14.6 Zero-Yaw Drag Force 
MACH NUMBER Coefficient vs. Mach Number. 


ARMY-NAVY SPINNER ROCKET 


Figure 14.7 Quadratic Yaw-Drag 


MACH NUMBER Coefficient vs. Mach Number. 
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routinely obtained from firing a large program in a modern spark 
photography range. . 

A sketch of the 20mm, 7-Cal. АМК (seven-caliber Army-Navy 
spinner Rocket) model, showing the forward, middle, and rear cen- 
ter -of-gravity locations, is shown as Figure 14.5. Figures 14.6 and 
14.7 illustrate the zero-yaw drag coefficient and the quadratic yaw- 
drag coefficient, respectively, for the 7-Cal. ANSR (these two plots 
were previously shown as Figures 4.39 and 4.38, in Chapter 4). 
The curve shown in Figure 14.7 was obtained from an analysis of 
the nonlinear drag coefficient data (see section 13.2 of Chapter 13), 
and was used to correct the range values of C, to the zero-yaw 
values plotted in Figure 14.6. The standard deviation in the drag 
coefficient at supersonic speeds is 0.006, or about 1.7%. 

Small roll pins were placed in the bases of some of the ANSR 
models, so the spin-damping moment coefficient, C, , could be 
determined. Figure 14.8 is a plot of C, versus Mach number. The 
spin-damping moment coefficient for the 7-Cal. ANSR shows no 
significant nonlinear variation with angle of attack (in general, 
C, exhibits no significant nonlinear behavior for any spin-stabi- 
lized projectile). Figure 14.8 shows that the spin-damping moment 
coefficient is negative at all speeds; it is more negative at subsonic 
speeds, and less negative at supersonic speeds (these same trends 
are normally observed for spin-stabilized projectiles). The standard 
deviation in C, for the 7-Cal. ANSR models at supersonic speeds is 
0.0005, or about 3%. Note that neither the drag force coefficient 
northe spin-damping moment coefficient are affected by the model's 
CG location, therefore the data for all centers of gravity are com- 
bined in Figures 14.6 through 14.8. 


The range-measured pitching (overturning) moment coeffi- 
cients, C,, , for the forward, middle, and rear CG locations are 
plotted against Mach number in Figure 14.9. As expected, the value 
of C,,is smaller for the forward CG models, and larger for the rear 
CG projectiles. The pooled standard deviation in C M for all CG 
locations at supersonic speeds is 0.11, or about 1.7%. 

Figure 14.10 is a plot of the normal force coefficient, Cy, 
versus Mach number, for the 7-Cal. ANSR models. The individual 
round values shown in Figure 14.10 were obtained from the swerve 
reduction and the small-yaw relationship, Cy = C, + Cp- The 
standard deviation of the swerve-determined normal force coeffi- 
cient at supersonic speeds is 0.14, or about 4.8%. Note that values 
of C мсоша also have been obtained by plotting the pitching mo- 
ment coefficients at fixed Mach numbers against the CG location, 
and determining the slopes of the least-squares straight lines through 
the data. This analysis has been done and the results, at all test 
Mach numbers, fall on the solid curve drawn through the swerve 
data points of Figure 14.10. 

The spark-range Magnus moment coefficient data for the 7- 
Cal. ANSR models is illustrated in Figures 14.11 and 14.12. Figure 
14.11 is a plot of the range-measured C,, versus CG location, at 
two fixed Mach numbers. (If more Mach numbers are added to this 
plot it becomes too cluttered, so only a sample of the spark range 
data is shown here). At Mach 0.8, most of the Magnus moment 
coefficients are negative, and the slope of the least-squares straight 
line fitted to the data is the Magnus force coefficient, C, , which in 
this case has the value -0.30. At Mach 1.3, the Cy Values are 
positive for the forward and middle CG models, and the Magnus 
force coefficient has the value -0.65. 


7 Caliber Army-Navy Spinner Rocket 


Mach Number 


1.0 1.5 


Figure 14.8 Spin-Damping Moment 
Coefficient vs. Mach Number. 
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7 Caliber Army-Navy Spinner Rocket 


口 CG = 3.25 Calibers, Nose 
© СС = 4.04 Calibers, Nose 
A СС = 4.81 Calibers, Nose 


Figure 14.9 Pitching Moment Coeffi- 


cient versus Mach Number, for Three 
Mach Number CG Locations. 


7 Caliber Army-Navy Spinner Rocket 


Figure 14.10 Normal Force Coef 
Мо u ficient vs. Mach Number. 


312 


Measurement of Aerodynamic Forces and Moments 


7 Caliber Army-Navy Spinner Rocket 


© Mach = 0.8 
© Mach = 1.3 


Figure 14.11 Magnus Moment Coeffi- 
cient vs. CG Location, at Two Mach 
Numbers. 


7 Caliber Army-Navy Spinner Rocket 


Center of Gravity = 4.04 Calibers From Nose 


2.0 
Mach Number 


Figure 14.12(а). Magnus Moment Coefficient vs. Mach Number 


Mach Number 
1.5 


Figure 14.12 Magnus Force 
Coefficient vs. Mach Number. 
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The upper plot in Figure 14.12 shows the variation of the 
Magnus moment coefficient with Mach number for the middle CG, 
7-Cal. ANSR models. Again, the plot would become too cluttered 
if the data for the other CG locations were included. The pooled 
standard deviation in the Magnus moment coefficient at supersonic 
speeds is 0.19. This represents an average standard deviation of 
about 30%, with all three center-of-gravity locations considered. 

The lower graph in Figure 14.12 illustrates the values obtained 
for the Magnus force coefficient, С, , at supersonic, transonic and 
subsonic speeds. Note that in almost all cases, the Magnus force 
has too small an effect on the swerving motion to provide reliable 
swerve-determined values. In general, if accurate values of the 
Magnus force coefficient are required, the only way to determine 
them is by firing models with two or more CG locations, and plot- 
ting the data as shown in Figure 14.11. 
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Figure 14.13 is a plot of the normal force and the Magnus force 
centers of pressure against Mach number, for the 7-Cal. ANSR 
models at supersonic, transonic, and subsonic speeds. The middle 
CG location (4.04 calibers from the nose) is also included, as a 
dashed line in the plot. 

The center-of-pressure is a fictitious quantity that represents 
the point at which a concentrated force would have to act, in order 
to produce the observed moment. The defining equations for the 
normal force and the Magnus force centers of pressure (CP, and 
CP, , respectively) were given in Chapter 2, and are restated here 
as equations (14.12) and (14.13): 


Cy, = Cy, (Сб, - CPy) (14.12) 


Mach Number 


Figure 14.13 Centers of Pressure of the Normal and Magnus Forces vs. Mach Number. 
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Сы, = Cn,, (CGn -СР,) (14.13) 


bere CG, = center-of-gravity (CG) location (calibers from nose) 
CP, = normal force center-of-pressure location (calibers from nose) 
CP,- Magnus force center-of-pressure location (calibers from nose) 


Figure 14.13 shows that the locations of the normal force cen- 
ter-of-pressure and the Magnus force center-of-pressure are Sig- 
nificantly different. At supersonic speeds, the Magnus force СР, is 
located much farther aft than the normal force CP, . This tells us 
that the Magnus force acts as if it were concentrated near the tail of 
{һе projectile, whereas the normal force acts as if it were concen- 
trated near the junction of the projectile nose section and the cylin- 
drical afterbody. The above observations are generally true for slen- 
der, flat-based, spin-stabilized projectile configurations, flying at 
supersonic speeds. 

Before we can analyze the pitch damping moment coefficient 
data for the 7-Cal. ANSR models, we must return to Table 2.1 of 
Chapter 2, and recall several equations that describe the effect of a 
center-of-gravity shift on the aerodynamic coefficients. The rela- 
tionships we will need are summarized below, and are given equa- 
tion numbers: 


Cy, = Cu, + Ао, Съ, (14.14) 
Cy, = Cy, — Acc Cw (14.15) 
ETUR (14.16) 
Cu, = Сы, + АС, -С, )- NocCy, 417) 
С, Gp they. (14.18) 


The coefficients with a circumflex (4) overscript are the values 
obtained after a center-of-gravity shift of A, (measured in cali- 
bers). Note that A... is considered positive if the CG shift is toward 
the tail of the projectile. 

The pitch damping moment coefficient sum for a shifted CG 
location is given by the sum of equations (14.17) and (14.18): 


Cu, + Oy, = Cy, +С, + А (С, +Cy,)Mce(Cu, + АС) 
(14.19) 
Note that ће pitch damping moment coefficient sum exhibits 
ап unfortunate quadratic dependence on the CG location, instead 
of the linear dependence observed for the static and Magnus coeffi- 
cients. However, it turns out that the use of a modified pitch damp- 
ing moment coefficient eliminates this difficulty. 
2. We first substitute equation (14.14) into the last term of the 
right hand side of (14.19): 


Cu, Oy = Cy, +С, + А 1С, - C, )- ^c Cu, 2420) 


The quantity А АС м, i$ now added to both sides of equation 
(14.20), and the modified pitch damping moment coefficient, 
(сы ЖС | is defined as: 


(С; +С, ]- C, +С, + Ассы | 421) 
where ће A for ће modified pitch damping moment coefficient 
is measured from the location of the centroid of volume, which is 
the standard reference point in slender-body aerodynmic theory. 
Substituting (14.21) into (14.20) we find: 


м +С, | = Сы, +С, + Acc( cu + Cu | (14.22) 


The pitch damping force coefficient, found from the sum of 
equations (14.15) and (14.16), varies linearly with CG location, 
and therefore we do not need a “modified” pitch damping force 
coefficient. 


Cy, + Cy, «С, «С, – AcgCy, 


(14.23) 


In practice, the modified pitch damping moment coefficients 
are calculated from the measured spark range pitching moment 
coefficients and the pitch damping moment coefficient data, using 
the A. values measured from the volume centroid, and equation 
(14.21). To calculate the modified damping moment coefficients, 
note that for the 7-Cal. АМК forward CG models, А. = (3.25 - 
4.04) = - 0.79 caliber, and for the rear CG models, А. = (4.81 - 
4.04) = + 0.77 caliber. The middle CG coincides with the centroid 
of volume, so A. = 0 for the middle CG models. 

The modified pitch damping moment coefficients are then plot- 
ted against the CG location, and the slopes of the least-squares fit- 
ted straight lines are the pitch damping force coefficients, at the 
centroid of volume. If pitch damping force coefficients are required 
at other CG locations, they may be obtained by means of equation 
(14.23). 

Figure 14.14 is a plot of the modified pitch damping moment 
coefficients for the 7-Cal. ANSR models, versus the CG location, 
for two Mach numbers. Adding data for other Mach numbers would 
make the graph too cluttered, so only a sample of the data is shown. 

The variation of the pitch damping moment coefficient with 
Mach number, for the middle CG models, is shown in the upper 
plot of Figure 14.15. The behavior of the pitch damping force coef- 
ficient with Mach number, also for the middle CG models, is shown 
in the lower plot of the same figure. The pitch damping moment 
coefficient is everywhere negative, which is necessary for dynamic 
stability. The pitch damping force coefficient for the 7-Cal. ANSR 
with a middle CG location is positive at all test Mach numbers. 
However, the pitch damping force has little or no effect on projec- 
tile flight, so in general, its sign does not matter. 

We will now present a second example of classical spark-range 
data reduction. Terminal ballisticians have always favored hemi- 
spherical-based high-explosive shell designs, because of their en- 
hanced fragmentation characteristics. However, hemispherical- 
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7 Caliber Army-Navy Spinner Rocket 


Center of Gravity (Calibers From Nose) 


Slope = C, + C, = 122 


Ng Na 


© Mach = 0.8 
ГІ Mach = 2.5 


Figure 14.14 Modified Pitch Damping Moment 
Coefficient vs. CG Location. 


based projectiles have historically exhibited severe dynamic insta- 
bility, and very poor flight. In 1955 a test program was fired in the 
BRL Aerodynamics Range to determine the aeroballistic charac- 
teristics of hemispherical-based shell (Ref. 24), and to ascertain 
what particular aerodynamic properties caused the observed flight 
dynamic instability. 

Flat-based and hemispherical-based 20mm models were ma- 
chined from Tobin bronze, and each type was tested in two projec- 
tile lengths. The best comparison is between the short hemispheri- 
cal-based model (fineness ratio equal to 5.68 calibers), and the long 
flat-based model (fineness ratio equal to 5.74 calibers). These two 
models have nearly identical fineness ratios, which eliminates pro- 
jectile overall length as a variable. 

The variation of the zero-yaw drag coefficients with Mach 
number is shown in Figure 14.16. An approximate value of the yaw 
drag coefficient, Ср , = 5.0, was used to correct the range-mea- 
sured drag coefficients to zero-yaw values. Across the Mach num- 
ber range from subsonic to moderate supersonic speeds, the hemi- 
spherical-based shell shows about 10% higher average drag than 
the flat based model. The supersonic drag of a short, large-angled 
conical boattail is higher than that of a flat-based shell (Ref. 25), 
and the hemispherical base, in essence, behaves as a short, large- 
angled boattail. 

The hemispherical-based model shows a higher lift force coef- 
ficient at all speeds than does the flat-based design, as illustrated in 
the upper plot of Figure 14.17. On the other hand, the pitching (over- 
turning) moment coefficient for the hemispherical-based shell is 
everywhere lower than that of the flat-based projectile. The hemi- 


7 Caliber Army-Navy Spinner Rocket 
Center of Gravity = 4.04 Calibers From Nose 
Mach Number 
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Figure 14 15(a). Pitch Damping Moment Coefficient vs. Mach Number 
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Mach Number 
Figure 14.15(b). Pitch Damping Force Coefficient vs. Mach Number 
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1.2 


Mach Number 


Figure 14.16 Zero-Yaw Drag Coefficient vs. Mach Number. 


spherical base effectively shifts the normal force center-of-pres- 
sure farther toward the tail of the projectile, relative to the flat- 
based model. This effect is caused by the difference in the bound- 
ary layer separation point on the windward and leeward sides of the 
hemisphere. 

Figure 14.18 (p. 318) illustrates the behavior of the Magnus 
moment coefficient and the pitch damping moment coefficient for 
the flat-based and the hemispherical-based shell. This figure clearly 
shows the reason for the observed poor flight characteristics of hemi- 
spherical-based projectiles. The upper plot of Figure 14.18 shows 
that the hemispherical based models have large negative Magnus 
moment coefficients at all flight speeds, and this condition alone is 
sufficient to cause slow-arm dynamic instability. In addition, the 
lower plot shows that the pitch damping moment coefficient for a 
hemispherical-based shell is positive at all speeds! The unfortunate 
combination of a large negative Magnus moment coefficient and a 
positive pitch damping moment coefficient produces a strong slow- 
arm dynamic instability. Projectile designers should therefore avoid 
hemispherical-based shell designs whenever possible. 


14.5 SIX-DEGREES-OF-FREEDOM DATA REDUCTION 
FOR SPARK RANGES 

The Chapman-Kirk 6-DOF data reduction method was first ad- 
vanced in 1969, in a paper (Ref. 26) presented at the АТАА (Ameri- 
can Institute of Aeronautics and Astronautics) 7th Aerospace Sci- 
ences meeting, followed by a journal article (Ref. 27). The Chapman- 
Kirk method numerically integrates the governing 6-DOF differen- 
tial equations, rather than using approximate, linearized solutions 
of the equations of motion. Parametric differentiation is used to 


Mach Number 


Figure 14 17(a). Lift Force Coefficient vs. Mach Number 


Mach Number 


Figure 14.17 (a) Lift Force Coefficient and (b) Pitching Moment Coeffi- 
cient vs. Mach Number. 
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Mach Number 


Figure 14.18 (a) Magnus Moment Coefficient and (b) Pitch Damping Mo- 
ment Coefficient vs. Mach Number. 


obtain accurate values of the required partial derivatives with re- 
spect to the unknown aerodynamic coefficients. In their original 
paper, Chapman and Kirk showed that the new technique permits 
accurate fitting of observed free-flight pitching and yawing mo- 
tions, even when rapidly varying roll rates and large angles of at- 
tack are present in the data. 

Whyte et al. (Ref. 28) extended the Chapman-Kirk method to 
include all significant nonlinear aerodynamic forces and moments, 
for spin-stabilized rotationally symmetric projectiles. More recently, 
Whyte’s code has been revised to include the capability of simulta- 
neously fitting data from several test rounds, fired at the same nomi- 
nal Mach number. In addition, the latest version of the code has 
been extended to include a generalized “Airplane 6-DOF” data re- 
duction that does not require the projectile to be rotationally sym- 
metric. 

The 6-DOF data reduction methods are the way of the future, 
and they will be used more extensively in the twenty-first century. 
The author has had little personal experience with these methods, 
and no further discussion is included in this book. For more infor- 
mation, it is suggested that the reader contact Mr. Robert H. Whyte, 
of Arrow Tech Associates, Inc., 1233 Shelburne Rd., South 


Burlington, Vermont, 05403. 


14.6 MODERN DATA REDUCTION FOR YAW-CARD 
FIRINGS 

Spark photography ranges have generally replaced yaw-card ran ges 
for modern aeroballistic testing. The principal advantages of spark 
photography over yaw cards are an order of magnitude higher pre- 
cision of measurement, no interference with the free flight of the 
projectile, and high quality flowfield visualization provided by the 
spark shadowgraphs. In spite of these advantages, however, yaw 
cards are still used, often because of the high cost of spark range 
testing, and sometimes because test configurations involve either 
discarding parts (sabots) that are hazardous to expensive instru- 
mentation, or projectiles made of toxic materials that cannot be fired 
in spark ranges due to environmental restrictions. 

The data obtained at a given yaw-card station consists of the 
total amplitude of yaw, which is determined from the shell geom- 
etry, the size and shape of the hole in the perforated card, and the 
orientation angle of the yaw, which is taken as the direction the 
projectile nose was pointing when it passed that station. The total 
amplitude of yaw and orientation angle are converted to pitch @ ) 
and yaw (2) angles, and the data reduction then proceeds in the 
same manner as for spark range data. For finned missiles, one fin 
may be color-coated with a substance such as prussian blue, which 
allows the projectile roll angle to be accurately measured. Note that 
in general, yaw-card swerve measurements are seldom made, al- 
though there is no reason they cannot be done if one is willing to go 
through the effort of doing a high-precision survey of the yaw-card 
range. [Mann (Ref. 10) did this for spin-stabilized small arms bul- 
lets in the first decade of the twentieth century, and he made the 
first reasonably accurate measurements of aerodynamic jump and 
epicyclic swerve]. 

The older classical data reduction methods for yaw-card fir- 
ings always used graphical techniques, because high-speed digital 
computers were not yet available. However, graphical methods are 
inherently less accurate than a modern differential-corrections, least- 
squares fit of the data. There is no reason today not to use a digital 
computer and a modern yaw reduction (such as that described for 
spark photography range firings in section 14.4 of this chapter) for 
yaw-card data. (One could even use a 6-DOF reduction, although 
such sophistication is probably undeserved). 

The selection of an optimum material for the yaw cards has 
always been a problem. The card must survive the projectile im- 
pact without disintegrating, yet it must not be stronger or thicker 
than necessary to hold a good imprint. Traditional card materials 
for small arms and small cannon projectiles include plain white 
paper of various grades, and photographic paper, with the emulsion 
side placed toward the muzzle of the gun. For larger cannon artil- 
lery shell, various grades and thicknesses of cardboard and chip- 
board have traditionally been used. A study of modern card materi- 
als needs to be done, if serious yaw-card work is contemplated. 
The author has found that placing a sheet of carbon paper on the 
front of each card often increases the resolution of the projectile’s 
imprint, regardless of the card material used. 
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The relative imprecision of measurement is one of the biggest 
drawbacks of yaw-card firings. Modern spark photography ranges 
determine pitch and yaw angles with errors of order of 0.1 degree. 
However, typical measurement errors from yaw-card firings are of 
order of 1.0 degree, which is an order of magnitude greater than 

ical spark-range errors. As we will see, this translates into a yaw- 
card data quality problem for small-yaw flight. 

A summary of the criteria for the quality of spark-range mea- 
sured aerodynamic coefficients was presented as Table 14.3 in sec- 
tion 14.4 of this chapter. The same criteria also apply to coeffi- 
cients determined from yaw-card firings. However, note the results 
listed in the fourth column of Table 14.3. In order to have good 
determinations of the pitching moment coefficient, the amplitude 
of each epicyclic yaw arm must exceed the average measurement 
error by a factor of three, and for good determinations of the Magnus 
and pitch damping moment coefficients, each arm must be at least 
five times the noise amplitude. Thus for spark range data, good 
values of all coefficients can be obtained for maximum yaw ampli- 
tudes as small as one degree. However, for the poorer quality yaw- 
card data, maximum yaw amplitudes must be of order of ten de- 
grees, if ай aerodynamic coefficients are to be well determined. It 
is not difficult to induce such large levels of pitching and yawing 
motion, using a yaw inducer. The problem is that accurate aerody- 
namic data at smaller yaw levels is also required and in general, it 
cannot be obtained from yaw card firings! 

There is a second major problem with the use of yaw cards. 
Unfortunately, the cards themselves often have a significant effect 
on the projectile’s flight. In general, successive impacts with yaw 
cards have an analogous effect to an increase in air density. Several 
years ago, the author took a modern look at this problem (Ref. 29) 
for determination of the pitching moment coefficient, and the inter- 
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Figure 14.19 Sketch of a 25 mm Fin-Stabilized Long-Rod Penetrator. 


ested reader will find the details in this reference. A system of yaw- 
card forces and moments was added to the conventional aerody- 
namic force-moment system, and a solution was obtained to the 
resulting differential equation for the pitching and yawing motion. 
The solution showed that if projectiles were fired through both dense 
and sparse yaw-card arrangements, the card pitching moment coef- 
ficient and the “effective card density” could be determined. (Note 
that this doubles the number of test rounds that must be fired). The 
results of the yaw-card analysis were compared against spark range 
measurements for four sample projectiles, and excellent agreement 
was found. The corrections for the card effect are very significant 
for spin-stabilized small arms projectiles. For typical dense card 
distributions, the true, or corrected, value of the pitching moment 
coefficient can be twenty percent less than the uncorrected value! 

The analysis of Reference 29 also shows that the presence of 
yaw cards tends to destabilize spinning projectiles, and it contains 
the warning that a very high effective card density may induce a 
gyroscopic instability! For test cases involving suspected marginal 
instability, the yaw-card firings should be conducted using a gun 
with a faster twist of rifling. The measured gyroscopic stability fac- 
tors are then corrected to the desired twist rate. 

For high length-to-diameter ratio finned projectiles, typical yaw 
card measurement errors can be much smaller than those discussed 
above. In 1991 the author did a few test firings of an experimental 
25mm fin-stabilized, discarding-sabot, long-rod penetrator, at а 
flight Mach number of 4.05. Several rounds were fired in the BRL 
Aerodynamics Range, and a few additional rounds were fired 
through dense and sparse distributions of yaw cards. Photographic 
paper was used for the cards, and the card spacing was five feet for 
the dense distribution, and ten feet for sparse. A sketch of the test 
projectile, and the measured physical characteristics are shown in 
Figure 14.19. 

The length-to-diameter ratio of this finned model is 16.4, and 
the very long baseline permits the measurement of pitch and yaw 
angles from yaw cards to within 1/4 degree error, rather than the 
1.0 degree card measurement error typically observed for shorter, 
conventional spin-stabilized munitions. The spark range and the 
yaw card data were reduced and analyzed, and for this heavy, high 
velocity, finned projectile, no significant effect of the cards on the 
pitching and yawing motion could be detected. The linear and cu- 
bic pitching moment coefficients, and the pitch damping moment 
coefficients, all at Mach 4.05, are presented in Table 14.5. 


Table 14.5 
Comparison of Spark Range and Yaw Card Results for a Finned Projectile 


Quantity Spark Range Average | Yaw Card Average 
Value Value 


-21.7 -22.4 
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-346 -374 
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The linear pitching moment coefficients differ by 3%, and the 
pitch damping moment coefficient values differ by 8%. The dis- 
agreement in the cubic pitching moment coefficients is significantly 
larger, but this is not surprising, since the average total angle of 
attack of these flights varied between 2 and 5 degrees, and none of 
the cubic coefficients were well determined. 


14.7 METHODS OF YAW INDUCTION 

The determination of nonlinear aerodynamic forces and moments 
from free-flight spark photography range tests depends heavily on 
the ability to fire several rounds at a fixed flight Mach number, but 
with varying amplitudes of the pitching and yawing motion. Yaw 
induction has been mentioned on several occasions in this book, 
and it is now time to discuss how that is done. A number of differ- 
ent yaw induction techniques have proven to be useful in the BRL 
spark photography ranges over the past forty years, and we will 
look at several of them in this section. 

There are three requirements that any successful yaw induc- 
tion technique must meet, if it is to be generally useful: (1) the yaw 
inducer must not damage either the projectile or the gun used for 
firing it; (2) a means of systematically varying the induced ampli- 
tude of yaw must be provided, and for any given “setting” of the 
yaw inducer, the resulting yaw level must be relatively consistent 
from shot to shot, and (3) the projectile’s flight path must be at least 
reasonably predictable after yaw induction, so the trajectory remains 
within the “instrumented window" of the firing range. The third 
requirement is often the most difficult to accomplish. As the ampli- 
tude of induced yaw increases, the trajectory usually becomes less 
and less “controllable.” 


Half-Lip Yaw Inducers 

One of the most successful types of yaw inducer is the half-lip de- 
sign. These devices are attached to the muzzle of the gun barrel, 
usually by means of threads or set screws. Figures 14.20 through 
14.23 are photographs of half-lip yaw inducers, mounted on the 
muzzles of Mann barrels ranging in size from .50 caliber through 
25mm, and they illustrate the devices very well. Scaled-down ver- 
sions of these yaw inducers are used with small arms, and larger 
versions are successfully used for firing large cannon artillery shell, 
A variation of the half-lip principle, called a “break-away muzzle 
brake” is sometimes used to induce yaw for very high velocity can- 
non artillery firings. At top velocity zones, the transverse loading 
on the half-lip produces a bending moment that can be large enough 
to damage the cannon. The “break-away” feature contains a delib- 
erately weak mechanical link, and it permits the yaw inducer to 
shear away and fall before damage to the gun can occur. 

The inside of the half-lip, extending beyond the muzzle of the 
gun, is bored out to an inside diameter slightly greater than the 
barrel’s groove diameter, before one-half of the lip is milled away. 
This insures that the projectile never makes direct physical contact 
with the yaw inducer, which might damage the model. The prin- 
ciple of operation of the half-lip yaw inducer is to create a highly 
asymmetric muzzle jet of propellant gas, which “kicks” the tail of 
the model away from the lip as it clears the muzzle. In general, the 
amplitude of induced yaw increases with increasing length of the 
half-lip extension, and with increasing muzzle exit pressure. 

Figure 14.20 illustrates a .50 caliber yaw inducer, with provi- 
sion for a variable-length lip extension. Lip sections of varying 
length may be added or subtracted, which permits “calibration” of 
the device. A 20mm yaw inducer with a short fixed-length lip is 


Figure 14.20 Photograph ofa 50 Caliber Yaw 
Inducer, with Variable Lip Extension. 
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shown in Figure 14.21, and Figure 14.22 is a similar 20mm device, 
but with a very long fixed-length lip. Another half-lip yaw inducer 
with provision for variable-length lip extensions is shown in Fig- 
ure 14.23, mounted on the muzzle of a 25mm gun. In general, lip 
lengths between 1/2 caliber and 2 calibers have been found to be 
the most useful. 

At moderate to high supersonic muzzle velocities, the muzzle 
exit pressures of modern guns have proved high enough to induce 
maximum yaw amplitudes between 10 and 15 degrees, with lip 
lengths between 1 and 2 calibers. At lower (transonic and subsonic) 


Figure 14.21 Photograph of a 20 mm Yaw In- 
ducer, with a Fixed Short Lip Length. 


muzzle velocities, the muzzle exit pressure is often too low to in- 
duce significant yaw levels, and other techniques must then be used. 


Oblique Impact Methods of Yaw Induction 

Oblique impact methods are based on the physical principles of 
impulse and momentum. If the projectile experiences an in-flight 
oblique elastic collision with another body, the relative linear ve- 
locities and transverse angular velocities of both bodies will be 
changed. In simple terms, the mechanism is fundamentally that of 
a “controlled ricochet.” 


Figure 14.22 Photograph of a 20 mm Yaw In- 
ducer, with a Fixed Long Lip Length. 
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The most commonly used oblique impact yaw-induction meth- 
ods fall into two general categories. The first might best be de- 
scribed as a “tipping card” technique, in which the projectile is fired 
through a thicker-than-normal yaw card, mounted at an angle to the 
flight path. The oblique impact imparts transverse linear and angu- 
lar momentum to the projectile. The transverse linear momentum 
alters the direction of the flight path after the impact, usually by a 
small angle. The transverse angular momentum imparted induces 
pitch and/or yaw rates after the impact, and the amplitude of the 
resulting maximum total angle of attack is directly proportional to 
the combined pitch and yaw rate. In general, the amount of yaw 
induced increases with increasing tipping card thickness, and with 
an increasing angle between the card and a plane normal to the 
flight path. 

The second commonly used useful oblique impact method is 
to deliberately cause the ogive of the projectile to collide with an- 
other elastic (or partially elastic) body. This technique is often re- 
ferred to as the “billiard-ball” method. As an illustrative example, 
we will assume that a table has been placed under the gun muzzle. 
We then place a long plastic right-circular cylinder standing verti- 
cally, some distance in front of, and off to the side of, the bore 
centerline. The cylinder is positioned so there is a small “interfer- 
ence,” and when the gun is fired the projectile’s ogive strikes the 
side of the plastic cylinder. The two bodies recoil away from each 
other; the plastic cylinder flies off the side of the table, and trans- 
verse linear and angular momentum are imparted to the projectile. 
The trajectory deflection and the amount of yaw induced increase 
with increasing weight of the cylinder, and with increasing “inter- 


ference” between the two bodies. (Note that there is nothing magic 
about a plastic cylinder; plastic is often used because it is “soft” 
and is therefore less likely to damage the projectile). 

One of the biggest problems with oblique impact methods of 
yaw induction is the potential for structural damage to the projec- 
tile. The tipping card method is less prone to cause damage than is 
the billiard-ball approach. Soft cardboard tipping cards have been 
used with fragile cast and swaged lead small arms bullets at tran- 
sonic and subsonic speeds (where half-lip yaw inducers do not work 
well), without incurring detectable projectile damage. However, tip- 
ping cards are usually less effective as yaw inducers than other tech- 
niques. 

If very large angle-of-attack flight is required, the billiard-ball 
method of yaw induction offers the highest potential for success. In 
section 13.6 of the previous chapter, large-yaw firings of the 105mm, 
М1 shell in the BRL Transonic Range were discussed, but no men- 
tion was made of the yaw-induction technique used. Average angles 
of attack up to thirty degrees were obtained during this firing pro- 
gram, using large nylon right-circular cylinders as the yaw induc- 
ers! However, it must be noted that the 105mm, M1 shell has thick 
steel walls, and is structurally strong. Several thinner-walled artil- 
lery shell designs have been observed to break apart after impact 
with a heavy plastic cylinder. 

In general, the billiard-ball method is not a good choice for 
structurally weak projectile designs. Typical small arms bullets are 
good examples of soft, weak projectiles. Most modern small arms 
bullets consist of a gilding metal jacket surrounding a lead or lead- 
alloy core, and the use of a billiard-ball yaw inducer is quite likely 
to leave a dent in the bullet's ogive. Shadowgraphs show that in 


Figure 14.23 Photograph of a 25 mm Yaw 
Inducer, with Variable Lip Extension. 
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extreme cases, the entire ogive appears to have been flattened on 
one side, and the projectile appears to be bent! 

Additional Methods of Yaw Induction 

Electromagnetic yaw induction has been successfully used in the 
BRL spark photography ranges. This method uses a high strength 
magnet embedded in the test projectile, which is then fired through 
the field of a powerful electromagnet. Ten-caliber long, 20mm-di- 
ameter finned projectiles, containing four-inch long, half-inch di- 
ameter Alnico V magnets, were launched through an armored elec- 
tromagnet with a maximum field strength of 18,000 Gauss. Aver- 
age yaw levels up to five degrees were obtained in these supersonic 
tests. However, other methods are easier and less expensive to op- 
erate, and the electromagnetic yaw induction technique has not been 
used in recent years. 

For saboted projectiles, the inside diameter of the sabot can be 
shimmed on one side at the rear, and on the opposite side at the 
front, thus forcing the projectile to be canted, or tilted at a small 
angle, relative to the bore centerline. If the sabot and its projectile 
are rapidly spinning, this technique can in some instances, yield 
relatively large angle-of-attack flight. Even with nonrolling finned 
missiles, the eccentric model/sabot method will often produce suf- 
ficiently large yaw for many practical purposes. 

Another method that has been used occasionally for spinning 
projectiles is a deliberately unbalanced pusher/obturator behind the 
projectile base. The pusher/obturator is initially coupled to the pro- 
jectile by means of a mechanical key, that fits into a machined key- 
way in the projectile base. During the interior ballistic phase of the 
trajectory, the two units are mechanically coupled. Upon release at 
the gun muzzle, the unbalanced pusher/obturator experiences lat- 
eral throwoff, and it thereby imparts transverse angular momentum 
to the projectile. Soon after launch, the pusher/obturator falls away, 
and leaves the now-yawing projectile in free flight. This technique 
is more difficult to implement and calibrate in practice than some 
other yaw-induction methods, and it is therefore seldom used. 

An artificial crosswind placed just in front of the gun muzzle 
has been used occasionally as a yaw-induction device. Large, high- 
speed fans are placed in front of, and just off to the side of, the gun, 
and the projectiles are fired through the effective crosswind. This 
method works fairly well for low- velocity finned projectiles, and it 
has been used for low-speed finned rockets. In general, it is not a 
very useful technique. 

There are probably a number of additional yaw induction meth- 
ods that have proved successful in other test facilities, but the au- 
thor is unfamiliar with them. However, the techniques described in 
this section have all been found useful at one time or another, and 
they provide a starting point for the program engineer who is faced 
with a decision as to which method to use. 


148 YAWSONDE TESTING 

This section on yawsonde testing was kindly supplied to the author 
by Mr. Vural Oskay, an Aerospace Engineer with the Propulsion 
and Flight Division of the Army Research Laboratory (ARL), lo- 
ated at Aberdeen Proving Ground. Mr. Oskay and the author have 


been friends and colleagues for more than thirty years. He has had 
many years experience in both spark range and yawsonde testing, 
having been involved with yawsondes since the beginning of such 
work in the United States, in the late 1960s. Mr. Oskay’s comments 
follow. 

A solar yawsonde is a device that measures the angle between 
the axis of symmetry of a projectile, and a vector directed from the 
projectile toward the sun. It consists of a data gathering system, 
signal processing electronics, a transmitter and a power source. The 
solar yawsonde was first developed in England by Amery et al. 
(Ref. 30). Their design used a silicon solar cell behind a V-shaped 
mask, built into the body of a special fuze. The front of the device 
was designed to match the exterior contour of a standard artillery 
fuze, but it intruded about four inches into the projectile’s payload 
volume. A pinhole had to be drilled through the projectile ogive, in 
such a way as to permit the sun’s rays to impact on the silicon cell. 
Unfortunately, this procedure was very exacting and tedious. 

During the late 1960s, the U.S. Army Harry Diamond Labora- 
tories (HDL) improved on the British design by moving the solar 
cell to the ogival part of the fuze. This eliminated the necessity of 
machining the shell’s ogive, and reduced the intrusion into the pay- 
load volume to about 2.5 inches. 

By 1974, the entire yawsonde package had been housed within 
the confines of an artillery fuze (Ref. 31). The second generation 
BRL yawsonde separated the two legs of the V-shaped mask, so 
that the slits of the unit formed a “virtual V” in space, rather than a 
physical “У” on the surface of the silicon cell (see Figure 14.24). 
This new configuration had several advantages: (a) the excursions 
of the pulse from the second arm of the “V” were no longer limited 
to 1/3 the distance between the consecutive occurrences of the pulses 
from the first arm, as they were for both the British and the HDL 
designs; (b) since the two slits used two separate silicon cells, it 
was possible to invert one of the signals (usually one from the sec- 
ond arm) to make differentiation easier, and to permit the use of 
yawsondes at higher angles of attack, or near the edges of visibility 
of the sun, where signal cross-over was a possibility; (c) the re- 
duced surface area of the silicon cells permitted a more compact 
unit, and reduced the payload intrusion to less than two inches; (d) 
it was possible to build units with more than two silicon cells, so 
that axial spin, or other aspects of the flight motion could be inde- 
pendently measured; (e) the use of multiple silicon cells permitted 
the use of yawsondes mounted on slowly rolling projectiles; and (f) 
the silicon cells could be placed in the most convenient geometric 
locations. 


Operational Principle of a Yawsonde 

When silicon cells are exposed to the sun, they generate a voltage. 
This voltage can be used to produce a pulse train for transmission 
to a ground receiving station. Figure 14.25 is a schematic of the 
electronic circuitry used to produce such a pulse train. The voltages 
from each solar cell are fed into a signal conditioner which inverts 
one of the voltages and adds the two signals. Its output is then sent 
to a voltage controlled oscillator (VCO). The VCO then modulates 
the frequency of the RF signal which is sent to the ground station. 
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Figure 14.24 Sunsensor Field of View. 


At the ground station, the signal is de-modulated to recover the 
original pulse train, which is used to determine the yawing behav- 
ior of the test projectile. 

Referring back to Figure 14.24, as the projectile flies along its 
trajectory the solar cells are exposed to the sun’s rays once each 
revolution. Since they are behind slits that form a “У,” as the pro- 
jectile pitches and yaws, the phasing between the two signals var- 
ies from one revolution to the next. The elapsed time between the 
signals from the second sensor to the first sensor depends on the 
times of exposure to the sun at each revolution. This is controlled 
by the geometric aspect of the sun with respect to the projectile's 
spin axis. Therefore, operation of a yawsonde is controlled by the 
date of the test (ephemeral position of sun), latitude of the test site, 
line of fire with respect to North, trajectory angle, and the total yaw 
angle between the spin axis and the velocity vector. The phasing of 
the resulting pulse train can then be translated into a single-plane 
yaw history, through the calibration of the yawsonde done after its 
manufacture. 

The single-plane yaw history (called “Sigma-N”) versus time 
is somewhat different from the pitch and yaw histories obtained in 
spark photography ranges. The shell is always flying along acurved 
trajectory, and Sigma-N versus time will be on a curved baseline. 
For Jong and/or high trajectories, it will have a distinct S-shape. 


Second, the measured data are values of the angle between the 
projectile’s spin axis and a vector directed toward the sun, they do 
not correspond to the standard earth-fixed coordinate values. 

In spite of these unusual data properties, yawsondes have proved 
to be very helpful in determining the flight characteristics of pro- 
jectiles and other test items. Qualitatively, it is possible to observe 
a shell's fast and slow epicyclic frequencies, although they are pre- 
sented as a function of time rather than the distance travelled, in 
calibers. The damping or growth of the modal epicyclic pitch and 
yaw arms is also observed, as is any limit-cycle yawing on the 
downleg, and the roll, or spin history is also measured. (Note that 
the spin measured by a yawsonde is slightly different from the usual 
spin rate; a yawsonde measures Eulerian roll rate rather than the 
spin about the projectile’s axis of symmetry.) 


Some Examples of Yawsonde Data 

Figures 14.26 and 14.27 show the yawing behavior and spin his- 
tory of a 155mm artillery shell, fired at a gun elevation angle of 
18.5 degrees. Figure 14.26 is a plot of Sigma-N versus time. Nearly 
twenty-five seconds of the flight along this trajectory are illustrated. 
Note the downward slope of the Sigma-N versus time curve, which 
is caused by trajectory curvature. Both modal arms are observed in 
the shell’s yawing motion. This test was conducted to determine 
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of the pitching and yawing motion at large angle of 
atack and 8 yaw inducer was used to induce approximately twenty 
jegrees first maximum yaw. We observe that the slow mode is 
strongly damped, whereas the fast mode is only weakly damped. 
the entire observed twenty-five second flight, the fast arm 
коде damped to approximately half its initial value. 
Figure 14.27 is a plot of the spin history for the same flight. As 
stated above, this plot is actually the Eulerian roll rate (Phi-Dot), 
than the ordinary axial spin rate. As such, it shows some of 
the crossfeed of the fast mode motion. However, the average of this 
plot at any instant is very close to the expected spin rate of the 
projectile. Р | 
Figure 14.28 (р 328) is another example of spin measurement 
by means of a yawsonde. These data were obtained for a 2.75-inch 
rocket with wrap-around fins. Wrap-around fins are known to be 
very sensitive to changes in flight Mach number and yaw level. 
Therefore, a four-cell yawsonde (a “quadsonde” in our nomencla- 
ture) was used for this shot. It can be seen that during the motor 
burn over the first 0.8 second of flight, the rocket is spinning up 
due to canted nozzles. Once the burn phase terminates, the missile 
comes under the influence of the wrap-around fins, and it strongly 
changes its spin characteristics. Figure 14.28 shows three zero-spin 
crossings, as well as the fact that during most of its flight, the pro- 
jectile is rolling in a direction opposite to that produced by the rocket 
motor. 
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Future of On-Board Instrumentation for Artillery Projectiles 
Yawsondes have been very useful instruments in determining sta- 
bility and flight characteristics of artillery shell. They have been 
used extensively by ARL (formerly BRL) and ARDEC, at Picatinny 
Arsenal, New Jersey. However, by their nature, there is only so 
much that can be done with their data. Through the use of appropri- 
ate algorithms and software, the data can be made to look more 
similar to what aerospace engineers are accustomed to. With some 
ingenuity, it is even possible to extract some of the aerodynamic 
coefficients (Ref. 32) from yawsonde flights. However, new sys- 
tems require additional data besides yaw and spin. Standard pro- 
jectiles need accurate drag information, and rockets need good thrust 
measurements. For a smart (guided) munition, the effects of canard 
motion and g-loading effects are also usually required. 

With modern miniaturized electronic components, it will pos- 
sible in the future to house accelerometers, vibration sensors, GPS 
detectors, etc., within the confines of a standard artillery fuze. At 
present, it is even possible to place electronic devices within the 
tracer cavity of a kinetic energy projectile, to observe its spin his- 
tory. 

D. G. Miller has kindly provided the author a final reference 
on modern exterior ballistics measurements and instrumentation. 
This is a British survey of experimental methods called Textbook of 
Ballistics and Gunnery, Volume Two, published by Her Majesty's 
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Figure 14.25 Yawsonde Telemetry Projectile Electronics. 
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Stationary Office, London, 1984. The book includes wind tunnels, 
open and enclosed free-flight ranges, yawsonde testing, and Dop- 
pler radar velocimeter measurements. The author has not seen a 
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